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Optical conductivity of a dirty current-carrying superconductor
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We develop a full microscopic theory for the optical conductivity σ (ω) of a dirty current-carrying su-
perconductor. Within the Keldysh sigma model formalism, we obtain the general analytical expression for
σ (ω), applicable for arbitrary frequency ω, temperature T , and dc supercurrent I . In addition to altering the
usual Mattis-Bardeen conductivity σ1(ω), a finite supercurrent introduces two new contributions: σ

qp
2 (ω) from

quasiparticle redistribution and σ SH
2 (ω) from the amplitude (Schmid-Higgs) mode excitation by the ac field. We

investigate, both analytically and numerically, the main features of the optical conductivity in the presence of a
dc supercurrent. They include a peak in Re σ (ω) above the optical gap and a sign change of Im σ (ω), with both
effects becoming more pronounced at higher I and lower T . We also elucidate the role of inelastic relaxation,
which governs the low-frequency response, leading to a giant microwave absorption and a suppression of the
apparent superfluid density at the critical current. The optical conductivity measurement of a superconductor
biased by a finite dc supercurrent enables the direct observation of the Schmid-Higgs mode via transport
measurements.
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I. INTRODUCTION

The electromagnetic response of superconductors has been
the subject of extensive and ongoing research for decades
[1–13]. A fascinating manifestation of non-equilibrium
physics is the microwave-driven enhancement of the super-
conducting gap discovered in Refs. [2,3] and theoretically
explained by Eliashberg [4,5] as originating from the redistri-
bution of quasiparticle population. In later works, Eliashberg’s
theory was generalized to include a finite supercurrent [7,8]
and arbitrary temperatures [9]. Superconductivity enhance-
ment arises in the second order in the amplitude of the
microwave field as a correction to the period-average order
parameter.

An even simpler, yet still very rich, phenomenon is
the linear response of a superconductor, characterized by
its frequency-dependent conductivity. With a finite dc su-
percurrent flowing through a superconductor, the optical
conductivity becomes a tensor, which can be written as a sum
of two contributions [10,11,14],

σαβ (ω) = σ1(ω)δαβ + σ2(ω)ÂαÂβ. (1)

Here, Â is a unit vector in the direction of the superfluid
momentum 2eA0/h̄c (see Fig. 1), and the contribution σ2(ω)
vanishes at zero supercurrent.

The optical conductivity of a BCS superconductor in the
absence of a supercurrent σMB(ω) ≡ σ1(ω) at A = 0 was cal-
culated by Mattis and Bardeen (MB) in 1958 [1]. Their theory,
built on the Kubo formalism, generalizes the classical Drude
result to dirty superconductors, with nonmagnetic impurity
scattering serving as the source of momentum relaxation. The
existence of the spectral gap �0(T ) results in the suppression
of dissipative conductivity Re σMB(ω), at low temperatures,

unless h̄ω > 2�0(T ) and quasiparticles can be excited across
the gap. At the same time, the reactive part of the optical
conductivity diverges at low frequencies, ω � �0(T ), as

Im σ (ω)/σ0 ≈ �s/ω, (2)

which is a hallmark of the condensate’s superconducting
response. The frequency �s proportional to the superfluid
density is given by [15]

�s(T ) = π�0(T ) tanh[�0(T )/2T ]. (3)

The MB theory, originally developed for BCS super-
conductors, has been extended to include depairing effects
from paramagnetic impurities [16]. In this situation, the or-
der parameter �(T ) is suppressed compared to the BCS
value �0(T ), the spectral gap is renormalized down to Eg =
(�2/3 − 
2/3)3/2, and the coherence peak is smeared at the
energy scale ω∗ ∼ 
2/3�1/3, where 
 is the spin-flip rate
[17]. As a result, the low-temperature optical gap shifts from
2�0(T ) to 2Eg, and the logarithmic divergence of Re σMB(ω)
saturates at ω � ω∗. Still, modifying the MB expression
σMB(ω) → σ1(ω) requires only adjusting the quasiparticle
Green’s functions to account for depairing effects at a finite

 [18]. This term coincides with σ1(ω) in Eq. (1), provided 


is the depairing rate due to a finite supercurrent.
A key new feature brought by the moving superconducting

condensate is the emergence of the second term in Eq. (1),
which is governed by the response functions of quasiparti-
cles and the order parameter to an ac vector potential A1(ω)
[10,11],

σ2(ω) = σ
qp
2 (ω) + σ SH

2 (ω). (4)

In a dirty superconductor, σ
qp
2 (ω) is expressed in terms of

dynamic diffusons and cooperons, whereas σ SH
2 (ω) appears

2469-9950/2026/113(17)/174516(15) 174516-1 ©2026 American Physical Society

https://orcid.org/0009-0008-7261-8340
https://orcid.org/0000-0002-3572-475X
https://ror.org/00z65ng94
https://ror.org/055f7t516
https://ror.org/00v0z9322
https://crossmark.crossref.org/dialog/?doi=10.1103/1fx5-f9m7&domain=pdf&date_stamp=2026-05-18
https://doi.org/10.1103/1fx5-f9m7


ARTEM V. POLKIN AND MIKHAIL A. SKVORTSOV PHYSICAL REVIEW B 113, 174516 (2026)

A0

A1(t)

FIG. 1. A superconducting film carrying a dc supercurrent (with
momentum 2eA0/h̄c) under an applied microwave field.

through the excitation of the amplitude mode of the order
parameter.

Collective amplitude mode of the complex order param-
eter, which is now commonly referred to as Schmid-Higgs
(SH) mode, has been studied theoretically since 1968 [19–21].
However, its experimental evidence was long hindered by the
weak coupling of the SH mode to the electromagnetic field.
In the 2010s, breakthroughs in terahertz spectroscopy enabled
the first direct observations of the SH mode [22–26]. These
experimental results triggered a resurgence of interest in the
theoretical community [27–29], with the most prominent top-
ics of research being dynamics of the homogeneous [30] and
spatially periodic [31] perturbation, and third harmonic gen-
eration, caused by the SH mode [30–32], both of which were
done also in the presence of magnetic impurities [33,34].

At the same time, direct coupling of the SH mode to an
external ac electric field in a current-carrying superconductor
[10,11,14] makes the optical conductivity a perfect tool for the
observation of the SH mode, which, via the term σ SH

2 (ω), is
responsible for the absorption peak above the optical gap 2Eg.
Recently, the effect was theoretically studied in Refs. [35,36],
where the zero-temperature limit was addressed.

A striking feature of σ2(ω) is the singular behavior of its
quasiparticle contribution at small frequencies that should be
regularized by the energy relaxation rate γ , σ

qp
2 (ω) ∝ 1/(ω +

iγ ). This expression derived in Ref. [11] in the vicinity of the
critical temperature, Tc, suggests that σ2(ω) may even exceed
σ1(ω) at small frequencies, provided that γ is sufficiently
small. This growth of dissipation at low ω is reminiscent of
the lower frequency bound ω > 3.23 γ for superconductivity
stimulation by microwaves observed near Tc [9].

Recently, the problem of the microwave absorption in a
superconductor with a finite dc supercurrent has been ad-
dressed in Ref. [37], where the contribution σ

qp
2 (ω) has been

interpreted in terms of the Debye relaxation mechanism (this
idea has been further elaborated in a number of subsequent
publications [38,39]). Near the critical temperatures, the phe-
nomenological model of Ref. [37] reproduces the Lorentz
form of σ

qp
2 (ω), but with the numerical coefficient differing

from that obtained in Ref. [11]. At the same time, the SH
contribution σ SH

2 (ω) was completely neglected in Ref. [37].
Motivated by unresolved theoretical inconsistencies—

specifically, the disagreement between Refs. [37] and [11]
near Tc, and between Refs. [10,36] at low temperatures—we
revisit the linear response of a current-carrying superconduc-
tor to microwave radiation at frequency ω. Assuming the dirty
limit (Tcτ � 1, where τ is the elastic scattering time), we
calculate the optical conductivity, derive the general expres-
sions for σ1(ω) and σ2(ω) in Eq. (1) at arbitrary ω, T , and

dc supercurrent I , and analyze them in various asymptotic
regions. Using the language of the Keldysh nonlinear sigma
model [40], we reproduce the findings of Ovchinnikov et al.
[10,11], confirming them within a complementary theoretical
framework.

The inelastic energy relaxation rate, coming into play at
low frequencies through the contribution σ2(ω), is related
to thermalization. In the limit ω → 0, the quasiparticle dis-
tribution adiabatically follows the applied field, maintaining
local thermal equilibrium. However, the crossover frequencies
differ between σ

qp
2 (ω) and σ SH

2 (ω). For the quasiparticle con-
tribution, σ qp

2 (ω), it coincides with the single-particle inelastic
relaxation rate γ . For the SH contribution, σ SH

2 (ω), it is given
by

γQ ∼
√

1 − T/Tc γ , (5)

which is known as the branch imbalance relaxation rate
[41–43]. In the vicinity of Tc, γQ ∼ [�(T )/�(0)]γ � γ .

As the smaller of the two rates γ and γQ, the latter deter-
mines the crossover frequency between quasiequilibrium and
nonequilibrium regimes. Correspondingly, the limit ω � γQ

(ω 	 γQ) will be referred to as quasistatic (dynamic).
Access to the general expression for the optical conductiv-

ity as a function of ω, T , and I enables us to map the evolution
of key physical effects across the full parameter space of
frequency, temperature, and supercurrent. They include

(1) peak in Re σ (ω), originating from the SH mode exci-
tation, which grows with decreasing T and increasing I;

(2) giant low-frequency dissipation determined by the in-
elastic relaxation, which however is exponentially suppressed
at low temperatures;

(3) formation of the region with negative Im σ (ω) at low
temperatures and high currents;

(4) sensitivity of the low-frequency inductive response
Im σ (ω) to the inelastic relaxation rate, with vanishing �s at
I = Ic(T ) for all T in the quasistatic regime and only at T = 0
in the dynamic regime.

The paper is organized as follows. In Sec. II, we introduce
the model and provide an extensive overview of numerical
results, outlining the main trends in σ (ω). Section III contains
a step-by-step sigma-model derivation of the linear response
at a finite dc supercurrent. General expressions for the three
conductivity contributions, σ1, σ

qp
2 , and σ SH

2 , are presented
in Sec. IV. Their asymptotic behavior in the vicinity of Tc is
analyzed in Sec. V. The results are discussed in Sec. VI and
summarized in Sec. VII. Technical details of the calculations
are relegated to several Appendixes.

II. MODEL AND QUALITATIVE RESULTS

A. Model

We consider a diffusive superconducting film or wire that is
biased by a dc supercurrent and subjected to microwave irra-
diation. The absolute value of the order parameter is assumed
to be uniform, and gauging out its phase one arrives at the
vector potential

A(t ) = A0 + A1 cos ωt, (6)
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FIG. 2. Frequency dependence of the real (a)–(c) and imaginary (d)–(f) parts of the conductivity σ (ω) = σ1(ω) + σ2(ω) in the collinear
geometry A1‖A0 at temperatures T = 0 (a), (d), T = 0.7 Tc (b), (e), and T = 0.99 Tc (c), (f). Three curves at each panel correspond to different
dc supercurrents: I/Ic(T ) = 0, 0.5, and 1. Dashed lines mark the positions of 2Eg for given T and I .

corresponding to the superfluid momentum 2eA/h̄c. The
static component A0 is responsible for the supercurrent den-
sity j = −Q(T, A0)A0. The kernel Q(T, A0) is a nonlinear
function of A0, with Q(T, 0) = nse2/mc related to the super-
fluid density ns. A flowing supercurrent acts as a source of
depairing characterized by the rate


 = 2D(eA/h̄c)2, (7)

where D is the diffusion coefficient.
We study the linear response of a superconductor to the

applied ac field A1, which may have an arbitrary angle with
respect to A0; see Fig. 1 (in the wire geometry, A1‖A0). We
derive the general expression for the conductivity tensor (1)
valid for arbitrary T < Tc and j < jc(T ). The critical current
density jc(T ) is determined numerically by simultaneously
solving the Usadel and self-consistency equations [44].

Analytic formulas for σ1(ω) and σ2(ω) that yield the
conductivity for an arbitrary angle between A1 and A0 are pre-
sented in Sec. IV. Below we discuss the results in the collinear
case A1‖A0, when the deviation of σ (ω) = σ1(ω) + σ2(ω)
from the MB-like expression σ1(ω) is most pronounced.

B. Results overview

In Fig. 2, we visualize the frequency dependence of σ (ω),
normalized by the normal-state Drude conductivity σ0, in the
parallel configuration A1 ‖ A0. The real and imaginary parts
are shown in the upper and lower panels, respectively, while
different columns correspond to different temperatures: T = 0
(left), 0.7 Tc (middle), and 0.99 Tc (right). The curves at each
panel are obtained for various dc supercurrent: I/Ic(T ) =
0 (standard MB result), 0.5, and 1 (maximum possible

contribution of σ2). The frequency in Fig. 2 is normalized by
the equilibrium order parameter �0(T ) at zero supercurrent.

1. Dissipative conductivity

We start with discussing the dissipative conductivity.
At zero temperature, the MB conductivity Re σMB(ω) is

strictly zero for ω < 2�0(0) and monotonically increases for
ω > 2�0(0), approaching σ0 at high frequencies. The pres-
ence of a finite supercurrent modifies Re σ (ω) in two ways:
(i) the optical gap is reduced from 2�0(0) to 2Eg and (ii)
a peak arises above the gap [10,11,35]. The peak’s width
and magnitude increase with the dc current, reaching their
maximum values at the critical current. At I = Ic(0), with the
spectral gap suppressed down to Eg = 0.323 �0(0) [16,45],
the width of the peak is comparable to 2Eg and its height is
as large as 3.723 σ0. At I � Ic(0), the peak’s height scales as
σpeak/σ0 ∼ (
/�)2/3 ln2(�/
) [11].

Figure 3 replots Re σ (ω) at T = 0 from Fig. 2(a), high-
lighting the relative contributions of its three components,
σ1(ω) + σ

qp
2 (ω) + σ SH

2 (ω), by different fillings. This fig-
ure clearly demonstrates that both σ

qp
2 and σ SH

2 exhibit peaks,
with the latter being substantially larger. Therefore, the peak
in Re σ (ω) originates primarily from the amplitude Schmid-
Higgs mode excitation. This result agrees with the findings of
Ref. [29] in the dirty limit.

At finite temperatures, the peak in the dissipative conduc-
tivity above the optical gap, appearing at finite I , persists. Its
height decreases monotonically as the temperature increases,
a trend directly linked to the suppression of � with rising T .

Yet, a more striking difference between the T = 0 and
T �= 0 cases is the emergence of a finite Re σ (ω) below
the optical gap, at ω < 2Eg; see Figs. 2(b) and 2(c). Origi-
nating from the heating of thermally excited quasiparticles,
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FIG. 3. Frequency dependence of Re σ (ω) for A1‖A0 at T = 0,
as shown in Fig. 2(a), with emphasized contributions of σ1(ω),
σ

qp
2 (ω), and σ SH

2 (ω). Note that the absorption peak observed above
the optical gap entirely originates from the excitation of the Schmid-
Higgs mode.

the subgap conductivity decreases exponentially with temper-
ature, Re σ (ω) ∝ e−�(T )/T . Its frequency dependence for a
given T is more interesting. In the absence of a supercurrent,
Re σMB(ω) exhibits a weak ln(�/ω) divergency produced by
two nearly overlapping coherence peaks [see Eq. (48a)]. A
nonzero current broadens the coherence peak, which acquires
a width ω∗ ∼ 
2/3�1/3, where 
 is the associated depairing
rate. Therefore, the ln(�/ω) divergency of Re σ1(ω) at ω 	
ω∗ translates into its saturation at ω � ω∗ [see Eq. (54a)] that
can be clearly seen in Figs. 2(b) and 2(c).

Though the current-induced contribution Re σ2(ω) is
smaller than Re σ1(ω) at ω ∼ ω∗, its magnitude grows
with decreasing frequency. Provided the inelastic relaxation
rate is sufficiently small, at low frequencies Re σ2(ω) may
considerably exceed the bare Drude conductivity σ0. This
huge enhancement of dissipation at T = 0.99 Tc is illus-
trated in Fig. 4, which shows the low-frequency behavior for
γ = 10−6�0(0) that cannot be resolved in Fig. 2(c). With
Re σ

qp
2 (ω) saturating at ω ∼ γ and Re σ SH

2 (ω) saturating at
ω ∼ γQ � γ , the frequency behavior of σ (ω) exhibits a num-
ber of crossovers determined by the competition between the
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FIG. 4. Logarithmic plot of the low-frequency dissipative con-
ductivity at T = 0.99 Tc [Fig. 2(c)], computed for the inelastic rate
γ = 10−6�0(0) [�0(0) is the gap at T = 0 and I = 0].
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FIG. 5. Temperature dependence of the dissipative conductivity
in the quasistatic limit, Re σ (0) ∝ 1/γ , computed for I/Ic(T ) = 0.1,
0.2, . . . , 1, and the temperature-independent inelastic relaxation
rate γ = 10−6�0(0). In this case, the giant absorption is exponen-
tially suppressed at low temperatures because of the freezing of
quasiparticles.

quasiparticle and Schmid-Higgs contributions. The effect is
maximal at the critical current. In the quasistatic limit (ω �
γQ) and at I ∼ Ic, the enhancement determined by the Schmid-
Higgs term is as large as Re σ SH

2 (0)/σ0 ∼ �/γ .
In the Ginzburg-Landau region near Tc, Re σ (0)/σ0 in-

creases with decreasing temperature, driven by the growth of
�(T ); see Fig. 5. However, the freezing out of thermal quasi-
particles leads to an exponential suppression of the dissipative
conductivity at low temperatures, Re σ2(0) ∝ e−Eg/T /γ . For
a temperature-independent inelastic relaxation rate, the max-
imal absorption enhancement occurs at T ≈ 0.8 Tc, as shown
in Fig. 5.

The model of constant γ (T ) describes tunneling to a
normal reservoir, see Sec. III. For scattering mechanisms
characterized by a power law γ (T ), such as electron-electron
or electron-phonon scattering, the low-temperature absorption
still remains exponentially suppressed.

Relaxation via two-particle recombination constitutes a
special case, as its rate γ (T ) ∝ e−Eg/T is itself exponen-
tially suppressed. The cancellation of the leading exponent
in this case was noted in Ref. [37], which provided the esti-
mate Re σ2(0) ∝ T −1/2. In contrast, our analysis demonstrates
that limT →0 Re σ2(0) = 0. However, this point is largely aca-
demic, as the quasistatic limit, which requires exponentially
low frequencies, is practically unattainable for recombination
relaxation.

2. Imaginary part of the conductivity

Now we turn to the analysis of Im σ (ω) presented in the
bottom raw of Fig. 2. In the absence of a supercurrent, the
MB theory predicts a monotonic growth of Im σMB(ω) with
decreasing frequency, qualitatively similar for all tempera-
tures. In the limit ω � �, the condensate motion results
in a purely inductive response Im σMB(ω) = �s(T )/ω [see
Eq. (2)], where �s(T ) proportional to the superfluid density
is given by Eq. (3).

A new feature introduced by a finite supercurrent is the
appearance of the dip at ω ∼ 2Eg originating from the term
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FIG. 6. Temperature dependence of �s, which governs the
low-frequency superfluid inductive response Im σ (ω)/σ0 = �s/ω,
computed in the quasistatic limit, for I/Ic(T ) = 0, 0.1, . . . , 1. At zero
current, �s(T ) follows Eq. (3). �s is suppressed at finite currents I
and vanishes completely at the critical current Ic(T ) for all tempera-
tures. Inset demonstrates �s vs I/Ic(0) at T = 0 [see Eq. (E6)]. The
dashed line shows �s at I = Ic(T ) computed in the dynamic limit,
ω 	 γQ, but for ω � ω∗.

σ2(ω). As a counterpart of the peak in Re σ (ω), the dip in
Im σ (ω) is also enhanced with increasing I and decreasing T .
Remarkably, the value at the dip min Im σ (ω) becomes neg-
ative at sufficiently low T and sufficiently high I . According
to Fig. 2(e), the region of negative Im σ (ω) at I = Ic exists
already at T = 0.7 Tc. At low temperatures, this region broad-
ens, as evidenced in Fig. 2(d). Appearance of the negative
Im σ (ω) region was recently brought up in Ref. [29].

Figure 2(d) also reveals that at T = 0 and I = Ic, Im σ (ω)
does not diverge but drops to zero at ω = 0. This peculiar
behavior results from a precise cancellation between the 1/ω

terms in σ1(ω), σ
qp
2 (ω), and σ SH

2 (ω), leading to the vanishing
of �s at zero temperature and the critical current (see Ap-
pendix E).

Since the conductivity contribution σ2(ω) is sensitive to
the inelastic relaxation rate γ , which is assumed to be small,
the limit ω → 0 should be taken with care. The results pre-
sented in Fig. 2 are obtained in the dynamic limit, ω 	 γQ.
The low-frequency behavior in the quasistatic limit, ω � γQ,
is essentially different, with Fig. 6 demonstrating �s as a
function of T and I . We see that in the quasistatic limit,
the superconducting inductive response is lost, and �s = 0 at
the critical current for all temperatures. This can be rational-
ized by recognizing that the limit ω → 0 for an ac drive is
equivalent to applying an infinitesimal dc current. Since the
system is already at Ic, any additional current will destroy
superconductivity.

To illustrate the difference between the dynamic and qua-
sistatic regimes, we plot �s(T ) at I = Ic obtained numerically
in the dynamic regime by the dashed line in Fig. 6. In this case,
�s vanishes only at T = 0, in accordance with Figs. 2(d)–2(f).

III. TECHNICALITIES

A. Sigma-model description

Nonequilibrium effects in dirty superconductors are de-
scribed in terms of the semiclassical Keldysh Green’s function

Ǧ, which obeys the dynamic Usadel equations derived in
Ref. [46]. However, analyzing the resulting system of equa-
tions, augmented by the self-consistency condition for the
order parameter, remains challenging even for a small irradi-
ation amplitude. This approach was adopted by Ovchinnikov
and Isaakyan [11]. Their work followed Ovchinnikov’s earlier
analysis in the Matsubara representation that required analytic
continuation [10]. To verify their results and elucidate the
details of the derivation, we will employ the Keldysh non-
linear sigma-model formalism [40], leveraging its powerful
analytical tools for systematic perturbative expansion in terms
of diffusons, cooperons and fluctuation propagator [47,48].
Though both approaches are equivalent, calculations in the
sigma-model language are more elegant and straightforward.

In the uniform situation considered, the sigma model is
a field theory for the matter field Qt,t ′ and the order param-
eter fields �(t ), �q(t ). In the saddle-point approximation,
Q coincides with the nonequilibrium semiclassical Green’s
function Ǧ. The field Qt,t ′ , as well as its Fourier transform
to the energy domain Qε,ε′ , is a matrix in the Keldysh (K) and
Nambu (N) spaces (Pauli matrices σi and τi, respectively). The
sigma-model action S, which determines the weight eiS in the
functional integral, is given by [9,40]

S = π i

δ
Tr

[
�Q − D

2
(ǎτ3Q)2

]
− 4

λδ
Tr��q. (8)

Here, Tr stands for the matrix trace in the K ⊗ N space and
also involves integration over energies (which hereafter will
be treated as an additional continuous matrix index), δ =
1/νV is the mean level spacing (expressed via the density of
states at the Fermi level ν and the system’s volume V ), λ is
the superconducting coupling constant, and

� = iετ3 − �̌τ1 − (γ /2)Qres. (9)

The last term in Eq. (9) mimics inelastic relaxation modeled
by tunneling to a metallic reservoir, with γ being the tunneling
rate and metallic Green’s function given by

Qres(ε) =
(

1 2F (ε)
0 1

)
K

⊗ τ3, (10)

where F (ε) = tanh(ε/2T ) = 1 − 2nF (ε), with nF (ε) being
the Fermi distribution function. Such a model is equivalent
to the relaxation-time approximation used in Refs. [4,37].

In general, the order parameter field is characterized by
two complex components: classical �(t ) and quantum �q(t ).
Because a homogeneous electric field couples exclusively to
the gauge-invariant total momentum, it does not excite phase
fluctuations (plasmons [49,50] and the neutral Bogoliubov-
Anderson mode [28,51]). Hence, the fields �(t ) and �q(t ) can
be chosen real. This choice of the gauge is reflected in Eqs. (8)
and (9), with the latter containing only one Pauli matrix τ1

multiplied by

�̌ = �σ0 + �qσ1. (11)

The real field a(t ) also comprises two components: clas-
sical a(t ) = eA(t )/h̄c, determined by the electromagnetic
vector potential (6), and its quantum counterpart aq(t ), acting
as a source for calculating electric current [see Eq. (22)].
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Both components are combined into a matrix ǎ in the Keldysh
space, in analogy with Eq. (11).

B. Stationary supercurrent state

In the stationary case with a time-independent a, the
saddle-point solution for the Q matrix is diagonal in the en-
ergy space,

Qε1,ε2 = 2πδ(ε1 − ε2)Q(ε2), (12)

with the standard triangular structure in the Keldysh space
[40,52],

Q(ε) =
(

QR(ε) QK(ε)
0 QA(ε)

)
K

, (13)

where QK(ε) = F (ε)[QR(ε) − QA(ε)]. In the gauge with the
real order parameter and the superfluid momentum deter-
mined by a, the retarded (advanced) block can be written as

QR,A(ε) =
(

gR,A
ε f R,A

ε

f R,A
ε −gR,A

ε

)
N

, (14)

where the normal (g) and Gor’kov ( f ) Green’s functions obey
the symmetry relations following from QA = −τ3QR†τ3:

gA
ε = −(gR

ε )∗, f A
ε = ( f R

ε )∗. (15)

They can be conveniently represented in terms of a complex
spectral angle θR,A

ε as

gR,A
ε = ± cos θR,A

ε , f R,A
ε = ± sin θR,A

ε , (16)

with the symmetry θR
ε = −θA

−ε = −(θA
ε )∗.

The spectral angle should be determined from the saddle-
point (Usadel) equation [Q, δS/δQ] = 0, yielding

iεR sin θR
ε + � cos θR

ε − 
 sin θR
ε cos θR

ε = 0, (17)

where εR,A = ε ± iγ /2, � is the value of the order param-
eter, and 
, introduced in Eq. (7), is the pair-breaking rate
due to the supercurrent [53]. At zero current (
 = 0), θR

ε =
arctan(i�/εR) that corresponds to the BCS Green’s functions(

gR,A
ε

f R,A
ε

)
= ±1√

(ε ± iγ /2)2 − �2

(
ε ± iγ /2

i�

)
, (18)

with the natural choice of the square-root branch at ε → +∞.
Equation (17) incorporates two distinct mechanisms that

smear the BCS density of states, controlled by the rates 


and γ . A finite 
 (at γ = 0) maintains a hard gap, while
renormalizing its value from � to Eg = (�2/3 − 
2/3)3/2 and
cutting the BCS singularity [17,54]. A finite γ (at 
 = 0) acts
as the Dynes parameter smearing a hard gap [55]. When both
rates are finite, the density of states is nonzero everywhere,
but the peak shape is governed by the relation between 
 and
γ .

The order parameter � satisfies the self-consistency equa-
tion

� = λ

2

∫
dε F (ε) Im sin θR

ε , (19)

which should be solved simultaneously with the Usadel equa-
tion (17).

C. Linear response

In the presence of a monochromatic microwave drive de-
scribed by Eq. (6), the order parameter becomes a periodic
function that can be expanded in the Fourier series

�(t ) =
∑

n

�(n)e−inωt , (20)

and the quasiparticle matter field acquires a form

Qε1,ε2 = 2π
∑

n

δ(ε1 − ε2 − nω)Q(n)
ε1,ε2

. (21)

In the absence of irradiation, only Q(0)
ε,ε is nonzero, coinciding

with Q(ε) introduced in Eq. (12). The nth term in Eq. (21) is
responsible for quasiparticle transitions with the absorption of
n photon quanta and appears in the nth order of the perturba-
tion theory in the ac field amplitude A1 [12]. The calculation
of a nonlinear response beyond perturbation theory is greatly
complicated by the constraint Q2 = 1, implying that different
Q(n) are not independent.

The current flowing through the system is calculated as
a derivative with respect to the quantum component of the
vector potential [40,52],

j(�) = − e

2V

δS

δaq(−�)

∣∣∣∣
aq=0

. (22)

For a periodic drive (6), � can be a multiple of the pumping
frequency ω.

Hereafter, we will be interested in the current at frequency
ω linear in the microwave amplitude a1. Using Eqs. (8) and
(22) with Q given by Eq. (21), we find two contributions to
the current,

j(ω) = j1(ω) + j2(ω), (23)

where [hereafter (dε) ≡ dε/2π ]

j1(ω) = π iνeD

2
a1(ω)

∫
tr(τ3Qε+ωσ1τ3Qε )(dε) (24a)

and

j2(ω) = π iνeD

2
a0

∫ [
trτ3Qεσ1τ3Q(1)

ε+ω,ε

+ trτ3Q(1)
ε,ε−ωσ1τ3Qε

]
(dε). (24b)

The first contribution j1(ω) originates when both aq and a1

are taken from the same ǎ2 term in the action (8). It is aligned
with a1(ω) and is expressed in terms of the static Green’s
functions Qε given by Eq. (13). It corresponds to the first term
σ1(ω) in Eq. (1) that generalizes the Drude conductivity to the
superconducting case in the MB fashion [1,18].

The second contribution j2(ω) arises only in the presence
of a dc supercurrent, i.e., finite a0, which multiplies aq in
the ǎ2 term in the action. This contribution corresponding to
σ2(ω) in Eq. (1) is essentially nonequilibrium and contains a
dynamic response of quasiparticles Q(1)

ε+ω,ε to the ac perturba-
tion. In the linear order considered it suffices to write

Q(1)
ε+ω,ε =

(
∂Q(1)

ε+ω,ε

∂a1(ω)
+ ∂Q(1)

ε+ω,ε

∂�(1)

∂�(1)

∂a1(ω)

)
a1(ω), (25)

where the derivatives should be taken at a1(ω) = 0. Their
explicit form can be found in Appendix B.
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The first term in Eq. (25) accounts for the microwave-
induced modification of quasiparticle Green’s functions. It
involves dynamic diffusons Dε+ω,ε, governing nonequilib-
rium corrections to the distribution function F , and cooperons
Cε+ω,ε, responsible for the change of GR,A.

The second term in Eq. (25) captures the dynamics of the
order parameter and its consequent feedback on quasiparti-
cles. While the latter is again expressed in terms of diffusons
and cooperons, the response of �(ω) to a1(ω) is governed
by the retarded fluctuation propagator LR(ω), now more com-
monly referred to as the Schmid-Higgs susceptibility χSH(ω)
[14,31,34],

�(1) = −(π i/4)DLR(ω)J (ω)a0a1, (26)

with the explicit form of J (ω) provided by Eq. (32).
While the term j1(ω) given by Eq. (24a) is ready for

immediate calculation, to find j2(ω) in Eq. (24b) one has
to determine Q(1)

ε+ω,ε. The latter has been calculated in
Refs. [11,14,33] within the perturbative analysis of the dy-
namic Usadel and self-consistency equations, and we will
follow a different approach implementing the standard ma-
chinery of the sigma model.

IV. GENERAL EXPRESSION FOR σ(ω)

With the calculation details relegated to Appendix B,
here we present the general expression for the linear-
response conductivity tensor defined through jα (ω) =
iωh̄σαβ (ω)a1β (ω)/e. Its tensor structure is captured by
Eq. (1), with σ1(ω) and σ2(ω) corresponding to j1(ω) and
j2(ω) in Eq. (23), respectively.

The MB-like conductivity σ1(ω) is given by

σ1(ω)

σ0
= 1 + KRA(ω) + KR(ω), (27)

with σ0 = 2e2νD being the Drude conductivity in the nor-
mal state and (hereafter we use a shorthand notation ε± =
ε ± ω/2)

KRA(ω) = − 1

4ω

∫
dε (Fε+ − Fε− )

(
1 + gR

ε+gA
ε− − f R

ε+ f A
ε−

)
,

(28a)

KR(ω) = 1

2ω

∫
dε Fε−

(
1 − gR

ε+gR
ε− + f R

ε+ f R
ε−

)
. (28b)

In the normal state, gR
ε = −gA

ε = 1 and f R
ε = f A

ε = 0, so that
both KRA(ω) and KR(ω) vanish identically and we recover the
Drude conductivity. In the superconducting state, our result
for σ1(ω) given by Eqs. (27) and (28) coincides with the op-
tical conductivity in the presence of paramagnetic impurities;
see Eqs. (47) and (B14) of Ref. [18] [one should use Eq. (15)
to bring Eqs. (28) to the latter form].

According to Eq. (4), the contribution σ2(ω) arising in
the presence of the condensate superflow is a sum of σ

qp
2 (ω)

and σ SH
2 (ω), which correspond to the two terms in Eq. (25),

respectively. The quasiparticle part of σ2(ω) is given by

σ
qp
2 (ω)

σ0
= − 


2T
[Id (ω) + 2Ic(ω)], (29)

where Id (c) comes from the diffuson (cooperon) channel,

Id (ω) = T

ω

∫
dε (Fε+ − Fε− )Dε+,ε−

(
gR

ε+ f A
ε− + f R

ε+gA
ε−

)2

× (
1 + gR

ε+gA
ε− + f R

ε+ f A
ε−

)
, (30a)

Ic(ω) = T

ω

∫
dε Fε− CR

ε+,ε−

(
gR

ε+ f R
ε− + f R

ε+gR
ε−

)2

× (
1 + gR

ε+gR
ε− + f R

ε+ f R
ε−

)
. (30b)

The contribution to σ2(ω) from the SH mode excitation has
the form

σ SH
2 (ω)

σ0
= −i

π2


32ω
LR(ω)J 2(ω), (31)

where

J (ω) = Jd (ω) + 2Jc(ω), (32)

with the diffuson and cooperon contributions given by

Jd (ω) = 4
∫

dε

2π
(Fε+ − Fε− )Dε+,ε−

(
f R
ε+ + f A

ε−

)
× (

1 + gR
ε+gA

ε− − f R
ε+ f A

ε−

)
, (33a)

Jc(ω) = 4
∫

dε

2π
Fε− CR

ε+,ε−

(
f R
ε+ + f R

ε−

)
× (

1 + gR
ε+gR

ε− − f R
ε+ f R

ε−

)
. (33b)

The formulas above involve the dynamic diffuson Dεε′ and
cooperon CR

εε′ defined as

Dεε′ = 1

ERA
εε′ + 


(
1 + gR

ε gA
ε′ + f R

ε f A
ε′

)(
gR

ε gA
ε′ − f R

ε f A
ε′

) ,

(34a)

CR
εε′ = 1

ERR
εε′ + 


(
1 + gR

ε gR
ε′ + f R

ε f R
ε′

)(
gR

ε gR
ε′ − f R

ε f R
ε′

) ,

(34b)

where Eαα′
εε′ = Eα

ε + Eα′
ε′ with α = R, A and

Eα
ε = � f α

ε − i(ε ± iγ /2)gα
ε . (35)

The retarded fluctuation propagator, which determines
σ SH

2 (ω) according to Eq. (31), has the form

LR(ω) = [−1/λ + �d (ω) + �c(ω)]−1, (36)

with the two contributions to the Cooper-channel susceptibil-
ity,

�d (ω) = − i

4

∫
dε (Fε+ − Fε− )Dε+,ε−

(
1 + gR

ε+gA
ε− − f R

ε+ f A
ε−

)
,

(37a)

�c(ω) = − i

2

∫
dε Fε− CR

ε+,ε−

(
1 + gR

ε+gR
ε− − f R

ε+ f R
ε−

)
.

(37b)

V. CONDUCTIVITY NEAR Tc

In this section, we analyze the behavior of σ1,2(ω) in the
Ginzburg-Landau limit, T → Tc, where the general expres-
sions of Sec. IV can be evaluated analytically.
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In the absence of a supercurrent, the order parameter is
given by the Ginzburg-Landau expression

�0(T ) =
√

8π2/7ζ (3)
√

Tc(Tc − T ) (38)

and the MB conductivity σMB(ω) takes the form of Eq. (27)
with

KRA

=0(ω) = �

2T
[K (k′) − E (k′) + iE (k)], (39a)

KR

=0(ω) = iπ�2

2T ω
. (39b)

Here, K and E are complete elliptic integrals of the first and
second kind, respectively, with the modulus k = ω/2� and
complementary modulus k′ = √

1 − k2. Hereafter, analytic
continuation from ω < 2Eg to ω > 2Eg is made assuming
Im ω > 0. The dissipative part, Re σ (ω), is almost equal to
the Drude conductivity, with a small correction proportional
to �0/T , which grows logarithmically at small ω because
of the overlap of two BCS singularities. The imaginary
part, Im σ (ω), demonstrates a usual superconducting response
at low frequencies, in accordance with Eq. (2). Note that
Eqs. (38) and (39) are written in the leading order in �0/T .

In the presence of a supercurrent, the order parameter is
suppressed [56],

�2 = �2
0(1 − 
/3
c), (40)

where the critical depairing rate


c = (4/3π )(Tc − T ) � � (41)

is much smaller than the order parameter for all currents [I ∝√

�2, see Eq. (E2)] up to the critical current. As a result, the

minigap Eg = (�2/3 − 
2/3)3/2 is parametrically close to �,
with the coherence peak smearing

ω∗ ∼ � − Eg ∼ 
2/3�1/3 � � (42)

marking a crossover frequency that separates different ω

regimes. The other relevant scale is set by the single-particle
inelastic relaxation rate γ , which is assumed to be smaller
than 
. The crossover between the quasistatic and dynamic
regimes in σ

qp
2 (ω) takes place at ω ∼ γ . The crossover

in σ SH
2 (ω) is determined by a much smaller rate γQ ∼

[�(T )/T ] γ , see Eq. (5).
The hierarchy of energy scales outlined in Eq. (41) en-

ables the analytical calculation of conductivity for arbitrary
currents I < Ic near Tc. Since 
 � �, the Green’s functions
are close to their bare BCS values (18) everywhere except for
the vicinity of the minigap, ε − Eg ∼ ω∗. According to the
general scheme outlined in Sec. IV, the conductivity contribu-
tions σ1,2(ω) are expressed in terms of six blocks, which are
naturally grouped into two families: RA (KRA, Id , Jd ) and
RR (KR, Ic, Jc), each given by an energy integral. Because of
different analytical structures of the corresponding integrands,
both families are expanded in 
 in different ways.

For the RR family, the integration contour over ε can be
deformed to reach Matsubara poles in the upper half-plane at
energies 2iπT (n + 1/2). Therefore, the relative correction to
the BCS (
 = 0) values of KR, Ic, Jc will be of the order of

/T , which is parametrically smaller than corrections arising
in the RA-family blocks [see Eq. (45), where δKRA/KRA


=0

∼ 
/ω]. Evaluating RR blocks at zero current, we obtain

Ic(ω) = 14iζ (3)

π2

�2

T ω
, Jc(ω) = 2i�

T
. (43)

Equations (39b) and (43) for RR blocks will be used below
to calculate conductivity in various frequency domains in the
vicinity of Tc.

The behavior of the RA-family blocks at small 
 depends
on the relation between ω and ω∗, and will be analyzed below.

A. Separated peaks regime, ω � ω∗

In this frequency range, two smeared BCS peaks located
at ε ≈ ±� ± ω/2 do not overlap. Therefore, the ε-integration
contour can be moved away from the branching points ±Eg ±
ω/2 to the region, where the Green’s functions almost coin-
cide with their bare BCS values (18). Thus, we conclude that
in this regime the RA-family blocks can be calculated using
a formal perturbation theory in the parameter 
/� on top of
the zero-current state. In particular, the first-order correction
to the bare Green’s functions following from Eq. (17) has the
form

δgR
ε = (
/�)

(
f R
ε

)3
gR

ε , δ f R
ε = −(
/�)

(
f R
ε

)2(
gR

ε

)2
, (44)

and analogously for gA
ε and f A

ε . The absence of nonanalytic
terms in 
 (the independence of the integral on a particular
peak smearing mechanism) follows from the possibility of the
contour deformation discussed above.

To get the result in the leading order in 
, we write
KRA(ω) = KRA


=0(ω) + δKRA(ω), where the correction is ob-
tained by substituting Eq. (44) into Eq. (28a),

δKRA(ω) = π
�

8T ω

(
ω − �√

ω(2� + ω)
− i

ω + �√
ω(2� − ω)

)
.

(45)

Since Eqs. (29) and (31) for σ
qp
2 (ω) and σ SH

2 (ω) already
contain 
, the corresponding RA blocks Id and Jd can be
calculated with the BCS Green’s functions (18) that yield

Id (ω) = π
�

ω

(
� + ω√

ω(2� + ω)
− i

� − ω√
ω(2� − ω)

)
, (46)

Jd (ω) = −2i�

T

(
1 + iω

π�
[K (k′) + iK (k)]

)
. (47)

The results obtained above together with the fluctuation prop-
agator LR given by (C3) make it possible to calculate three
conductivity contributions according to Eqs. (27), (29), and
(31) in the first order in 
. We present them in the most
interesting limit of subgap frequencies, ω � �,

σ1(ω)

σ0
= 1 + �

2T
ln

8�

eω
+ iπ�2

2T ω
− eiπ/4π
�3/2

8T ω3/2
,

(48a)

σ
qp
2 (ω)

σ0
= −e−iπ/4π
�3/2

2T ω3/2
, (48b)

σ SH
2 (ω)

σ0
= −


T

(
ln

8�

ω
+ iπ�

2ω

)
. (48c)

Our Eq. (48a) for 
 = 0 (zero current) coincides with the
low-frequency expansion of the MB conductivity, as given
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by Eq. (47) of Ref. [10]. The terms proportional to 
 pro-
vide a correction to the MB result, with Re δσ (ω)/σ0 ∼
(�/T )(ω∗/ω)3/2, coming from both σ1(ω) and σ

qp
2 (ω). This

correction grows with decreasing frequency and becomes
comparable to Re σMB(ω)/σ0 − 1 at ω ∼ ω∗, right at the bor-
der of applicability of the separated peaks regime. Note that
in this regime, the contribution of σ SH

2 is small and can be
neglected.

B. Overlapping peaks regime, ω � ω∗
1. Derivation

In this frequency range, the smeared coherence peaks at
� ± ω/2 become practically indistinguishable. That leads to
modification of the expressions for the RA-family blocks
KRA, Id , and Jd obtained above, while expressions for the
RR-family blocks given by Eqs. (39b) and (43) remain un-
changed.

With logarithmic accuracy, the block KRA is given by

KRA(ω) = �

3T
ln

�



(49)

that can be understood as the usual MB log singularity
KRA(ω) = (�/2T ) ln(�/ω) [see Eqs. (39) and (48a)] cut at
the peak width ω ∼ ω∗.

Calculating RA blocks Id and Jd is more challenging,
as they contain the diffuson propagator Dε+,ε− with nearly
equal energies. In the absence of the supercurrent (
 = 0), the
diffuson denominator in Eq. (34a) at coincident energies and
at γ = 0 is given by D−1

ε,ε = 2 Re
√

�2 − ε2, exactly vanishing
above the gap. The same remains true for 
 > 0 as well,
D−1

ε,ε = 0 for ε > Eg. A finite ω + iγ regularizes the otherwise
divergent diffuson propagator above the gap, leading to the
expression

Dε+,ε− ≈ �(|ε| − Eg)

−iM(ε)(ω + iγ )
, (50)

where the function M(ε) is calculated in Appendix D. In
the considered regime (ω � ω∗), the energy integrations in
Eqs. (30a) and (33a) come from the peak region, |ε − Eg| ∼
ω∗. We evaluate them in Appendix D and get

Id (ω) = −2iβqp
�1/3


1/3

�

ω + iγ
, (51)

where

βqp = 33/2π2

5 × 24/3 
3(2/3)
= 1.639. (52)

The same procedure leads to a much simpler expression for
the block Jd ,

Jd (ω) = −2i�

T

ω

ω + iγ
. (53)

Note that this result can be formally obtained from the leading
first term of Eq. (47) if 1 is replaced by ω/(ω + iγ ), with ω

in the numerator coming from the term Fε+ − Fε− in Eq. (33a)
and ω + iγ in the denominator coming from the pole of the
diffuson (34a).

Collecting altogether and using the fluctuation propagator
(C4), we arrive at the following expressions for the conductiv-
ity contributions at ω � ω∗:

σ1(ω)

σ0
= 1 + �

3T
ln

�



+ iπ�2

2T ω
, (54a)

σ
qp
2 (ω)

σ0
= βqp

�4/3
2/3

(γ − iω)T
, (54b)

σ SH
2 (ω)

σ0
= − iπ�2

2T ω




�

(
2 − ω

ω+iγ

)2

ω
ω+iγ + 2(3
c−
)

�

. (54c)

Our expressions for the conductivity in the overlapping peaks
regime, Eqs. (54), precisely reproduce the earlier result of
Ovchinnikov and Isaakyan [11], their Eq. (12).

2. Analysis

At the border of the overlapping peaks regime, ω ∼ ω∗,
σ1(ω) is the leading contribution. As the frequency decreases,
the σ2(ω) terms grow and, owing to a small γ in the denomi-
nator, may start to compete with σ1(ω).

Since the three conductivity contributions in Eqs. (54)
demonstrate different frequency dependence, σ (ω) in the
A1‖A0 configuration, which is given by their sum, exhibits
a cascade of crossovers with decreasing ω. The corresponding
crossover frequencies depend on the inelastic relaxation rate
γ and the supercurrent depairing rate 
 in a complicated
fashion.

The quasiparticle contribution Re σ
qp
2 (ω) has a Lorentz

shape with the width γ . The structure of the Schmid-Higgs
term σ SH

2 (ω) is more intricate, with the characteristic fre-
quency γ in the numerator and γQ ∼ [�(T )/T ]γ [see Eq. (5)]
in the denominator. The latter is much smaller than γ in the
limit T → Tc considered. Hence, it is the frequency scale γQ,
which determines the apparent crossover between the qua-
sistatic and dynamic regimes.

In the quasistatic regime (ω � γQ), the dissipative conduc-
tivity saturates to

Re σ (0)

σ0
= 1 + βqp

�4/3
2/3

γ T
+ π
�3

2T γ (3
c − 
)2
, (55)

with the three terms corresponding to σ1, σ
qp
2 , and σ SH

2 , re-
spectively. Since σ2(0) contains a small inelastic relaxation
rate γ in the denominator, it may exceed the bare Drude
conductivity in a generic case. This topic has been recently
brought up in Ref. [37], where the authors obtained a sim-
ilar expression for σ

qp
2 (ω), with their coefficient for βqp ≈

0.087 being 18 times smaller than our Eq. (52). However, in
Ref. [37] the Schmid-Higgs contribution σ SH

2 (ω) was com-
pletely neglected.

The dissipative conductivity enhancement in the qua-
sistatic limit is maximal at the critical current (
 = 
c),
where it is determined by the SH term, since the ra-
tio Re σ

qp
s (0)/Re σ SH

s (0) ∼ (
c/�)5/3 ∼ (�/T )5/3 � 1. Us-
ing Eqs. (38) and (41), we obtain a huge enhancement of
dissipation by inelastic relaxation at the critical current,

Re σ (0)

σ0

∣∣∣∣
I=Ic

∼ �

γ
. (56)
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With decreasing ω, Re σ (ω) reaches its maximal value of
Re σ (0) through a set of crossovers determined by the compe-
tition between the terms in Eqs. (54), as one can see in Fig. 4.

Finally, we discuss the behavior of Im σ (ω). It is deter-
mined by σ1(ω) up to the lowest frequencies ω ∼ γQ, where
the SH contribution becomes of the same order. In the qua-
sistatic limit (ω � γQ), the quantity �s introduced in Eq. (2)
acquires the form

�s = π�2

2T

(
1 − 2


3
c − 


)
. (57)

At the critical current (
 = 
c), the SH contribution com-
pletely cancels the standard MB contribution, leading to the
absence of the inductive response in the quasistatic limit.
This analytic result obtained in the vicinity of Tc is in full
agreement with numerical observations presented in Fig. 6.

VI. DISCUSSION

Having performed a comprehensive analysis based on the
exact expression for σ (ω), we are now in a position to recon-
cile and critically reassess previously reported results for the
optical conductivity of a current-carrying superconductor.

Conceptually, our theory aligns closely with the works
of Ovchinnikov [10] and Ovchinnikov and Isaakyan [11],
who also performed a perturbative analysis of the quasiclas-
sical equations for dirty superconductors. Their approaches
involved Matsubara formalism followed by analytic continua-
tion to real frequencies [10] and Keldysh real-time technique
[11]. Using an alternative framework of the Keldysh sigma
model, we arrive at exactly the same general expression for
σ (ω). Moreover, we present a detailed derivation that clari-
fies the physical origin of each term. Beyond independently
confirming the results Refs. [10,11], our analysis delineates
the key features of the optical conductivity and traces their
systematic evolution throughout the full ω, T , and I parameter
space.

The giant low-frequency absorption arising from inelastic
relaxation addressed by Smith et al. [37] is a manifestation of
the singular behavior σ

qp
2 (ω) ∝ 1/(ω + iγ ) near Tc. However,

the coefficient they reported in this expression is approxi-
mately 18 times smaller than the value calculated in Ref. [11]
and confirmed by us. The discrepancy can be attributed to
the oversimplified kinetic equation employed in Ref. [37],
which does not account for coherence factors. We also em-
phasize that for sufficiently large currents, the SH contribution
Re σ SH

2 (ω), omitted in Ref. [37], dominates Re σ
qp
2 (ω) at low-

est frequencies.
An unusual behavior of the optical conductivity at ab-

solute zero has been recently reported by Kubo [36], who
obtained a sign change of �s within the current interval
0.91 < I/Ic(0) < 0.99. For moderate currents, I/Ic(0) � 0.8,
our results show excellent qualitative agreement with those
of Ref. [36], including the emergence of a frequency window
with negative Im σ (ω). However, we show that �s, which
is a measure of the superfluid density, stays positive for all
currents up to Ic(0); see inset to Fig. 6. The function �s(I )
calculated in Appendix E and obtained previously in Ref. [10]
vanishes precisely at the critical current, where the negative
contributions of Im σ

qp
2 (ω) and Im σ SH

2 (ω) exactly cancel the

positive term Im σ1(ω). Note that the negative weight of the
SH mode in the superfluid density has recently been discussed
using sum-rule and gauge-invariance arguments [29].

VII. SUMMARY

Using the Keldysh sigma model formalism, we have
derived the general expression for an anisotropic optical con-
ductivity σ (ω) of a dirty superconductor biased by a dc
current. Our combined analytical and numerical study tracks
the key features of the response across all frequencies, tem-
peratures, and currents. At high frequencies, they include the
emergence of a peak in Re σ (ω) and an associated dip in
Im σ (ω) near 2Eg, with the amplitude of both growing with
increasing I and decreasing T . Below T � 0.75 Tc at large
currents, the enhanced role of the Schmid-Higgs mode drives
a sign change in the reactive conductivity, creating a frequency
band with a capacitive rather than inductive response. At low
frequencies, the main effects are the giant absorption gov-
erned by inelastic relaxation and sensitivity of the inductive
response to the energy relaxation rate. Our analysis reveals
crucial importance of both the quasiparticle relaxation chan-
nel and the amplitude Schmid-Higgs mode, whose fine-tuning
is responsible for the exact cancellation of the superfluid den-
sity at the critical current.
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APPENDIX A: SIGMA MODEL

1. Diffusons and cooperons

Fluctuations of the Q matrix around the stationary
superconducting saddle point (13) can be conveniently
parametrized as [9]

Q = U−1σ3τ3(1 + W + W 2/2 + . . . ) U , (A1)

where U is given by

U =
(

eiτ2θ
R(ε)/2 0
0 eiτ2θ

A(ε)/2

)
K

⊗
(

1 F
0 −1

)
K

(A2)

and W is a matrix in K ⊗ N and energy spaces, which anti-
commutes with σ3τ3. In a general case, W has eight nonzero
components, see, e.g., Ref. [50]. While a nonuniform time-
dependent vector potential A1(r, t ) couples to all of them,
only half of the diffusive modes are excited by a spatially
uniform microwave field. Technically, this occurs because in
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the uniform case the full long-derivative part of the action,
Tr(∇Q − i[ǎτ3, Q])2, reduces to the zero-dimensional form of
Eq. (8). The latter lacks the mixed term Tr[ǎτ3, Q]∇Q, which
is responsible for excitation of phase fluctuations and charge
imbalance. In this case, it is sufficient to use a simplified
parametrization [9]

W =
(

cRiτ2 d
d cAiτ2

)
, (A3)

where cR and cA are the cooperon modes, responsible for
the modification of θR and θA, respectively, while d and d
are the diffuson modes, which describe perturbations of the
distribution function F .

At the Gaussian level, fluctuations of the c and d modes are
characterized by the correlation functions

〈cα
ε1,ε2

cα
ε3,ε4

〉 = (δ/π )δ̂(ε1 − ε4)δ̂(ε2 − ε3) Cα
ε1,ε2

, (A4a)

〈dε1,ε2 dε3,ε4〉 = (δ/π )δ̂(ε1 − ε4)δ̂(ε2 − ε3)Dε1,ε2 , (A4b)

where δ̂(ε − ε′) = 2πδ(ε − ε′), and the diffuson and
cooperon propagator are given by Eqs. (34).

2. Fluctuation propagator

Denoting deviations of the order parameter from the mean-
field value by �1, keeping the term in the action bilinear
in W and �1, evaluating the Gaussian integral over W , and
combining the result with the last term in Eq. (8), we arrive at
the effective action

S(2)[�1] = 2

δ

∫
(dω)�1(−ω)L−1(ω)�1(ω), (A5)

where the vector �1 = (�1,�1q )T comprises the classical
and quantum components. The fluctuation propagator, which
is defined as the inverse of the matrix L−1, has the standard
bosonic matrix structure in the Keldysh space [40,52],

L(ω) =
(

LK(ω) LR(ω)

LA(ω) 0

)
, (A6)

with LK(ω) = coth(ω/2T )[LR(ω) − LA(ω)]. It determines
the correlation functions of the order parameter fluctuations,

〈�1(ω)�1q(−ω)〉 = (iδ/4)LR(ω), (A7a)

〈�1(ω)�1(−ω)〉 = (iδ/4)LK(ω). (A7b)

The retarded component of the fluctuation propagator
given by Eq. (36) is directly related to the dynamic suscepti-
bility of the Schmid-Higgs mode , LR(ω) = χSH(ω), a subject
of significant recent interest [31,34].

3. Microwave-induced corrections to W

Microwave irradiation modifies the stationary supercon-
ducting saddle point. As discussed in Sec. III C, the linear
in A1 corrections arise either directly, from the ǎ2 term in
the action (8), or indirectly, through modulation of the order
parameter [see Eq. (20)],

〈W 〉 = 〈W 〉
 + 〈W 〉�. (A8)

Since A1 is a classical field, both 〈W 〉 and the induced order
parameter �1 have no quantum components, 〈d〉 = 0 and
�(1)

q = 0. The direct contributions are given by (α = R or A)

〈cα
ε,ε′ 〉
 = −4D sin

(
θα
ε + θα

ε′
)

cos
θα
ε − θα

ε′

2
Cα

ε,ε′ a0a1,ε−ε′ ,

(A9a)

〈dε,ε′ 〉
 = 4D sin(θR
ε + θA

ε′ ) sin
θR
ε − θA

ε′

2
× (Fε − Fε′ )Dε,ε′ a0a1,ε−ε′ . (A9b)

The indirect contributions are given by〈
cR
ε,ε′

〉� = 4 cos
θR
ε + θR

ε′

2
CR

ε,ε′�1,ε−ε′ , (A10a)

〈
cA
ε,ε′

〉� = −4 cos
θA
ε + θA

ε′

2
CA

ε,ε′�1,ε−ε′ , (A10b)

〈dε,ε′ 〉� = −2 sin
θR
ε + θA

ε′

2
(Fε − Fε′ )Dε,ε′�1,ε−ε′ ,

(A10c)

where the first-order correction to the order parameter is de-
termined by Eq. (26).

Equations (A8)–(A10) provide the linear-in-A1 shift of the
matrix Q in the absence of loop (weak localization) correc-
tions.

APPENDIX B: EXPLICIT EXPRESSION FOR Q(1)

The first-order nonstationary correction to the Green’s
function [Eq. (25)] can be obtained from the linear term in
Eq. (A1) as

Q(1) = U−1σ3τ3〈W 〉U , (B1)

where the microwave-induced correction 〈W 〉 is calculated in
Appendix A 3. The first correction in Eq. (21), Q(1)

ε+ω,ε, shares
the triangular structure of Eq. (13). Its derivatives with respect
to a1 are given by (α = R or A)

∂Q(1)α
ε+ω,ε

∂a1(ω)
= −a0D Cα

ε+ω,εmα
ε+ω,ε, (B2a)

∂Q(1)K
ε+ω,ε

∂a1(ω)
= ∂Q(1)R

ε+ω,ε

∂a1(ω)
Fε − Fε+ω

∂Q(1)A
ε+ω,ε

∂a1(ω)

− a0DDε+ω,ε(Fε+ω − Fε )mK
ε+ω,ε, (B2b)

where we denote mα
ε1,ε2

= Qα
ε1

T αα
ε1,ε2

Qα
ε2

− T αα
ε1,ε2

, mK
ε1,ε2

=
QR

ε1
T RA

ε1,ε2
QA

ε2
− T RA

ε1,ε2
, and T αβ

ε1,ε2
= τ3(Qα

ε1
+ Qβ

ε2
)τ3.

The derivatives with respect to �(1) are given by

∂Q(1)α
ε+ω,ε

∂�(1)
= Cα

ε+ω,ε

(
τ1 − Qα

ε+ωτ1Qα
ε

)
, (B3a)

∂Q(1)K
ε+ω,ε

∂�(1)
= ∂Q(1)R

ε+ω,ε

∂�(1)
Fε − Fε+ω

∂Q(1)A
ε+ω,ε

∂�(1)

+Dε+ω,ε

[
τ1 − (Fε+ω − Fε )QR

ε+ωτ1QA
ε

]
.

(B3b)

The first line in Eqs. (B2b) and (B3b) accounts for the
modification of the retarded and advanced Green’s function,
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while the second line describes the change in the distribution
function.

Our expressions (B2) and (B3) agree with a direct deriva-
tion based on the Usadel and self-consistency equations.
Notably, they reproduce several known limiting cases: Eq. (8)
of Ref. [11] (with ω = 0), Eqs. (32) and (33) of Ref. [14] (with
A0 = 0), and Eqs. (26) and (29) of Ref. [33] (with A0 = 0
and depairing owing to magnetic impurities with the spin-flip
rate 
).

APPENDIX C: FLUCTUATION PROPAGATOR NEAR Tc

In the vicinity of the critical temperature, 
 � � for all
currents up to Ic [see Eq. (41)]. Therefore, the polariza-
tion operators in Eq. (36) can be computed perturbatively
in 
. In this approximation, we get for the diffuson
contribution (37a),

�d (ω) = −π i

8

ω

T

⎛
⎝1 − i

√
4�2

(ω + iγ )2
− 1

⎞
⎠, (C1)

where we neglected the ω O(
) and O(T −3) terms. To ensure
convergency in the ultra-violet, we combine the cooperon
contribution �c(ω) defined in Eq. (37b) with the term 1/λ and
express the latter through the self-consistency equation (19).
The resulting expression can be computed by the deformation
of the integration contour over ε into the upper half-plane,
leading to

�c(ω) − 1

λ
= π i

8

ω

T
− 7ζ (3)

16π2

4�2 + ω(ω + 4i
)

T 2
, (C2)

where we neglected the O(T −3) terms. Note that the first terms
in Eqs. (C1) and (C2) mutually cancel each other.

In the region of large frequencies, ω 	 γ , we neglect γ in
Eq. (C1) and 
 in Eq. (C2), and get the fluctuation propagator
in the form

1

LR(ω)
= π i

8

√
ω2 − 4�2

T
− 7ζ (3)

16π2

4�2 + ω2

T 2
. (C3)

Note that the last term in the equation smear the peak in
χSH(ω) at 2�.

In the region of small frequencies, ω � �, we ne-
glect ω in the last term of Eq. (C2) and rewrite the
term with 7ζ (3) using Eqs. (38), (40), and (41). Thus, we
arrive at

1

LR(ω)
= −π�

4T

ω

ω + iγ
− π

2

3
c − 


T
. (C4)

Here, we retain only the leading terms in 
, neglecting ω O(
)
corrections [see Eq. (C2)].

APPENDIX D: BLOCKS Id AND Jd AT ω � ω∗ AND T → Tc

Here, we calculate the RA blocks Id (ω) and Jd (ω) in
the overlapping peaks regime, ω � ω∗, near the critical tem-
perature; see Sec. V B. Since the diffuson denominator at
ω = γ = 0 vanishes above the gap, in the limit (ω, γ ) � ω∗
it is sufficient to expand D−1

ε+,ε− to the linear term in ω + iγ ,
leading to Eq. (50) for Dε+,ε− , where the real function M(ε) is

0.0 0.5 1.0 1.5 2.0 2.5 3.0
0.0

0.2

0.4

0.6

0.8

1.0

ε/Δ

1
/M

(ε
)

FIG. 7. The function 1/M(ε), which defines the energy depen-
dence of the diffuson in Eq. (50), for 
/� = 0.01: exact (solid line)
and approximate solution (D6) (dashed line).

given by

M(ε) = (
cos θR

ε + cos θA
ε

)/
2

− (i
/4)
[

sin
(
2θR

ε

) − 2 sin
(
θR
ε + θA

ε

)]
∂εθ

R
ε

+ (i
/4)
[

sin
(
2θA

ε

) − 2 sin
(
θR
ε + θA

ε

)]
∂εθ

A
ε . (D1)

Differentiating the Usadel equation (8) and using it once again
to eliminate ε, we find

∂εθ
R
ε = i sin2 θR

ε

� − 
 sin3 θR
ε

. (D2)

The function 1/M(ε) calculated numerically with the help of
Eqs. (D1) and (D2) at 
/� = 0.01 is shown in Fig. 7. At
large energies well above the gap, M(ε) → 1, and Eq. (50)
turns to the usual zero-dimensional normal-state diffuson. The
function M(ε) increases with decreasing ε and diverges at
ε = Eg, when the denominator in Eq. (D2) goes to zero.

As the integrals in Eqs. (30a) and (33a) are determined by
small vicinities of the minigap, we parametrize the energy as

ε = (�2/3 + s
2/3)3/2. (D3)

With such a definition, Eg corresponds to s = −1, the density
of states is peaked around s = 0, and the integrals for Id (ω)
and Jd (ω) mainly originate from the region s � 1. Right at the
minigap, the spectral angle is given by θR(Eg) = π/2 + iψg,
where cosh ψg = (�/
)1/3 	 1. Explicitly separating this
parametrically large contribution, we present θR in the vicinity
of Eg in the form

θR(ε) = χ + i arccosh (�/
)1/3. (D4)

Substituting Eqs. (D3) and (D4) into the Usadel equation (8)
and keeping the leading order in 
/� � 1, we obtain
a 
-independent relation e3iχ − 3seiχ − 2i = 0. This cubic
equation is solved using the Cardano formula, with the physi-
cal solution given by

eiχ =

⎧⎪⎨
⎪⎩

eπ i/6(1+√
1+s3 )2/3+e−π i/6s

(1+√
1+s3 )1/3 , s > −1,

2i
√|s| sin

π−arccot
√

|1+s3|
3 , s < −1.

(D5)

The advanced angle is obtained as θA(ε) = −[θR(ε)]∗.

174516-12



OPTICAL CONDUCTIVITY OF A DIRTY … PHYSICAL REVIEW B 113, 174516 (2026)

Now we substitute Eq. (D4) into Eqs. (D1) and (D2), and
keep the leading order in 
/� � 1. Thereby we obtain

M(ε) = 2√
3


1/3

�1/3

(1 + s′)1/3

s + (1 + s′)2/3
, (D6)

where we have introduced s′ = √
1 + s3. The inverse of this

function is plotted in Fig. 7 by the dashed line. We see that
it fairly well approximates the exact behavior in the relevant
peak region above the minigap.

Performing the same analysis for the Green’s functions in
Eqs. (30a) and (33a), we arrive at

Id (ω) = 33/2i�4/3

16
1/3(ω + iγ )

∫ ∞

−1

ds

s
P (s), (D7)

Jd (ω) = − 33/2iω

4π (ω + iγ )

�

T

∫ ∞

−1

ds

s2
R(s), (D8)

where

P (s) = (1 + 8s′ − 9s′2)t2 + s2(9s′ − 1)t − 4ss′, (D9)

R(s) = (1 + 2s′ − 3s′2)t2 + s2(3s′ − 1)t, (D10)

and t = (1 + s′)1/3. The integrals in Eqs. (D7) and (D8) are
given by ∫ ∞

−1

ds

s
P (s) = − 211/3π2

5 
3(2/3)
, (D11)∫ ∞

−1

ds

s2
R(s) = 8π

33/2
, (D12)

and we arrive at Eqs. (51) and (53) of the main text. The same
result has been obtained by Ovchinnikov and Isaakyan [11],
although their computational approach was not specified.

APPENDIX E: SUPERFLUID DENSITY AT T = 0

At absolute zero, equilibrium properties of a super-
conductor can be determined analytically for an arbitrary
supercurrent up to the critical value I � Ic [16,45]. The key
simplification offered at F (ε) = sign ε is the possibility to
reduce the energy integral to an integral over the spectral
angle θR

ε , with θR
0 = π/2, θR

∞ = 0, and the Jacobian given by
Eq. (D2). The self-consistency equation (19) thus leads to an

implicit relation

� = e−πη/4�0(0), (E1)

where η = 
/�. The general expression for the dc current,

I =
√

2e2D
 ν

∫
dε F (ε) Im sin2 θR

ε , (E2)

then translates to

I

Ic
= e−3π (η−ηc )/8

√
η

ηc

1 − 4η/3π

1 − 4ηc/3π
. (E3)

The critical current, corresponding to ∂I/∂η = 0, is achieved
at

ηc = 3π/8 + 2/π −
√

(3π/8 + 2/π )2 − 1 ≈ 0.3003. (E4)

Using the same technique, we now compute the conduc-
tivity at T = 0 in the quasistatic limit ω → 0. Because of
the factor Fε+ − Fε− , the RA blocks do not contribute to �s,
and only the RR-block terms (KR, Jc, Ic, and �c) require
evaluation. Retaining the leading terms in ω and integrating
over the spectral angle θR

ε , we obtain the contributions to �s

from each of the three conductivity terms,

�1/π�0(0) = 1 − 4η/3π, (E5a)

�
qp
2 /π�0(0) = −8η/3π, (E5b)

�SH
2 /π�0(0) = −2πη/(4 − πη), (E5c)

which coincides with Eq. (46) of Ref. [10]. A negative sign
for the anisotropic contribution to the superfluid stiffness �2

was recently reported in Ref. [29].
For the parallel configuration (A1 ‖ A0) in the quasistatic

regime, the measure of the superfluid density,

�s = �1 + �
qp
2 + �SH

2 , (E6)

is shown in the inset to Fig. 6. It is positive for I < Ic, vanish-
ing at the critical current. At I = Ic(0), �

qp
2 /�1 = −0.29 and

�SH
2 /�1 = −0.71.
In the dynamic regime, ω � γ , the singular diffuson

Dε+,ε− ∝ 1/ω compensates the smallness of Fε+ − Fε− for Jc,
Ic, and �c, and these RA blocks do contribute to the low-
frequency behavior of Im σ (ω).
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