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Plasmon excitations and their attenuation in dirty superconductors
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We develop a theory for the plasmon spectrum in dirty superconductors across the entire temperature range.
Starting with the microscopic Keldysh σ model description, we link the plasmon dispersion ω(q) to the optical
conductivity σ (ω, T ) of a superconductor, which requires analytical continuation to the lower half plane of
complex frequency. This approach reveals a discontinuity at the superconducting transition: a jump in both the
real and imaginary parts of ω(q) at Tc. For any temperature below Tc, the plasmon dispersion terminates at
a critical wave vector qc(T ) where plasmons remain undamped, with weakly T -dependent ω[qc(T )] ≈ 2�(0).
Plasmons significantly attenuate only within a narrow 5% window near Tc, with the propagating mode recovering
at large q.
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I. INTRODUCTION

Collective excitations in superconductors have been the
subject of intense theoretical and experimental study for
decades [1–14]. The interplay between Coulomb interactions
and fluctuations of the complex superconducting order param-
eter gives rise to a variety of subgap modes, such as plasmons
[7], the amplitude [Schmid-Higgs (SH)] mode [2], and the
Carlson-Goldman (CG) mode [3]. The dispersion and attenua-
tion of these collective modes are governed by nonequilibrium
quasiparticle dynamics and, as such, are highly sensitive to the
level of disorder.

The CG mode is characterized by synchronized oscil-
lations of the normal current and supercurrent, preventing
the accumulation of space charge. This mode exists only
in close vicinity to the critical temperature Tc and ex-
hibits a linear dispersion relation ω(q) [3,5,7,9,12]. The
recent revival of interest in the amplitude SH mode was
triggered by its experimental observation using ultrafast ter-
ahertz (THz) spectroscopy [15–17]. The SH mode can be
generated by electromagnetic radiation either through the ap-
plication of a finite dc supercurrent [8,18,19] or as a nonlinear
response [20].

The spectrum of plasmon excitation in low-dimensional
superconductors is known in two limits. Near Tc, plasmons are
underdamped only well below the gap [7,9]. At low temper-
atures, they propagate as charge oscillations in a distributed
LC circuit formed by the kinetic inductance of the supercon-
ductor and its momentum-dependent effective capacitance. In
superconducting nanowire singe-photon detectors (SNSPDs)
[21–23], low-temperature plasmons with a linear dispersion
can be used to access a particular point through a delay time
technique [24,25].

In two-dimensional (2D) normal electron systems, experi-
mental observation of the plasmon resonance [26–28] became
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possible through advances in fabricating high-mobility het-
erostructures. These experiments confirmed the theoretically
predicted dispersion relation for a clean Fermi gas: ω2

p(q) =
n2Dq2V0(q)/m, where n2D is the 2D electron concentration,
V0(q) is the Coulomb potential, and m is the electron mass.
Detecting narrow-linewidth plasmons requires extremely pure
samples, where the momentum relaxation rate τ−1 is very low.
In the opposite limit of strong impurity scattering, ωp(q)τ �
1, the normal-metal plasmon becomes overdamped, with a
purely relaxational dispersion

ω(q) = −iγn(q). (1)

The momentum-dependent attenuation rate is given by

γn(q) = 2νDq2V0(q), (2)

where ν is the density of states at the Fermi energy per one
spin projection and D is the diffusion coefficient.

Although dirty normal metals hold little interest for plas-
monic applications, disorder is inherent in most materials
used in contemporary superconducting electronics, such as
SNSPDs and quantum phase-slip devices [29,30]. Their core
element is a very disordered superconducting film (NbN and
similar compounds), approaching the metal-insulator transi-
tion. This presents a challenge for systematically mapping
the plasmon dispersion in dirty superconductors, particu-
larly in understanding how the spectrum evolves from the
overdamped regime above Tc [Eq. (1)] to the nondecaying
oscillations at absolute zero.

In this paper we develop a microscopic approach for
studying the plasmon mode in dirty low-dimensional super-
conductors across the entire temperature range below Tc.
Starting from the Keldysh σ model for disordered supercon-
ductors [31], we derive the coupled equations of motion for
the electric potential and the phase of the order parameter,
which are bosonic degrees of freedom responsible for charge
excitations. In the limit of small momenta, the plasmon dis-
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persion ω(q) satisfies the nonlinear equation

ω = −i
σ (ω, T )

σ0
γn(q), (3)

where σ (ω, T ) is the complex optical conductivity of a su-
perconductor [32] and σ0 = 2e2νD is the Drude conductivity
in the normal state (we work in the system of units with
h̄ = 1). The spectral equation (3) defines a complex function
ω(q) with the imaginary part Im ω(q) < 0 responsible for the
plasmon attenuation.

While Eq. (3) was derived previously under various ap-
proximations [7,9], its rigorous solution requires the analytic
continuation of the Mattis-Bardeen conductivity σ (ω, T ) into
the lower half plane Im ω < 0. To the best of our knowledge,
this essential step has not been performed previously. As a re-
sult, the plasmon dispersion was available only in the vicinity
of Tc and at low frequencies, ω � �(T ), where �(T ) is the
superconducting gap.

The central difficulty in solving the spectral equation (3)
lies in evaluating σ (ω, T ) in the lower half plane of complex
ω. This is nontrivial because the standard definition of the
optical conductivity [32–34] involves an integral over the real
energy axis ε, which becomes ill-defined upon analytic con-
tinuation. The reason is that for Im ω < 0, the branch cuts of
the quasiparticle Green’s functions cross the real ε axis. Thus,
to analytically continue σ (ω, T ) into the lower half plane, one
must perform a deformation of the integration contour over ε

to avoid these branch cuts.
One of the most striking consequences of the mentioned

contour deformation is discontinuity of the plasmon disper-
sion ω(q) at the transition: Both Re ω(q) and Im ω(q) exhibit
jumps as T is lowered below Tc. For a given momentum q,
the attenuation rate −Im ω(q) just below the transition (at
Tc − 0) is smaller than in the normal state, where it is given
by γn(q) [Eq. (2)]. At the same time, Re ω(q) appears abruptly
below Tc.

The plasmon dispersion [both Re ω(q) and Im ω(q)] is
presented in Fig. 1 for various temperatures from absolute
zero to Tc. For each temperature, the excitation spectrum has
a termination point qc(T ) (solutions of the spectral equa-
tion with q > qc(T ) formally existing at the second Riemann
sheet [11,13] do not correspond to well-defined physical ex-
citations). At T = 0, the undamped spectrum extends up to
γn[qc(0)] = 2�(0), and the termination frequency ωc(0) =
2�(0) coincides with the optical gap. In this case, the plasmon
dispersion at q � qc(0) follows the square-root law

ω0(q) =
√

π�(0)γn(q). (4)

This frequency corresponds to the resonance of a distributed
LC circuit, where the inductance originates from the kinetic
inertia of the Cooper pairs.

As temperature increases, the plasmon spectrum develops
finite damping, shown by the dashed lines in Fig. 1. While the
plasmon attenuation rate grows with q in the long-wavelength
limit, it reaches a maximum and subsequently decreases,
falling to zero at the termination point, q = qc(T ).

The behavior of the oscillation frequency at the spectrum
termination point ωc(T ) is shown in Fig. 2. Its value slightly
exceeds the optical gap, 2�(T ), at low temperatures, yet it
remains finite at Tc. The existence of the region between

FIG. 1. Real (positive; solid lines) and imaginary (negative;
dashed lines) parts of the plasmon dispersion ω(q) as a function of
γn(q)/�(0) for temperatures T/Tc = 0, 0.7, 0.85, 0.95, and 1 (just
below the transition). For a given T , the spectrum terminates at a
finite wave vector qc(T ), where plasmon oscillations are undamped
with frequency ωc(T ). In the normal state at T > Tc, plasmons are
overdamped, ω(q) = −iγn(q) (black dashed line in the lower left
corner).

2�(T ) and ωc(T ) with suppressed plasmon damping is a
direct manifestation of the dispersion jump at the critical tem-
perature, which itself arises from the unique analytic structure
of σ (ω) in the lower half plane. As a result, near Tc, plasmons
which become damped once Re ω(q) reaches �2(T )/Tc [7,9]
can reappear as propagating excitations at larger wave vectors.
This occurs when Re ω(q) enters the suppressed-damping re-
gion between 2�(T ) and ωc(T ).

This paper is organized as follows. In Sec. II we derive
equations of motion for the electric potential and the order
parameter phase which are valid for any frequency, momen-
tum, and temperature. Analytical and numerical results for the
plasmon dispersion are obtained in Sec. III. This section also
addresses the Carlson-Goldman mode for completeness. The
results are discussed and summarized in Sec. IV. Technical

FIG. 2. Temperature dependence of the plasmon frequency at
the spectrum termination point ωc(T ) (upper curve). At T � Tc, it
gets exponentially close to 2�(T ) (lower curve), reaching a value
of 1.382 �(0) at the transition. Inset: momentum at the termination
point qc(T ), quantified by γc(T ) = γn[qc(T )].
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details of the σ model formalism are relegated to the Ap-
pendix.

II. SPECTRAL EQUATION

A. Equation of motion for bosonic fields

Collective excitations in a superconductor involve cor-
related dynamics of two bosonic fields: a complex order
parameter �(r, t ) = |�(r, t )|eiϕ(r,t ) and a real electric poten-
tial φ(r, t ). In the absence of a dc supercurrent, the system’s
dynamics separate: The oscillations of the phase ϕ(r, t ) and
the potential φ(r, t ) are intrinsically coupled, while the ampli-
tude (Schmid-Higgs) mode evolves independently [8]. Thus,
plasmon oscillations correspond to the combined dynam-
ics of ϕ(r, t ) and φ(r, t ) governed by the system of linear
equations

(V R)−1
ω,q

(
φω,q

|�|ϕω,q

)
= 0. (5)

Isolating the contribution of the bare Coulomb interaction
V0(q), we write (V R)−1

ω,q as

(V R)−1
ω,q =

(
V −1

0 (q) 0

0 0

)
+ 2ν�(ω, q), (6)

where �(ω, q) is the retarded polarization matrix of the su-
perconducting state. The latter is given by

�(ω, q) =
(

1 0

0 −1/λ

)
+ i

4

∫
dε πR(ε, ω, q), (7)

where the element 11 of the first (implicitly written) ma-
trix describes static screening, λ is the dimensionless BCS
coupling constant, and the particular form of πR(ε, ω, q) ex-
plicitly depends on the level of disorder.

For a dirty diffusive superconductor, the matrix ele-
ments of πR(ε, ω, q) can be calculated straightforwardly
by integrating out diffusive quasiparticle degrees of free-
dom within the Keldysh σ model formalism [31,35], as
outlined in the Appendix. This procedure leads to the
following expressions (hereafter we use the short-hand
notation ε± = ε ± ω/2):

πR
11 = (Fε+ − Fε− )Dε+,ε−M

RA
ε+,ε−

+ Fε−CR
ε+,ε−M

RR
ε+,ε− − Fε+CA

ε+,ε−M
AA
ε+,ε− , (8a)

πR
12 = −πR

21 = (Fε+ − Fε− )Dε+,ε− N
RA
ε+,ε−

+ Fε−CR
ε+,ε−N

RR
ε+,ε− − Fε+CA

ε+,ε−N
AA
ε+,ε− , (8b)

πR
22 = −(Fε+ − Fε− )Dε+,ε−M̃

RA
ε+,ε−

− Fε−CR
ε+,ε−M̃

RR
ε+,ε− + Fε+CA

ε+,ε−M̃
AA
ε+,ε− . (8c)

Here Fε = tanh(ε/2T ) is related to the equilibrium Fermi
distribution function, Mα1α2

ε1ε2
= 1 − gα1

ε1
gα2

ε2
− f α1

ε1
f α2
ε2

, M̃α1α2
ε1ε2

=
1 + gα1

ε1
gα2

ε2
+ f α1

ε1
f α2
ε2

, Nα1α2
ε1ε2

= gα1
ε1

f α2
ε2

− f α1
ε1

gα2
ε2

, and the spec-
tral functions gε and fε have the form(

gR,A
ε

f R,A
ε

)
= ±1√

(ε ± i0)2 − �2

(
ε ± i0

i�

)
. (9)

The diffusion and cooperon propagators on top of the super-
conducting state are given by

Dε,ε′ = 1

Dq2 + ER
ε + EA

ε′
, (10a)

Cα
ε,ε′ = 1

Dq2 + Eα
ε + Eα

ε′
, (10b)

where ER,A
ε = ∓i

√
(ε ± i0)2 − �2.

Finally, the order parameter satisfies the self-consistency
equation

�

λ
= 1

2

∫
dε Fε Im f R

ε . (11)

Writing the term 1/λ in Eq. (7) with the help of Eq. (11)
renders the energy integral for �22(ω, q) convergent in the
ultraviolet.

B. Plasmon spectral equation

The dispersion relation ω(q) for collective excitations is
obtained from the consistency condition for the system (5) that
reads det (V R)

−1
ω(q),q = 0. Using Eq. (6), we write the spectral

equation as

[2νV0(q)]−1�22(ω, q) + det �(ω, q) = 0. (12)

In its full form, Eq. (12) is analytically intractable for arbitrary
q, and its solution requires numerical methods. A significant
simplification occurs in the limit of small momenta.

At zero momentum, Eq. (12) is satisfied automatically.
Indeed, due to the long-range character of the Coulomb in-
teraction [diverging V0(q) at q → 0], the first term vanishes.
The matrix �(ω, 0) evaluates to

�(ω, 0) = f (ω, T )

(
1 iω/2�

−iω/2� (ω/2�)2

)
, (13)

where

f (ω, T ) =
∫ ∞

�

dε
�2 tanh(ε/2T )√

ε2 − �2[ε2 − (ω/2 + i0)2]
. (14)

Since det �(ω, 0) = 0, Eq. (12) holds true for arbitrary
temperatures. Such a behavior is a direct manifestation of
electroneutrality. For spatially uniform oscillations, strong
Coulomb interaction enforces φ = ϕ̇/2, which keeps the elec-
trochemical potential constant and suppresses charge density
generation.

Introducing the normal-state plasmon relaxation rate γn(q)
according to Eq. (2) and utilizing det �(ω, 0) = 0, we can
rewrite Eq. (12) in the compact and most general form

�22(ω, q)

γn(q)
+ det �(ω, q)

Dq2
= 0, (15)

which contains both plasmon and neutral CG excitations.
Further analysis involves expanding Eq. (15) in Dq2, which
produces multiple terms whose relevance depends on the spe-
cific mode. The ratio of the relevant energy scales for the two
modes can be estimated as γn(q)/Dq2 = 2νV0(q), which for
the bare 2D Coulomb interaction is of the order of κ2/q 	 1,
where κ2 is the Thomas-Fermi screening momentum. Since
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these modes are well separated in momentum space, they can
be studied independently.

Since we are primarily interested in plasmon excitations,
we retain only the relevant terms in Eq. (15) for now, post-
poning the discussion of the CG mode to Sec. III C 3. To this
end, we replace �22(ω, q) by �22(ω, 0) given by Eq. (15)
and substitute det �(ω, q)/Dq2 with the leading contribution,
det′ �(ω, 0), where the prime stands for the derivative with
respect to Dq2. Evaluating det′ � with the help of Eq. (13),
we find

det′ �(ω, 0) = f (ω, T )

[
ω2

4�2
�′

11 + iω

�
�′

12 + �′
22

]
. (16)

Remarkably, this weighted sum of ∂�i j/∂Dq2 at zero momen-
tum is expressed in terms of the ac conductivity of a BCS
superconductor σ (ω, T ) by the relation

det′ �(ω, 0) = iω f (ω, T )

4�2

σ (ω, T )

σ0
. (17)

As a result, the spectral equation for the plasmon mode ac-
quires an extremely simple looking form of Eq. (3).

The optical conductivity of a superconductor was calcu-
lated by Mattis and Bardeen [32]. We write it in the form
suggested recently in Ref. [34]:

σ (ω)

σ0
= 1 + KRA(ω) + KR(ω), (18)

where

KRA(ω) = − 1

4ω

∫
dε (Fε+ − Fε− )

(
1 + gR

ε+gA
ε− − f R

ε+ f A
ε−

)
,

(19a)

KR(ω) = 1

2ω

∫
dε Fε−

(
1 − gR

ε+gR
ε− + f R

ε+ f R
ε−

)
. (19b)

The representation given by Eqs. (18) and (19) is mathemati-
cally equivalent to that derived in Ref. [33] but offers distinct
advantages for numerical analysis.

C. Analytic continuation to Im ω < 0

Since the optical conductivity is a complex quantity, the so-
lution ω(q) for the spectral equation (3) is also complex, with
a negative imaginary part describing plasmon attenuation.
This requires evaluating σ (ω, T ) as a function of complex
frequency ω in the lower half plane. The representation (18)
is well suited for analytic continuation, which can be achieved
by proper deformation of the integration contour over ε to
bypass the branching points of the Green’s functions (9). For
real ω, they are located at ±� ± (ω/2 + iδ), where the sign of
an infinitesimal imaginary part δ is determined by causality. It
is positive for gR and f R and negative for gA and f A, ensuring
that the branch cuts for the retarded and advanced Green’s
functions lie below and above the real axis, respectively, as
shown in Figs. 3(a) and 3(b).

When ω is shifted away from the real axis to the lower
half plane (Im ω < 0), one (for KR) or two (for KRA) branch
cuts cross the real axis. Therefore, the required contour de-
formation looks different for the two terms in Eq. (18). For
the contribution KR(ω), it suffices to draw the contour above
±� − ω/2. In the case of KRA(ω), the situation is more

FIG. 3. Integration contours over ε for the conductivity contribu-
tions KRA(ω) [Eq. (19a)] for real ω [(a) and (b)] and in the lower
half plane, Im ω < 0 [(c) and (d)]. Dots are the branching points
±� ± ω/2, and branch cuts are shown by dashed lines. Panels
crosses are the poles of Fε± . (a) and (c) show the regime ω < �,
while (b) and (d) correspond to ω > �.

tricky, as the branching points of the retarded (±� − ω/2)
and advanced (±� + ω/2) Green’s functions move upward
and downward, respectively. The proper choice of the con-
tour providing analyticity of σ (ω) for Im ω < 0 is shown in
Figs. 3(c) and 3(d).

III. PLASMON DISPERSION

A. Zero temperature

We start by analyzing the general expression (3) with
the limit of zero temperature, when the optical conductivity
is known exactly. The original Mattis-Bardeen paper [32]
and the textbook by Tinkham [36] give lengthy, separate
expressions for Re σ (ω) and Im σ (ω). They can be sim-
plified considerably by exploiting identities between elliptic
integrals, leading to a concise form valid for the entire real
frequency axis:

σ (ω, 0)

σ0
= 2i�

ω
E (ω/2�), (20)

where E is the complete elliptic integral of the second kind
and � = �(0).

Substituting Eq. (20) into Eq. (3), we arrive at the spectral
equation at T = 0:

ω2 = 2�γn(q)E (ω/2�). (21)

As long as γn(q) � 2�, plasmons are undamped, with the
dispersion relation shown in Fig. 1. At the lowest wave vec-
tors, γn(q) � 2�, the elliptic integral may be replaced by
E (0) = π/2, recovering the standard behavior (4).

Since Eq. (21) comprises solely analytic functions, it can
be directly evaluated for complex ω. One can easily show
that for γn(q) > 2�, this equation admits no solutions, real
or complex. Hence, the wave vector qc(0), where γn[qc(0)] =
2�(0), is the spectrum termination point at zero temperature:
No plasmon excitations—either damped or undamped—can
propagate with q > qc(0). The corresponding spectrum ter-
mination frequency ωc(0) = 2�(0) (see Fig. 2).
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The elliptic integral E (ω/2�) has two branch cuts:
(−∞,−2�) and (2�,∞). One can construct a different
function E↓(z) that matches E (z) in the upper half plane,
has a branch cut at (−2�, 2�), and thus is continuous at
|Re ω| > 2�. The function is defined as [11]

E↓(z) =
{

E (z), Imz > 0,

E (z) − 2iz[E (z) − K (z)/z2], Imz < 0.
(22)

The solution of the dispersion equation (21) with E (z) re-
placed by E↓(z) provides access to the second (nonphysical)
Riemann sheet. Mathematically, at the termination point, the
plasmon dispersion moves to the second sheet, saturating at
ω = (2.309 − 0.857 i)�(0) at q 	 qc(0).

B. Attenuation at low temperatures

At finite temperatures, subgap plasmon modes attenuate
due to excitations of thermal quasiparticles, and the dispersion
relation ω(q) acquires a negative imaginary part. In the low-
temperature limit (T � Tc), attenuation is weak and arises
due to transitions between the states with ε ≈ � and ε + ω.
Since the effect is exponentially small, we will focus only
on imaginary (dissipative) terms in the spectral equation (21).
The low-T corrections δσ (ω, T ) = σ (ω, T ) − σ (ω, 0) can be
evaluated from Eq. (18) by keeping the leading asymptotics of
the spectral functions and diffusive modes at ε → � + ω/2
and taking into account an exponentially small deviation of Fε

from sgn ε. Thus, we obtain

δσ (ω, T )

σ0
= �

ω

√
2π

T

ω

2� + ω

�
e−�/T [1 − e−ω/T ]. (23)

As a result, the right-hand side of Eq. (21) will acquire
a small imaginary part −iω[δσ (ω, T )/σ0]γn(q). In the limit
ω(q) � 2�, we obtain

ω(q) = ω0(q) − i

√
T ω0(q)

π
e−�/T [1 − e−ω0(q)/T ], (24)

where the first term is the zero-temperature plasmon disper-
sion (4), while the second term describes attenuation due to
quasiparticle excitation.

C. Vicinity of Tc

1. Discontinuity at Tc

In the normal state above Tc, the plasmon dispersion is
given by the temperature-independent overdamped expression
(1). Below Tc, a finite Re ω(q) emerges due to superconduct-
ing order parameter oscillations. Rather counterintuitively,
ω(q) is discontinuous at the transition, with Re ω(q) appearing
abruptly at T < Tc and |Im ω(q)| jumping to a lower value
(see Fig. 1 and Fig. 7).

Such unexpected behavior can be traced back to a peculiar
countermotion of the gR and gA branch cuts in the KRA(ω)
contribution to the conductivity when ω evolves to the lower
half plane [see Figs. 3(c) and 3(d)]. In the limit of vanishing
� but finite γ , the integration contour over ε is squeezed
between the retarded and advanced branch cuts. Then we
note that gR

ε+ (gA
ε−) takes its normal-state value 1 (−1) every-

where in the complex plane except for the interior SR (SA)

of a narrow strip formed by the retarded (advanced) branch
cuts, where it equals −1 (1). Although these regions, where
the Green’s functions differ by sign from their normal-state
values, are infinitesimally narrow at T → Tc − 0, they are
responsible for the discontinuity of the plasmon dispersion at
Tc. The reason is that the integration contour has to follow a
squeezed zigzag encompassing the branch cuts. Therefore, it
is the length (∝ γ ) rather than the width (2�) of SR,A that is
relevant. After we discard the term f R

ε+ f A
ε− proportional to �2,

the integrand in Eq. (19a) contains 1 + gR
ε+gA

ε− , which equals 2
at the symmetric difference of SR and SA and zero otherwise.
Therefore, we obtain

KRA(ω) = − lim
�→0

(∫ ω/2−�

−ω/2
+

∫ ω/2

�−ω/2

)
dε

Fε+ − Fε−

2ω

= −
∫ ω/2

−ω/2
dε

Fε+ − Fε−

ω
= −4T

ω
ln cosh

ω

2T
. (25)

Note that this result derived in the limit � → 0 is valid for
any relation between ω (provided Im ω < 0) and Tc.

Expression (25) gives the jump in the plasmon dispersion at
Tc. Just below the superconducting transition, at T = Tc − 0,
the spectrum satisfies

ω = −i

(
1 − 4Tc

ω
ln cosh

ω

2Tc

)
γn(q). (26)

This equation defines ω(q)/Tc as a function of γn(q)/Tc. The
plasmon dispersion calculated from Eq. (26) is shown in
Fig. 1, where it is plotted vs γn(q)/�(0).

In the limit of small q and weak normal-state damping,
γn(q) � Tc, plasmons at Tc − 0 are strongly damped:

ω(q) = −iγn(q) + γ 2
n (q)

2Tc
+ i

γ 3
n (q)

4T 2
c

+ · · · . (27a)

As q increases and eventually reaches the limit γn(q) 	 Tc,
plasmons at Tc − 0 become weakly damped:

ω(q) = 2.438 Tc − 8.756i
T 2

c

γn(q)
− 46.21

T 3
c

γ 2
n (q)

+ · · · .

(27b)
In the limit of large momenta, the plasmon dispersion just
below the transition saturates at a finite frequency ωc(Tc −
0) = 2.438 Tc = 1.382 �(0), setting the lower bound for the
spectrum termination frequency ωc(T ), as shown in Fig. 2.

2. Behavior near Tc at weak damping

Here we discuss the temperature dependence of the
dispersion relation ω(q) in the experimentally relevant weak-
damping regime, γn(q) � Tc. Just below Tc, the real and
imaginary parts of ω(q) given by Eq. (27a) satisfy the chain
of inequalities

Re ω(q) � |Im ω(q)| � Tc. (28)

Comparing these energy scales with the Ginzburg-
Landau value of the order parameter, �(T ) =√

8π2/7ζ (3)
√

Tc(Tc − T ), we see that 2�(T ) reaches
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FIG. 4. Detailed view near Tc of the temperature-dependent
Re ω(q) (solid lines) and Im ω(q) (dashed lines) for γn(q)/�(0) =
0.02: exact behavior (blue lines), numerical solution based on the
approximate conductivity (30) (red lines), and crude estimate (31)
(black lines).

Re ω at T ′ = Tc(1 − τ ′) and Im ω at T ′′ = Tc(1 − τ ′′), where

τ ′ = 7ζ (3)

27π2

(
γn(q)

Tc

)4

, τ ′′ = 7ζ (3)

25π2

(
γn(q)

Tc

)2

. (29)

In the considered limit of weak damping, τ ′ � τ ′′, while τ ′′
is as small as τ ′′ ≈ 10−3 already at γn(q)/Tc ≈ 0.2.

At temperatures below T ′′, the distance between the
branching points of the Green’s functions, 2�(T ), exceeds
|ω|, and one can use the low-frequency (ω � �) asymptotics
of the Mattis-Bardeen conductivity near Tc [18]:

σ (ω, T )

σ0
= 1 + �

2T
ln

8�

eω
+ iπ�2

2T ω
. (30)

This equation derived at real ω can be straightforwardly an-
alytically continued to Im ω < 0 provided |ω| � �. With
the conductivity (30), the spectral equation (3) can be solved
iteratively. First, we neglect the logarithmic term and get the
approximate solution (τ = 1 − T/Tc)

ω0(q) = −iγn(q)
1 + √

1 − τ/τ∗
2

, (31)

where

τ∗ = 7ζ (3)

24π2

γn(q)

Tc
(32)

is parametrically larger than τ ′ and τ ′′ but is still much smaller
than 1.

The temperature dependence of the first approximation
(31) for γn(q)/�(0) = 0.02 is shown in Fig. 4 (dashed lines),
capturing the fully overdamped behavior above T∗ = (1 −
τ∗)Tc. Although it qualitatively explains the main features of
the true dispersion (solid lines), the effects of the neglected
logarithm (dashed lines) become significant near T∗. These ef-
fects smear the square-root singularity in Eq. (31), producing
a finite Re ω(q) for all temperatures up to Tc. Nevertheless, the
plasmon remains overdamped (i.e., has a small quality factor)
for T > T∗. The logarithmic term in the conductivity (30) is
also responsible for a slightly visible maximum in Im ω(q)
near T∗.

The same analysis based on the spectral equation (3) and
the conductivity (30) was performed by Sun et al. [9]. Their
Eq. (56), derived by neglecting the logarithmic term, is iden-
tical to our Eq. (31) and can be improved as discussed above.

What cannot be improved within the approach of Ref. [9]
is the lack of the dispersion jump at Tc. This jump emerges
only when the ω � � asymptotics (30) is superseded by the
full analytic continuation of the conductivity to the region
−Im ω 	 �, a key advancement described in Sec. III C 1.

3. Carlson-Goldman mode near Tc

For pedagogical purposes, we demonstrate here how the
CG mode can be obtained from the general spectral equa-
tion (15). This charge-neutral mode corresponds to the limit
of an infinitely strong Coulomb interaction, which causes the
first term in Eq. (15) to vanish. Therefore, the remaining
second term should be expanded to leading and subleading
orders:

det′ �(ω, 0) + Dq2

2
det′′ �(ω, 0) = 0. (33)

We now simplify this equation in the usual limit ω � �.
The first term in Eq. (33) is given by Eq. (17), with the
conductivity provided by Eq. (30) and f (ω, T ) ≈ π�/4T .
The second term has two contributions, depending on how
the derivatives are distributed between the matrix elements:
det′′ �(ω, q) = D1 + D2. Here D1 = 2 det �′(ω, 0), and D2

arises when each matrix element in det � is differentiated
twice:

D2

f (ω, T )
= ω2

4�2
�′′

11 + iω

�
�′′

12 + �′′
22 = 1

2�2
, (34)

which holds for arbitrary ω and T . In the limit consid-
ered, D2 ≈ π/8T �, while D1 is determined by the low-
frequency asymptotic behavior �′

11(ω, 0) = i/ω + O(ω),
�′

12(ω, 0) = O(ω), and �′
22(ω, 0) = −π/8T + o(ω ln ω).

Therefore, D1 = −iπ/4T ω. Substituting det′′ �(ω, q) ≈ D1

into Eq. (33) and omitting the small logarithmic term in
Eq. (30), we arrive at the spectral equation for the CG mode:

ω2 + iπ�2

2T
ω − 2D�q2 = 0. (35)

The spectral equation (35) for the CG mode was derived in
Refs. [5,7,9]. Its dispersion relation has the form

ωCG(q) =
√

2�Dq2 −
(

π�2

4T

)2

− i
π�2

4T
. (36)

In this approximation, the CG mode is overdamped at q < q0,
where Dq2

0 = π2�3/32T 2. At large wave vectors, q 	 q0, its
dispersion becomes soundlike with the velocity v = √

2�D
and small attenuation.

The above derivation of the CG mode’s dispersion neglects
the first Coulomb term in Eq. (15). This is well justified for
all practical purposes because the plasmon and CG modes are
well separated in the wave vector [a consequence of γn(q) 	
Dq2], and the CG mode is a low-energy excitation.
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FIG. 5. Real (positive; solid lines) and imaginary (negative;
dashed lines) parts of the plasmon dispersion ω(q) as a function of
γn(q)/�(0) for temperatures T/Tc = 0.95, 0.98, 0.995, and 1 (just
below the transition). With increasing T , both Re ω(q) and Im ω(q)
exhibit a downward shift.

D. Arbitrary temperatures

At arbitrary temperatures, the plasmon dispersion ω(q)
should be obtained numerically by solving Eq. (3), where
σ (ω) at Im ω < 0 must be calculated along a deformed
contour to respect the analytical structure of the integrands
in Eqs. (19), as explained in Sec. II C.

The complex plasmon dispersion ω(q) simulated in this
way is presented in Fig. 1 for temperatures T/Tc = 0, 0.7,
0.85, 0.95, and 1 − 0 (just below the transition). Its atten-
uation vanishes at absolute zero and increases toward Tc.
Nevertheless, even at T/Tc = 0.95, the plasmon is still weakly
damped for all wave vectors.

A key feature of plasmon propagation in superconductors
is the spectral termination at a critical wave vector qc(T ),
marked in Fig. 1. For a given temperature, the plasmon disper-
sion is strictly limited to q � qc(T ). Plasmons in the vicinity
of the termination point are weakly damped, with their atten-
uation vanishing at qc(T ). The oscillation frequency at the
spectral termination ωc(T ) = ω[qc(T )] is shown in Fig. 2.
It decreases monotonically from ωc(0) = 2�(0) to ωc(Tc −
0) = 1.382 �(0) [see Eq. (27b)]. The termination momentum
qc(T ) grows with increasing T and diverges at the transition
(see inset of Fig. 2). Mathematically, at the termination point
a plasmon leaves the physical Riemann sheet, reappearing on
the second (unphysical) sheet. These hidden plasmon modes
may manifest indirectly through a peak in the response func-
tion [11,13].

In the vicinity of Tc, the plasmon dispersion is illus-
trated in Fig. 5, which shows ω(q) for several tempera-
tures above 0.95 Tc. The corresponding quality factor, Q =
Re ω(q)/2|Im ω(q)|, is plotted in Fig. 6. The region near the
transition provides an opportunity to benchmark our findings
against earlier results [7,9]. At lowest q, the plasmon is a well-
defined excitation with the predicted scaling ω(q) ∝ √

γn(q).
According to Refs. [7,9], it is expected to be damped when ω

reaches �2(T )/Tc. Indeed, in Fig. 6 we see a strong reduction
of the quality factor with increasing q. However, the reduction
at low q changes to an increase at larger q, producing a

FIG. 6. Plasmon quality factor, Q(q) = Re ω(q)/2|Im ω(q)|, as
a function of γn(q)/Tc, derived from the data in Fig. 5.

minimum in the momentum dependence of Q. This Qmin is
larger than 1 if T < 0.96 Tc.

Consequently, a plasmon may become overdamped only
within a very narrow temperature range, approximately 4% of
Tc. But even in this regime, increasing q will transform a de-
caying plasmon into a propagating one. The observed revival
of a plasmon at large q is a consequence of the discontinuity
at Tc, which leads to the growth of Re ω(q) and suppression of
|Im γ (q)| with increasing q.

The discontinuity at the transition is better visualized when
the plasmon dispersion is plotted as a function of temperature
at a given q (see Fig. 7). A larger q results in a higher starting
value of Re ω(q) and a lower attenuation on the superconduct-
ing side of the transition.

IV. DISCUSSION AND CONCLUSION

Collective excitations in a superconductor are governed by
the quasiparticle response to time-dependent bosonic fields:

FIG. 7. Temperature dependence of the real (positive) and imag-
inary (negative) parts of the plasmon dispersion ω(q) calculated for
three wave vectors corresponding to γn(q)/�(0) = 0.1, 0.5, and 1.3.
When the temperature drops below Tc, the normal-state overdamped
dynamics ω(q) = −iγn(q) is abruptly modified, with an immediate
appearance of a finite Re ω(q) and a jump in Im ω(q).
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the electric potential and the order parameter’s phase and
amplitude. This response is encoded in a 3 × 3 polarization
operator, which incorporates the independent dynamics of the
amplitude (SH) mode and a separate block describing coupled
charge-phase oscillations. By neglecting the SH component,
we derive an expression for the 2 × 2 matrix �(ω, q) in a dirty
superconductor that is responsible for plasmon excitations and
the CG mode.

Despite the generic complexity of the quasiparticle re-
sponse, the optical conductivity σ (ω, T ) is its only character-
istic relevant for low-momentum plasmons. While the spectral
equation (3) appears deceptively simple, solving it demands
that σ (ω, T ) be analytically continued to Im ω < 0, which is
a challenging task. We achieve that by a proper deformation
of the contour in the integral representation for the Mattis-
Bardeen conductivity.

The peculiar structure of interpenetrating branch cuts of the
retarded and advanced Green’s functions (Fig. 3) has a number
of important consequences.

(1) The jump of the plasmon dispersion at Tc. While strong
impurity scattering totally damps normal plasmons, a finite
propagation frequency Re ω(q) immediately appears just be-
low the superconducting transition.

(2) The existence of the spectral termination point qc(T ),
above which a plasmon does not exist as a physical excitation.
Right at qc(T ), a plasmon becomes undamped.

(3) The revival of propagating plasmons at large wave
vectors near Tc.

It is instructive to compare our results with the plasmon
behavior in a normal-metal film in the presence of momentum
relaxation. The spectral equation follows from the vanishing
of the dielectric function, which yields V0(q)P(ω, q) + 1 = 0,
where P(ω, q) is the polarization operator (density-density
correlation function). Modeling impurity scattering by a
Gaussian random potential with the correlator 〈U (r)U (r′)〉 =
δ(r − r′)/(2πντ ) and calculating the impurity ladder [37], we
obtain P(ω, q)/2ν = 1 − iωτ [1 − 1/B(ω, q)]−1. Given that
plasmon wave vectors are typically very small, we evaluate
the ladder block in the limit ql � 1 while treating ωτ as an
arbitrary parameter: 1/B(ω, q) = 1 − iωτ − Dq2/(1 − iωτ ).
The spectral equation then takes the form iω(1 − iωτ ) =
ω2

p(q)τ , where ωp(q) is the plasmon dispersion in the clean
case: ω2

p(q) = 2νDV0(q)/τ = γn(q)/τ . We thus arrive at the
plasmon dispersion relation [mathematically equivalent to
Eqs. (31) and (36)]

ω(q) =
√

ω2
p(q) − 1/4τ 2 − i/2τ. (37)

For a given q, the evolution of ω(q) with the momentum
relaxation rate τ−1 is presented in Fig. 8. By increasing the ef-
fective disorder strength, the system exhibits a crossover from
the narrow plasmon resonance regime at τ−1 � 1/ωp(q) to
the purely overdamped regime at τ−1 > 2/ωp(q). In the latter
case, cooperative plasmon oscillations cannot be established
due to dissipative losses, and their dispersion becomes purely
relaxational [Eq. (1)], with the attenuation approaching γn(q)
given by Eq. (2).

Comparing Figs. 7 and 8, one can qualitatively say that
the transition to the superconducting state in a dirty metal
effectively increases the apparent sample purity, restoring

FIG. 8. Normal-metal plasmon dispersion ω(q) in the crossover
between the clean and dirty limits controlled by the ratio of the
momentum relaxation rate τ−1 and the clean plasmon frequency
ωp(q), according to Eq. (37).

collective oscillations at low temperatures. The damping de-
creases with decreasing temperature, effectively mimicking
the trend from the dirty to the clean case in Fig. 8. Of course,
the clean plasma frequency ωp(q) is not recovered in the
superconducting state. The reappearance of plasmon modes
is caused not by the suppression of scattering, but rather by
the emergence of a coherent, dissipationless motion in the
superconducting condensate.

In dirty superconducting films, the plasmon wavelength is
large. To estimate it, consider the T = 0 spectral termina-
tion point determined by γn[qc(0)] = 2�(0). With V0(q) =
2πe2/εq, one obtains, for the typical wave vector, qc(0) =
R��(0)ε/π , where R� is the sheet resistance and ε is the
effective dielectric constant. Assuming the BCS relation,
�(0) = 1.76 Tc, we obtain, for the associate wavelength,

λc(0) = 2π

qc(0)
= 0.8 mm

R�[k�] Tc[K] ε
. (38)

For a typical NbN film with Tc ∼ 10 K, R� ∼ 2 k�, and
ε ∼ 5, we have λc ∼ 10 μm. This implies that the smallest
structures capable of sustaining plasmonic resonance in dirty
NbN films at T � Tc must be on the scale of tens to hundreds
of microns.

However, the rapid growth of the termination wave vector
qc(T ) near Tc (see inset to Fig. 2) shifts the experimental
detection threshold for plasmon resonance to wavelengths
smaller than those predicted by Eq. (38). The experimental
observation of weakly damped plasmons near Tc is challeng-
ing and would therefore offer crucial support for our theory.
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APPENDIX: KELDYSH σ MODEL

1. Superconducting saddle point

Nonequilibrium phenomena in dirty superconductors are
most effectively described by the σ model in the Keldysh
formalism [31]. It is a field theory for the quasiparticle field
Q(r) subject to the constraint Q2 = 1, the order parameter
field �(r), and the electric potential field �(r), specified by
the action

S = iπν

4
Tr

[
D(∇Q)2 + 4i(iτ3∂t + �̌ + i�̌)Q

]
+ Tr

[
�T

(
2ν + V −1

0

)
σ1� − (2ν/λ)�+σ1�

]
. (A1)

The matrix Q, bearing two continuous energy/time indices,
acts in the direct product of the Gorkov-Nambu space (N;
Pauli matrices τi) and the Keldysh space (K; Pauli matrices
σi). Depending on a single time/frequency argument, bosonic
fields � = (φ, φq)T and � = (�,�q)T are two-component
vectors in the Keldysh space, containing the classical and
quantum components. They are organized in the 4 × 4
matrices

�̌ = τ0(φσ0 + φqσ1), (A2a)

�̌ =
(

0 �

�∗ 0

)
N

σ0 +
(

0 �q

�∗
q 0

)
N

σ1. (A2b)

The stationary superconducting saddle point is character-
ized by the order parameter � (chosen to be real) and the
energy-diagonal matrix Q given by

Q(ε) =
(

QR(ε) Fε[QR(ε) − QA(ε)]

0 QA(ε)

)
K

, (A3)

with the retarded (α = R) and advanced (α = A) blocks

Qα (ε) =
(

gα
ε f α

ε

f α
ε −gα

ε

)
N

(A4)

composed of the Green’s functions introduced in Eq. (9).
At thermal equilibrium, Fε = tanh(ε/2T ). The value of the
order parameter should be obtained from the self-consistency
equation (11) [derivative of the action (A1) with respect
to �∗

q].

2. Diffusive modes

Deviations from the superconducting saddle point (A3) are
parametrized by the matrix W as [31,35]

Q = U −1
F U −1σ3τ3(1 + W + W 2/2 + · · · )UUF . (A5)

The form of Eq. (A5) at W = 0 is required to match Eq. (A3),
which is enforced by the choice

UF =
(

1 Fε

0 1

)
K

, U =
(

eiτ2θ
R
ε /2 0

0 eiτ2θ
A
ε /2

)
K

, (A6)

where the spectral angles θR,A
ε parametrize the Green’s func-

tions as gR,A
ε = ± cos θR,A

ε and f R,A
ε = ± sin θR,A

ε . The matrix
W , which anticommutes with σ3τ3, has the form

W =
(

cR
1 iτ2 + cR

2 iτ1 d1τ0 + d2τ3

−d1τ0 − d2τ3 cA
1 iτ2 + cA

2 iτ1

)
K

. (A7)

At the Gaussian level, the correlation functions of these
diffusive modes are given by

〈di;ε1,ε2 (q)diε3,ε4
(−q)〉 = 1

πν
Dε1,ε2δε1,ε4δε2,ε3 , (A8)

〈cR,A
i;ε1,ε2

(q)cR,A
i;ε3,ε4

(−q)〉 = 1

πν
CR,A

ε1,ε2
δε1,ε4δε2,ε3 , (A9)

where δε,ε′ = 2πδ(ε − ε′) and the bare diffusion and
cooperon propagators are defined in Eqs. (10).

3. Effective action for bosonic fields

Deviations of the bosonic fields from their equilibrium val-
ues are parametrized by δ� = (φ, φq)T and δ� = (δ�,�q)T .
Integrating out diffusive modes, one arrives at the effective
action for the classical and quantum components of the fields
δ� and δ�. In the problem of plasmon wave propagation,
the electric potential is coupled only to the phase of the or-
der parameter (in the linear order, ϕ = Im δ�/�), while the
amplitude Schmid-Higgs mode is not excited. (The latter will
be admixed in the presence of a finite supercurrent [8,19].)
The resulting action takes the form

S(2)
eff =

∫
(dq)(dω) ηT

−ω,−qV−1
ω,q ηω,q, (A10)

where we arrange the fields in a four-component vector η =
(φ, Imδ�, φq, Im�q)T .

The inverse bosonic propagator V has the standard struc-
ture in the Keldysh space [31,38]:

V−1
ω,q =

(
0 (V A)−1

ω,q

(V R)−1
ω,q (V K )−1

ω,q

)
. (A11)

Equations of motion for the classical components φ and Im �

are obtained by taking the derivatives with respect to their
quantum counterparts. This procedure cuts the block (V R)−1

ω,q
from the matrix (A11). Calculating it in the random phase
approximation, we arrive at Eqs. (5)–(8).
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