
Pis'ma v ZhETF, vol. 94, iss. 3, pp. 240 { 245 c 2011 August 10Crossovers between superconducting symmetry classesV.A.Koziy, M.A. SkvortsovL.D.Landau Institute for Theoretical Physics, 142432 Chernogolovka, RussiaMoscow Institute of Physics and Technology, 141700 Moscow, RussiaSubmitted 20 June 2011We study the average density of states in a small metallic grain coupled to two superconductors with thephase di�erence �, in a magnetic �eld. The spectrum of the low-energy excitations in the grain is describedby the random matrix theory whose symmetry depends on the magnetic �eld strength and coupling to thesuperconductors. In the limiting cases, a pure superconducting symmetry class is realized. For intermediatemagnetic �elds or couplings to the superconductors, the system experiences a crossover between di�erent sym-metry classes. With the help of the supersymmetric �-model we derive the exact expressions for the averagedensity of states in the crossovers between the symmetry classes A{C and CI{C.Introduction. Energy levels in small metallic par-ticles with chaotic electron dynamics are random num-bers. It is generally accepted that their spectral statisticsin the ergodic regime is described by the random matrixtheory (RMT) [1]. For disordered grains, this had beenproved by Efetov [2] with the help of the supersymmetrytechnique [3], while for quantum billiards in the absenceof disorder this statement is usually referred to as theBohigas conjecture [4].In the RMT, a system is characterized solely by itssymmetry. In the application to condensed matter, thestandard three Wigner{Dyson ensembles (orthogonal,unitary and symplectic) [5] describe level statistics insmall metallic grains in the presence or absence of thetime-reversal and spin-rotation symmetries [3].Recently, the Wigner{Dyson classi�cation had beenextended to superconducting [6] and chiral [7] symmetryclasses, which arise when the Hamiltonian possesses anadditional symmetry with respect to changing the signof the energy (counted from the Fermi energy). Withthe appearance of a selected energy point, in the su-perconducting/chiral classes even the average density ofstates (DOS), h�(E)i, becomes a nontrivial function ofthe energy. This should be contrasted to the standardWigner-Dyson ensembles where h�(E)i = ��1 = constand the �rst nontrivial quantity is the pair correlationfunction R2(!) = �2h�(E + !)�(E)i � 1.The symmetry classes (three Wigner{Dyson, foursuperconducting and three chiral) correspond to thelimits when various symmetries are either present orcompletely broken. In the intermediate cases, the sys-tem experiences a crossover between di�erent symmetryclasses. The pair correlation function in the crossoverbetween the orthogonal and unitary classes was obtainedin Refs. [8, 9]:

RO-U2 (!) = 1� sin2 xx2 ++ Z 11 d� sin�x� e���2 Z 10 d�� sin�x e��2 ; (1)where x = �!=� and � is the symmetry-breaking para-meter. Equation (1) interpolates between the orthogonal(� = 0) and unitary (� = 1) results. The pair corre-lator in known also in the symplectic{unitary crossover[10, 11], its form being similar to Eq. (1).The purpose of this Letter is to theoretically studycrossovers between superconducting classes.We will calculate the average density of states ina small di�usive metallic grain coupled to two super-conducting terminals through tunnel barriers, see Fig. 1.The terminals have the phase di�erence � ensuring the
{T

i
} {T

i
}

H

S SN

j = 0 j = pFig. 1. A normal-metal dot coupled to two superconductingterminals with the phase di�erence �, in a magnetic �eld.NS interfaces are characterized by the set of transparenciesfTigabsence of the minigap in the excitation spectrum [12].A magnetic �eld H is applied to the system. The spin-rotation symmetry is assumed to be intact. We willbe interested in the ergodic regime, E � ETh, whereETh = D=L2 is the Thouless energy, D is the di�usionconstant, and L is the grain size.240 �¨±¼¬  ¢ ���� ²®¬ 94 ¢»¯. 3 { 4 2011



Crossovers between superconducting symmetry classes 241Under these conditions, the excitation spectrum inthe grain can be described in terms of the RMT inthe crossover region between the four symmetry classesshown in Fig. 2.
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Fig. 2. Crossovers between spin-symmetric symmetryclasses driven by the magnetic �eld (H) and coupling tosuperconductors (�). The dimensions of the FF- and BB-sectors of the supersymmetric �-model for the average den-sity of states are shown by (nF; nB)Mapping to Efetov's �-model. First attemptsof �eld-theoretical description of hybrid NS systems[13{17] inspired by the identi�cation of superconduct-ing symmetry classes [6] have used the Bogolyubov{deGennes (BdG) Hamiltonian as the starting point,ĤBdG =  H ��� �HT! ; (2)where H is the single-particle Hamiltonian, and �(r) isthe pairing �eld. The average quasiparticle DOS,h�(E; r)i = �ImhtrGRE(r)i=�; (3)is expressed in terms of the retarded Green function ofthe BdG Hamiltonian,GRE = (E � ĤBdG + i0)�1; (4)which is then represented as a functional integral overan 8� 8 supermatrix �eld Q acting in the direct prod-uct FB
N 
 PH of the Fermi{Bose (FB), Nambu (N)and Particle{Hole (PH) spaces (spin-symmetric case isconsidered).In hybrid NS systems, Andreev reection o� the or-der parameter �eld � couples the states with oppositeenergies, E and �E. So, the Nambu{Gor'kov Greenfunction GRE essentially involves a pair of the retardedand advanced normal-metal Green functions, GRE andGA�E . In the absence of the superconducting pairing�eld, �(r), correlations between the latter are conve-niently described by Efetov's supersymmetric �-model

[2, 3] of the orthogonal symmetry class, with an 8 � 8super�eld Q acting in the direct product FB
RA
TRof the Fermi{Bose (FB), Retarded{Advanced (RA) andTime{Reversal (TR) spaces (again we assume no spininteractions).Thus, in studying the proximity e�ect in the nor-mal part of a hybrid system, it is tempting to refor-mulate the �eld theory of Refs. [13{17] in the languageof Efetov's supersymmetric �-model. Provided that theinverse proximity e�ect in the superconducting regionscan be neglected (rigid boundary conditions), Andreevscattering of normal electrons o� the superconductingterminal will be viewed as an e�ective boundary condi-tion at the NS interface mixing the R and A componentsof the �eld Q. Such a description is close in spirit to thescattering approach [18].The average local DOS is given by the functional in-tegral over the normal-metal region [17]:h�(E; r)i = �4Re Z str(k�Q)e�SD[Q]�S�[Q]DQ(r); (5)where SD[Q] is the bulk action:SD = ��8 Z dr str�D (rQ+ ieA[�3; Q])2 + 4iE�Q	;(6)and the action S�[Q] = S�1 [Q] + S�2 [Q] describes NSinterfaces [3, 19]:S�a = �12Xi str ln[1 + e�2�iQ(a)S Q(a)]: (7)Here � is the DOS per one spin projection at the Fermilevel, A is the vector potential, Q(a) labels the Q �eldat the boundary with the a-th superconductor, and theNS interface is speci�ed by transmission coe�cientsTi = 1= cosh2 �i, with i labelling open channels. The�eld Q satis�es Q2 = 1 and is subject to an additionalsymmetry constraintQ = CQTCT: (8)In the NS �-model for hGREi [17], the matrices �, �3and C are given by the �rst column of Table. An exactmapping to Efetov's �-model is realized by the similaritytransformation Q 7! V QV �1 with the matrixV = 0BBBB@�1FB 0 0 00 0 0 1FB0 1FB 0 00 0 �kFB 0 1CCCCA ; (9)�¨±¼¬  ¢ ���� ²®¬ 94 ¢»¯. 3 { 4 2011



242 V.A.Koziy, M.A. SkvortsovBasic matrices in the two versions of the �-modelNS �-model [17] Efetov's �-model [3]Space FB
N
 PH FB
 RA
 TR� �Nz �PHz �RAz�3 �Nz �TRzC ��Nx  i�PHy 00 �PHx !FB �RAz  i�TRy 00 �TRx !FB�̂ �Nx  �RA1 �TR1 00 �RA2 �TR2 !FBwhere the inner (outer) grading corresponds to the PH(N) space, and k = diag(1;�1)FB (we follow notationsof Ref. [3]). Conjugation by V simultaneously trans-forms the matrices �, �3 and C from NS representationto Efetov's representation given by the last column ofTable. This provides an exact mapping between the NS�-model for Green function of the BdG Hamiltonian,hGREi, to the standard Efetov's orthogonal �-model forthe product hGREGA�Ei. On such a mapping both thestructure of the manifold and the �-model action get re-produced. We emphasize that this mapping takes placeonly in the normal part of a hybrid NS system, wherethe pairing amplitude � = 0.To complete the formulation of the model we haveto specify the Q matrix in the bulk of a superconductor,QS . It has a familiar form parameterized with the helpof the spectral angle �S = arctan(i�=E) asQS = �cos �S + �̂ sin �S : (10)The most nontrivial ingredient of the mapping from theSN �-model to Efetov's �-model is the form of the ma-trix �̂. In the initial NS representation [17] it is just thePauli matrix in the Nambu space: �Nx . Conjugating byV we get it in Efetov's representation:�̂ =  0 ���1 0!TR ; � =  0 kFB1FB 0 !RA : (11)We see that superconducting boundary conditions \vi-olate supersymmetry": the matrix �̂ acts as �RA1 �TR1in the FF-block and as �RA2 �TR2 in the BB-block. Thisis the reason why a nontrivial DOS can be obtainedby integration (5) over the standard orthogonal �-modelmanifold.Zero-dimensional limit. In the ergodic regime,E � ETh, the functional integral (5) is dominated bythe zero mode, Q(r) = const. We will be interested inthe average global DOS normalized by the inverse meanquasiparticle level spacing � = (2�V )�1:h%(E)i = � Z h�(E; r)i dr: (12)

This quantity can be written as an integral over a single8� 8 supermatrix Q:h%(E)i = 18Re Z str(k�Q)e�S[Q]DQ; (13)with the action consisting of three terms:S[Q] = ix4 str�Q� �4 str(�3Q)2 + 8 str(�̂Q)2: (14)Here x = �E=�, and the symmetry breaking parameters� and  are given by� = ��De2 Z A2 dr;  = GA8 : (15)One can estimate � � (�=�0)2=g, where � is the uxthrough the grain, �0 is the ux quantum, and g �� ETh=� � 1 is the dimensionless grain conductance.The last term in the action (14) is written in the tun-neling limit, Ti � 1, and the parameter  is expressedthrough the dimensionless (in units of e2=h) Andreevconductance of the grain [20], GA = 2Pi T 2i (the factor2 accounts for two NS interfaces assumed to be identical,see Fig. 1). A strong magnetic �eld randomizes electronphase and the crossover from the unitary class to classC can be obtained with just one superconducting termi-nal attached to the grain (in that case GA = Pi T 2i ).The last term in Eq. (14) is written in the subgap limit,E � �, when QS = �̂.Equations (13) and (14) describe the average DOS inthe two-parametric crossover between the four symme-try classes shown in Fig. 2. Instead of studying the com-plicated general behavior, we will restrict ourselves totwo one-parametric crossovers: class A{class C (� =1, arbitrary) and class CI{class C ( =1, � arbitrary).Class A{class C crossover. In su�ciently strongmagnetic �elds (� � 1), cooperon degrees of freedomget frozen and the Q matrix becomes diagonal in theTR-space: Q =  Qu 00 k�QTu�k!TR ; (16)where the 4� 4 matrix Qu 2 FB 
 RA spans the mani-fold of the unitary Efetov's �-model. Therefore one cansimply take the well-known Efetov's parametrization ofthis manifold [3], in which the FF- and BB-sectors areparametrized by a radial variable (�F,B) and an angularvariable ('F,B), with �1 � �F � 1 and �B � 1. It canbe easily seen that the term (=8)str(�̂Q)2 in the action(14) does not depend on �F. Thus coupling to a super-conductor suppresses only the BB degrees of freedom,�¨±¼¬  ¢ ���� ²®¬ 94 ¢»¯. 3 { 4 2011



Crossovers between superconducting symmetry classes 243shrinking it to a point at  ! 1 (see Fig. 2). Calcula-tion of the integral (13) is straightforward leading to theexact expression for the class A{class C crossover:h%(E)i = 1� 2 sinxx Z 11 d�� cos�x e�(�2�1): (17)The function h%(E)i is plotted in Fig. 3 for several valuesof the symmetry breaking parameter .
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Fig. 3. The average DOS, h%(E)i, in the class A (unitary){class C crossover. The curves correspond to di�erent val-ues of the symmetry-breaking parameter:  = 0 (unper-turbed DOS, h%(E)i = 1), 0.01, 0.1, 1, and 1 (class C)In the limit  !1, one recovers the C-class result:h%C(E)i = 1� sin 2x2x : (18)In the limit of weak coupling to a superconductor,  �� 1, the uniform metallic average DOS is perturbed ina small vicinity of the Fermi energy, at E . �p, butthis perturbation is strong, completely suppressing theDOS at E = 0:h%(E)i � f � x2p� ; f(z) = 2ze�z2 Z z0 et2dt: (19)Vanishing of h%(0)i can be explained by repulsion of en-ergy levels E and �E which becomes e�ective at verysmall energies E . �p. (Formally, noncommutativityof the limits E ! 0 and  ! 0 is a consequence of thenoncompactness of the BB-sector of the theory.)Level statistics in classes A and C is known to be de-scribed by free fermions: The joint probability densityof energy levels can be interpreted as the square of theground-state wave function for a system of noninteract-ing one-dimensional (1D) fermions. Class A (unitary)corresponds to free fermions on a line [1], while class Ccorresponds to free fermions with the Dirichlet bound-ary condition at the origin [6]. Our result (17) indi-cates that in the crossover A{C energy levels cannot beconsidered as noninteracting fermions in an appropriatesingle-particle potential.

Class CI{class C crossover. Now we turn tothe case of strong coupling to a superconductor,  �� 1. The corresponding term in the action (14) en-forces str(�̂Q)2 = 0. The latter condition together withthe relation f�; �̂g = 0 leads to the linear constraintfQ; �̂g = 0: (20)The next step in constructing the parametrizationsuitable for calculation in the crossover region is to studythe commuting generators W of the CI-class manifold.Writing Q = �(1+W + : : : ) with fW;�g = 0, and solv-ing the linearized constraints (8) and (20), we �nd fourcommuting generators, three residing in the FF-sector,and one in the BB-sector (see Fig. 2):Wcom =  WFF 00 WBB! =W (+)com +W (�)com; (21)where WFF = i2 0BBBB@ 0 0 z �c0 0 c z�z� c 0 0�c z 0 0 1CCCCARA ; (22)
WBB = q2 0BBBB@0 0 0 10 0 1 00 1 0 01 0 0 01CCCCARA ; (23)with complex z and real c and q.As the �-dependent term in the action (14) containsthe symmetry-breaking matrix �3, it is convenient tosplit Wcom into a part W (+)com commuting with �3 (z- andz�-modes), and a part W (�)com anticommuting with �3 (c-and q-modes). At �nite �, the latter modes acquire amass proportional to �. They will completely freeze outin the C-class limit (� ! 1), where only the modesz = �ei' and z� = �e�i' will be una�ected, generatingthe sphere S2 in the FF-sector.In constructing the global parametrization of the CI-class manifold we will follow an approach of Ref. [9] inorder to maximally simplify the symmetry breaking termS�[Q] = �(�=4)str(�3Q)2. We start with parametrizingthe commuting content ofQ asQcom = U�1C U�1m �UmUC,where UC = expW (+)com; Um = expW (�)com: (24)With such a choice, S�[Qcom] will explicitly depend onlyon the massive modes c and q.�¨±¼¬  ¢ ���� ²®¬ 94 ¢»¯. 3 { 4 2011



244 V.A.Koziy, M.A. SkvortsovNow we turn to the Grassmann content of the para-metrization. We search for Grassmann generators ~Wwhich obey [�3; ~W ] = 0 (to simplify the term S�) and[�; ~W ] = 0 (to simplify the term str�Q). Employing alsolinearized Eqs. (8) and (20), we �nd that these anticom-muting generator are parametrized by two Grassmannnumbers: W (+)Gr [�; �] = 0BBBB@u 0 0 00 v 0 00 0 v 00 0 0 �u1CCCCA ; (25)u =  0 ��� 0!FB ; v =  0 �� 0!FB : (26)The desired parametrization of the Qmanifold in thespirit of Ref. [9] has the formQ = U�1� U�1C U�1� U�1m �UmU�UCU�; (27)where the matrices Um and UC are de�ned in Eq. (24),andU� = expW (+)Gr [�; �]; U� = expW (+)Gr [�; �]: (28)After some algebra we obtain the Berezinian of theparametrization (27):J = sin �2(1� cos �) cos2 c(sin c+ i sinh q)2 � JCJm: (29)Similar to Ref. [9], it splits into factors depending eitheron massless or on massive coordinates.The ingredients of the action (14) take a simple form:str(�3Q)2 = 4(cos 2c� cosh 2q);str�Q = �4 [P + (1� �)R��] ;where � = cos �, P = cosh q�� cos c, R = cosh q�cos c,while the preexponent in (13) is the most involved:str(k�Q) = 4�(coshq + � cos c) + 2P ��++ (1 + �)R ��+ 2(1� �)R ����+ : : : �;where the omitted terms do not contribute to the averageDOS.Let us expand the integrand in Eq. (13) in Grass-mann variables:F00 + F20 ��+ F02 �� + F22 ���� + : : :The parametrization (27) is singular at � = 0 (UC = 1)and at c = q = 0 (Um = 1). Therefore the integral (13)will contain not only the regular contribution from the

term F22, but also the contributions from the terms F00,F20 and F02 which are �nite due to the Parisi{Sourlas{Efetov{Wegner theorem [21], in complete analogy withthe calculation of Ref. [9]. In particular, the terms withF00 and F20 reproduce the C-class result (18), while theother two terms are responsible for the crossover. Af-ter some algebra, the general expression for the averageDOS in the class CI{class C crossover takes the formh%(E)i = 1� sin 2x2x ++ 12� Z 1�1 dq Z �=2��=2 dc cos c sinh2 q � sin2 csinh2 q + sin2 c �� sin(x cos c) sin(x cosh q) exp[�(cos 2c� cosh 2q)]: (30)The DOS given by Eq. (30) is shown in Fig. 4 forseveral values of the parameter �.
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Fig. 4. The average DOS, h%(E)i, in the class CI-class C-crossover. The curves correspond to di�erent values of thesymmetry-breaking parameter: � = 0 (class CI, tiny oscil-lations), 0.2, 1, and 1 (class C, large oscillations). Inset:h%(E)i for small deviations from class CI: � = 0, 0.01,0.025, and 0.05In the limit � = 0, Eq. (30) reproduces the knownresult for class CI [6]:h%CI(E)i = �2 �x[J20 (x) + J21 (x)]� J0(x)J1(x)	 : (31)A small magnetic �eld (� � 1) changes the linear CI-class behavior h%(E)i / E to the quadratic C-class be-havior h%(E)i / E2 at x � p�:h%(E)i � �4 xerf� xp8��; (32)see inset in Fig. 4. A similar modi�cation of the level re-pulsion exponent takes place in the orthogonal-unitarycrossover, Eq. (1).In the limit of large �, one �ndsh%(E)i � 1� sin 2x2x 4�p16�2 + x2 ; (33)�¨±¼¬  ¢ ���� ²®¬ 94 ¢»¯. 3 { 4 2011
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