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We develop a theory of thermal phase slips in disordered superconducting films biased near the
critical current Ic(T ). Generalizing recent results obtained close to Tc, we show that the optimal
fluctuation governing the phase-slip barrier in two dimensions satisfies the exactly integrable Boussi-
nesq equation for arbitrary temperatures T < Tc. Since both the transverse and longitudinal sizes
of the optimal nucleus diverge as I → Ic(T ), the Usadel equation for quasiparticles in the pres-
ence of a slowly varying order parameter can be solved perturbatively using a gradient expansion.
The resulting field theory for a complex order parameter is further reduced to the Boussinesq free
energy for a single real field, with the coefficients expressed as Matsubara sums over the solutions
of the uniform Usadel equation at Ic(T ). The activation barrier near Ic has the asymptotic form
∆F (T, I → Ic) = E(T )(1 − I/Ic)

α. We calculate E(T ) over the full temperature range for both
two-dimensional films (α = 3/4) and one-dimensional wires (α = 5/4). For films, the theory is valid
within a narrow 10% window below Ic(T ), where the saddle-point configuration remains vortex-
free. For wires, ∆F (T, I → Ic) provides a good approximation to the activation barrier for all
temperatures and currents.

I. INTRODUCTION

A thermal phase slip is the thermally activated decay
of the dissipationless supercurrent state, accompanied by
the emergence of a finite voltage [1]. In superconducting
nanowire single-photon detectors (SNSPDs) [2, 3], this
process manifests as dark counts (voltage pulses without
a photon), thereby enabling direct determination of the
phase slip rate [4, 5].

A metastable uniform supercurrent state is a local min-
imum of the free energy. To destroy superconductivity,
the order parameter must undergo a fluctuation large
enough to escape the basin of attraction, thereby gener-
ating a finite voltage and a normal current. The rate of
thermal phase slips, to exponential accuracy, is governed
by the free-energy barrier ∆F that protects the uniform
supercurrent state. This barrier is determined by the
static optimal fluctuation of the order parameter, which
corresponds to a saddle point of the free energy.

The structure of the saddle point responsible for a
phase slip hinges on dimensionality. Although addi-
tional degrees of freedom generally provide more op-
tions for lowering the energetic barrier, they also ren-
der its precise determination more challenging, owing
to the complex interplay among different saddle-point
types. In the simplest zero-dimensional (0D) realiza-
tion of a current-biased Josephson junction, the activa-
tion barrier is given by the energy difference between
adjacent extrema of the phase-dependent effective po-
tential U(φ) = −EJ [cosφ+ (I/Ic)φ]. The barrier scales
as ∆F0D ∝ (1− I/Ic)

3/2 when the current I approaches
the critical current Ic.

The theory of thermal phase slips in a one-dimensional
(1D) wire near Tc was formulated by Langer and Am-
begaokar (LA) [6] and later refined by McCumber and
Halperin [7]. They identified the optimal fluctuation as

a spatially localized suppression of the order-parameter
magnitude |∆(x)|, extending over a length scale Lx ∼
ξ(1 − I/Ic)

−1/4, where ξ is the Ginzburg-Landau (GL)
coherence length. The divergence of Lx at the critical
current alters the 0D barrier exponent, yielding ∆F1D ∝
∆F0DLx ∝ (1− I/Ic)5/4. Notably, while the LA solution
yields the phase-slip activation barrier, its order param-
eter remains finite everywhere (except at zero current,
where it vanishes at a single point). A genuine phase-slip
event involving a vanishing order parameter takes place
later, during the time-dependent evolution, once the sys-
tem has surmounted the barrier.

The identification of the phase-slip nucleus poses a sig-
nificantly greater challenge in the two-dimensional (2D)
geometry relevant to experiments. At low currents (I ≪
Ic), the saddle-point configuration in an infinite film is
topologically nontrivial, consisting of a vortex-antivortex
(VA) pair [8] whose separation greatly exceeds the co-
herence length ξ. Upon increasing the current, this dis-
tance decreases and the two cores begin to overlap at
I ∼ Ic. Numerical simulation for a bounded strip geom-
etry performed in the GL region [9] demonstrates that
the VA saddle-point solution does not persist up to the
critical current, but instead ceases to exist at approxi-
mately 0.9 Ic. At higher currents, the optimal fluctua-
tion is topologically trivial, when |∆(x, y)| is suppressed
in the center of the optimal nucleus but remains finite
everywhere [9].

The phase-slip activation energy in an infinite 2D film
has recently been found analytically in the GL regime
near Ic [10]. Treating 1−I/Ic as a small parameter allows
mapping the GL equations for the complex order param-
eter to the elliptic Boussinesq equation for a real field,
which is exactly integrable [11, 12]. Its nontrivial finite-
energy solution was then derived via Hirota’s method
[13, 14]. The optimal fluctuation is strongly anisotropic,ar
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exhibiting two distinct length scales: Lx parallel to the
current and Ly perpendicular to it, given by

Lx ∼ ξ(1− I/Ic)
−1/4, Ly ∼ ξ(1− I/Ic)

−1/2. (1)

While the longitudinal scale Lx matches the LA result,
the transverse size is parametrically larger: Ly ≫ Lx.
The activation barrier scales with the product of these
two lengths, yielding ∆F2D ∝ ∆F0DLxLy ∝ (1−I/Ic)3/4.
Given that SNSPDs typically operate well below Tc

[2, 3, 15], generalizing the phase-slip rates obtained
within the GL model to arbitrary temperatures is of
practical importance. Theoretically, however, this is a
demanding endeavor: the simple GL equations must be
replaced by the significantly more intricate Usadel equa-
tions for the quasiclassical Green’s functions at Matsub-
ara energies, supplemented by the self-consistency con-
dition for the order parameter. For arbitrary currents,
even a numerical search for the saddle point in this cou-
pled system proves formidable.

In this work, we demonstrate that, near Ic, the op-
timal phase-slip nucleus in an infinite superconducting
film obeys the Boussinesq equation for all temperatures
T < Tc. Exploiting the divergence of both Lx and Ly as
the critical current is approached, we perform a gradient
expansion of the Usadel equations for a slowly varying
order parameter. This procedure enables us to integrate
out the quasiparticle degrees of freedom [the field Q(r)],
yielding a free-energy functional that depends solely on
the order parameter. Using the near-critical condition
again, this model is further reduced to a Boussinesq field
theory for a single real-valued function f(x, y) governed
by the energy functional

FB = C

∫
dx dy

(
c1f

2
xx + c2f

2
xy + c3f

2
xxx + c4f

3
xx

)
. (2)

The Boussinesq free energy (2) is characterized by four
temperature-dependent coefficients ci(T ), given by Mat-
subara sums of the spectral angles found by solving the
uniform-current Usadel equations. For arbitrary temper-
atures, these coefficients are evaluated numerically. In
this way, we obtain the asymptotic behavior of the phase-
slip barrier ∆F in the limit I → Ic for all temperatures
T < Tc.

The paper is organized as follows. In Sec. II we intro-
duce the model and describe the uniform-current state.
The gradient expansion of the Usadel equations is im-
plemented in Sec. III, where we derive the free-energy
functional in the Boussinesq form at nearly critical cur-
rents. Final expressions for the activation barrier in the
1D and 2D cases are presented in Sec. IV. Finally, Sec-
tion V summarizes the key ideas and main results of our
analytic approach. The technical details are relegated to
Appendixes A and B.

II. MODEL

A. Free energy of a dirty superconductor

Theoretical description of the thermodynamic prop-
erties of a dirty superconductor is based on the replica
sigma model in the Matsubara representation [16, 17].
The model is formulated in terms of the electron ma-
trix field Q(r) and the complex order parameter field
∆(r) = |∆(r)|eiφ(r). Since the saddle point responsible
for the phase-slip activation barrier is static, we may take
Q(r) to be diagonal in Matsubara energy space and ∆(r)
to be independent of imaginary time. As we are not in-
terested in weak localization effects, we take the replica
number to be one. Then the free energy acquires the
form

F =
πν

4
T
∑
n

∫
dr tr

[
D(∇Qn)

2 − 4(ϵnτ3 + ∆̂)Qn

]
+
ν

λ

∫
dr |∆|2, (3)

where ϵn = 2πT (n + 1/2) is the Matsubara energy (the
sum is limited to |ϵn| < ωD), the quasiclassical Green
function Qn(r) ∈ S2 can be written in terms of the spec-
tral angle θn(r) and the phase of the anomalous compo-
nent χn(r) as

Qn =

(
cos θn eiχn sin θn

e−iχn sin θn − cos θn

)
, (4)

and

∆̂ =

(
0 ∆
∆∗ 0

)
. (5)

Varying the energy functional (3) with respect to θn(r)
and χn(r) yields a pair of Usadel equations:

− D

2
∇2θn +

D

2
(∇χn)

2 sin θn cos θn

+ ϵn sin θn − |∆| cos(χn − φ) cos θn = 0, (6a)

D

2
∇(sin2 θn∇χn) = |∆| sin(χn − φ) sin θn, (6b)

while the derivative with respect to |∆(r)| results in the
self-consistency equation

|∆| = πλT
∑
n

sin θn cos(χn − φ). (7)

The supercurrent density is given by

j = 2eπνDT
∑
n

sin2 θn∇χn. (8)

Note that the variation of the free energy (3) with re-
spect to the superconducting phase φ(r) yields an equa-
tion that, together with Eq. (6b), enforces current con-
servation, div j = 0.
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B. Uniform current

A uniform supercurrent state with j = jex corresponds
to a constant |∆(r)| = ∆Γ and linearly growing phase of
the order parameter φ(r) = κx, which coincides with
the quasiparticle phase: χn(r) = φ(r). The spectral an-
gle θn(r) = θΓn is space-independent and satisfies the
trigonometric equation

ϵn sin θΓn −∆Γ cos θΓn + Γ sin θΓn cos θΓn = 0, (9)

where

Γ = Dκ2/2 (10)

is the depairing rate arising from the condensate motion.
Equation (9) is the generic form for weak pair breaking
characterized by the rate Γ [18, 19].

Due to the complicated structure of Eqs. (7), (8) and
(9), determining ∆Γ and Γ for a given current density
j and temperature T requires numerical simulation [20].
One first solves a coupled system of Eq. (9) and the self-
consistency equation (7) with χn = φ, to obtain the order
parameter modulus ∆Γ and the uniform spectral angles
θΓn for fixed T and Γ. Then, using Eq. (8), one calcu-
lates the current j(T,Γ) and identifies the critical current
density jc(T ) as the maximum of j(T,Γ) with respect to
Γ attained at some Γc(T ). The same procedure has re-
cently been carried out in Ref. [21]. The values of Γc(T ),
∆Γc

(T ) and θΓc,n(T ) numerically obtained in this way
will be used for calculating the coefficients in the free-
energy expansion at the critical current [see Eq. (15) and
Appendix A].

III. BOUSSINESQ FREE ENERGY

A. Integrating out quasiparticles near Ic

The instanton configuration responsible for the phase-
slip activation energy is a spatially inhomogeneous solu-
tion of Eqs. (6) and (7) that asymptotically approaches,
as r → ∞, the constant-j solution described in Sec. II B.
For an arbitrary current, finding the instanton is analyti-
cally intractable even near Tc, where the superconductor
is described by a much simpler Ginzburg-Landau equa-
tion solely for ∆(r). Nor is it possible for the coupled
Usadel and self-consistency equations.

The recent progress in the analytical theory of phase
slips near the critical current in the Ginzburg-Landau
region [10] relies on two key observations: (i) the instan-
ton merges with the uniform solution at I = Ic, and
(ii) its size diverges as I → Ic. The former allows to
develop a perturbative expansion in the deviation from
the constant-j state, while the latter ensures the effective
theory acquires a local form of the Boussinesq type.

Quite natural, both observations are not limited to T ≈
Tc, but hold for arbitrary temperatures. This is related to
a general behavior of the free energy as a function of the

superfluid momentum, with a minimum corresponding to
a uniform supercurrent disappearing at I = Ic. Therefore
at I → Ic and arbitrary T we may seek the instanton
solution in the form

|∆(r)| = ∆Γ[1 + δ(r)], φ(r) = κx+ ϕ(r), (11)

where the dimensionless functions δ(r) and ϕ(r) (i) van-
ish at criticality, and (ii) vary at parametrically large
scales Lx,y ≫ ξ(T ) given by Eq. (1).
Both properties are crucial for analytical treatment of

the Usadel equations (6) in the field of the order pa-
rameter (11). Since the spatial response of quasiparti-
cles is governed by the zero-temperature coherence length
ξ(0) ≪ Lx,y, the spectral angle θn(r) and the phase of
the anomalous Green function χn(r), in the leading ap-
proximation, are determined by the local value of ∆(r).
Subleading corrections can be obtained using the gradi-
ent expansion in ∇δ and ∇ϕ. Furthermore, the smallness
of the deviation ∆(r) − ∆Γe

iκx implies that the zero-
dimensional version of the nonlinear Usadel equations
(6) (with the gradients discarded) can be solved pertur-
batively. The described procedure generates θn(r) and
χn(r) as a series in δ(r) and ϕ(r) and their derivatives:

θn − θΓn =
∆Γcn
En

δ − Dκ sncn
En

ϕx

+
D∆Γcn
2E2

n

(δxx + δyy)−
2DΓsnc

3
n

E2
n

δxx + . . . , (12a)

χn − φ =
Dκc2n
En

δx +
Dsn
2∆Γ

(ϕxx + ϕyy)

− 2DΓsnc
2
n

En∆Γ
ϕxx + . . . , (12b)

where En = ϵncn +∆Γsn +Γ(c2n − s2n) and we introduced
the notations sn = sin θΓn and cn = cos θΓn. In Eqs. (12)
we present only terms that are linear in δ and ϕ and con-
tain at most two derivatives. Expressions for nonlinear
terms are rather lengthy and can be obtained systemati-
cally using the standard perturbation theory.
As I → Ic, only a finite number of terms in these

series should be retained, governed by the scaling of the
Boussinesq instanton with the deviation from criticality.
According to Ref. [10],

δ ∼ ε, ϕ ∼
√
ε, x/ξ ∼ 1/

√
ε, y/ξ ∼ 1/ε. (13)

The scaling (13) implies that the expansion (12a) for θ
contains only integer powers of ε, whereas the expansion
(12b) for χ contains only half-integer powers:

θn = θΓn + θ(1)n + θ(2)n + . . . , (14a)

χn = φ+ χ(3/2)
n + χ(5/2)

n + . . . , (14b)

with θ
(k)
n , χ

(k)
n ∼ εk (note that φ already contains the

ε1/2 term). Substituting Eqs. (14) into Eq. (3), we obtain
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the free energy as a local functional of the fields δ(r) and
ϕ(r).

To find the instanton in the vicinity of the critical cur-
rent, it is sufficient to determine the free energy with the
accuracy ε3 [10]. In this order, we need to know only

θ
(1)
n , θ

(2)
n , and χ

(3/2)
n (the coefficients of θ

(3)
n and χ

(5/2)
n

in the free energy expansion are its first variations over
θ and χ, respectively, evaluated at the uniform solution,
and thus equal to zero).

As a result, we obtain the following expression for the
free-energy in terms of the deviations δ(r) and ϕ(r), writ-
ten in terms of the dimensionless coordinates normalized
by the coherence length ξ(T ):

F (2,3) = ν∆2
Γdξ

2

∫
dx dy

[
3∑

i=1

aiV
(2)
i +

8∑
i=1

biV
(3)
i

]
,

(15)
where V (k) are all allowed (respecting the symmetry y →
−y and depending on ϕ only through ∇ϕ) combinations
of the fields and their derivatives that scale as εk:

V (2) = (δ2, δϕx, ϕ
2
x), (16a)

V (3) = (ϕ2y, δϕ
2
x, ϕ

3
x, δ

3, δ2ϕx, δ
2
x, ϕ

2
xx, δxxϕx). (16b)

The dimensionless coefficients ai and bi can be obtained
from Eqs. (3) and (12) as specific functions of θΓn
summed over Matsubara energies; their explicit form is
presented in Appendix A.

To make the theory dimensionless, one must adopt a
particular definition of the coherence length. Near Tc it
is conventionally taken as

ξGL(T ) =

√
πD

8(Tc − T )
, (17)

but its extension to arbitrary temperatures is not unique.
One possibility is to relate ξ(T ) to the upper critical field
via Hc2 = Φ0/2πξ

2(T ), where Φ0 is the flux quantum.
Using the known result for Hc2 [22, 23] yields the im-
plicit equation lnTc/T = ψ(1/2 + D/4πTξ2) − ψ(1/2),
with ψ being the digamma function. However, this defini-
tion relies on a normal-state property rather than on the
superconducting state itself. A more intrinsic choice is
to define ξ(T ) through the static amplitude (Higgs) fluc-
tuation propagator (see, e.g., Eq. (12) of Ref. [24] or Eq.
(58) of Ref. [25]), either from its pole or a low-momentum
expansion.

In our analysis we choose ξ(T ) to coincide with ξGL(T ).
Being the simplest, this choice also facilitates comparison
with previously available results in the GL region [10].

B. Reduction to one real field

The free energy (15) written in terms of (corrections
to) the order parameter modulus and phase should now
be solved for the inhomogeneous saddle point. To this

end, we start with the current conservation relation
δF/δϕ = 0, which yields

div j ∝ −a2δx − 2a3ϕxx + · · · = 0. (18)

Although this equation looks rather formidable, a crucial
simplification is achieved by invoking the known scaling
relations (13). They allow us to establish a relation be-
tween the coefficients of the ε-expansions for δ(r) and
ϕ(r), enabling both quantities to be expressed in terms
of a single real field f(r). Since this field plays a role anal-
ogous to that of a gauge field, its precise introduction is
largely a matter of convenience. Accordingly, choosing a
gauge in which the phase ϕ(r) is represented in the form

ϕ = −Afx, (19a)

we obtain the following expression for δ(r):

δ = r1fxx + r2fyy + r3f
2
xx + r4fxxxx + . . . (19b)

In the representation (19), f(r) ∼ O(ε0), the terms omit-
ted in Eq. (19b) are O(ε3), and the coefficients ri are
given by

r1 = 2Aa3/a2, (20a)

r2 = 2Ab1/a2, (20b)

r3 = A2(4a2a3b2 − 3a22b3 − 4a23b5)/a
3
2, (20c)

r4 = −2A(a2b7 + a3b8)/a
2
2. (20d)

Choosing A = κξ as the normalizing coefficient in Eqs.
(19) ensures that our function f(r) coincides with that of
Ref. [10] with the accuracy O(ε) (as will become apparent
from the expression for the current derived below).
A difference between the present approach and that

used in Ref. [10] is the gauge choice. The way f is intro-
duced in Ref. [10] makes (19a) an infinite series, whereas
in our case it terminates at the first term. Note also
that, unlike in Ref. [10], our expression (19b) for δ in-
cludes an extra term fxxxx ∼ O(ε2). This term is pro-
portional to the coefficient r4, which vanishes as 1−T/Tc
[see Eqs. (20d) and (A13)] and therefore is irrelevant in
the Ginzburg-Landau limit.
Plugging now Eqs. (19) into (15), we obtain the free en-

ergy in the Boussinesq form (2) expressed in terms of the
field f(r). The omitted terms in the free energy density
(2) are o(ε3), the overall energy scale C = ν∆2

Γc
dξ2(T ),

and the coefficients ci are expressed in terms of ak and
bl. Like in the GL region [10], their dependence on I is
essentially different. While the coefficient

c1 = A2a3(4a1a3 − a22)/a
2
2 ≈ γ1

√
1− I/Ic ∼ ε (21a)

vanishes at criticality (see Appendix B), other coefficients
in Eq. (2) remain finite at Ic. Therefore it suffices to
evaluate them at I = Ic:

c2 = A2b1, (21b)

c3 = A2(4a21b7 + 2a2a1b8 + a22b6)/4a
2
1, (21c)

c4 = A3(4a21a2b2 − 8a31b3 + a32b4 − 2a1a
2
2b5)/8a

3
1. (21d)
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Finally, rescaling the coordinates

x = c
1/2
3 c

−1/2
1 x̄, y = c

1/2
2 c

1/2
3 c−1

1 ȳ (22)

and the function f = (2c3/3c4)f̄ , we rewrite the free
energy (2) as

FB =
8c

3/2
1 c

1/2
2 c3

9c24
CS, (23)

where S is the canonic dimensionless form for the Boussi-
nesq free energy [10]:

S =

∫
dx̄ dȳ

(
1

2
f̄2x̄x̄ +

1

2
f̄2x̄ȳ +

1

2
f̄2x̄x̄x̄ +

1

3
f̄3x̄x̄

)
. (24)

IV. ACTIVATION ENERGY

A. Films

In 2D, the lowest-energy nontrivial saddle point for the
Boussinesq free energy (24) is given by

f̄ = −6 ln(x̄2 + ȳ2 + 3), (25)

with S = 8π [10]. So one readily obtains the temperature
dependence of the phase slip barrier in an infinite film:

∆F2D =
64πc

3/2
1 c

1/2
2 c3

9c24
C, (26)

where the coefficients ci(T ) are given by Eqs. (21).
It is instructive to rewrite Eq. (26) in terms of the

superconducting condensation energy density εcond(T ).
Given that we adopt the GL expression for ξ(T ), we con-
sistently use the analogous expression for the condensa-
tion energy:

εcond(T ) =
4π2ν(Tc − T )2

7ζ(3)
. (27)

Then the phase-slip activation barrier acquires the form

∆F2D = c2D(T )εcond(T )dξ
2(T )(1− I/Ic)

3/4, (28)

where the dimensionless coefficient c2D(T ) is given by

c2D(T ) =
112ζ(3)

9π

γ
3/2
1 c

1/2
2 c3
c24

∆2
Γc
(T )

(Tc − T )2
, (29)

and the function γ1(T ) determines the leading behavior

c1 ≈ γ1
√
1− I/Ic near the critical current, see Eq. (21a).

The temperature dependence of c2D(T ) obtained nu-
merically is shown in Fig. 1. At the transition, it agrees
with the result of Ref. [10]: c2D(Tc) = 227/43−9/4π ≈
28.5. At zero temperature, we find c2D(0) ≈ 15.4. No-
tably, the overall dependence is nearly linear, interpolat-
ing between these two endpoint values.

Expression (28) for the activation barrier was obtained
for an infinite 2D film without edges. For a strip of suf-
ficiently large (w ≫ Ly) but finite width, the saddle-
point configuration with the lowest activation energy is
a half-instanton centered at one of its lateral edges. The
thermal phase-slip barrier is then ∆F2D/2 [10].

0.0 0.2 0.4 0.6 0.8 1.0

16

18

20

22

24

26

28

FIG. 1. Temperature dependence of the coefficient c2D(T ) in
the activation barrier (28) for a 2D film. The red point cor-
responds to the analytical result in the GL region: c2D(Tc) =

227/43−9/4π ≈ 28.5 [10].

Current distribution

It is instructive to look at an inhomogeneous current
distribution at the instanton solution. Plugging the per-
turbative expansion (14) into the current density (8) and
expanding around the uniform value j = jΓex [where
jΓ ≡ j(T,Γ) is defined in Sec. II B], we obtain

j = jΓex(1 + J1 + J2 + . . . ) + jΓey(J3/2 + . . . ), (30)

where Jk ∼ εk and the first three corrections read

J1 = s1δ + s2ϕx, (31a)

J3/2 = s3ϕy, (31b)

J2 = s4δϕx + s5ϕ
2
x + s6δ

2 + s7ϕxxx + s8δxx. (31c)

The coefficients si are expressed in terms of the Matsub-
ara sums ai and bi entering the free-energy expansion (15)
as

s = (a2, 2a3, 2b1, 2b2, 3b3, b5,−2b7, b8)/2Ab1. (32)

Substituting Eqs. (19) into Eqs. (30) and (31) yields the
supercurrent density in terms of the field f(r):

j = jΓex(1 + fyy + . . . ) + jΓey(−fxy + . . . ). (33)

The terms presented in Eq. (33) describe the current
expansion up to O(ε2) and reproduce verbatim the cor-
responding expression from Ref. [10]. However, the lo-
cal representation of the phase ϕ(r) in terms of f(r)
[Eq. (19a)] produces higher-order (and generally nonlo-
cal) terms o(ε2) in the expression for the current (33),
which were absent in Ref. [10]. In turn, the local repre-
sentation of the current, adopted in Ref. [10] by intro-
ducing the field f(r) through the stream function, would
lead to a nonlocal expression for the phase. These two
constructions generate functions f(r) that coincide to the
leading order, O(ε0), but differ at higher orders, as has
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0.0 0.2 0.4 0.6 0.8 1.0

2.0

2.5

3.0

3.5

FIG. 2. Temperature dependence of the coefficient c1D(T )
in the activation barrier (37) for a 1D wire. The red point
corresponds to the LA analytical result in the GL region:
c1D(Tc) = 225/43−5/45−1 ≈ 3.86 [6].

already been noted above. Nevertheless, such an am-
biguity, sensitive to the specific definition of f(r), does
not affect the results obtained within the accuracy O(ε3),
corresponding to the Boussinesq field theory. The latter
is applicable for describing only the leading asymptotic
behavior of the instanton near the critical current. This
reasoning also indicates the irrelevance of the subleading,
scaled as ε2, terms in the expression (19b) for the order-
parameter correction δ(r) (whose explicit derivation in
terms of the field f(r) was merely a technical trick al-
lowing us to obtain the leading-order corrections to the
current).

Using Eqs. (21a), (25) and (33), we obtain the instan-
ton current distribution, which, expressed in dimensional
units, is given by

jx
jΓ

= 1− 8ε2ξ2γ21c3(γ1c2εx
2 − γ21ε

2y2 + 3c2c3ξ
2)

c4(γ1c2εx2 + γ21ε
2y2 + 3c2c3ξ2)2

,

(34a)

jy
jΓ

= − 16ε3ξ2γ31c2c3xy

c4(γ1c2εx2 + γ21ε
2y2 + 3c2c3ξ2)2

. (34b)

The supercurrent density at the instanton center is given
by:

jx(r = 0) = jΓ[1− η(T )ε2], (35)

with η(T ) = 8γ21/3c2c4.
Equation (35) provides an estimate for the current

Itop(T ) when j vanishes at the instanton center. This
condition is believed to mark the second-order transition
between topologically trivial (Boussinesq-like at I > Itop)
and nontrivial (vortex-antivortex pair at I < Itop) instan-
ton configurations [10]. Our numerics show that the coef-
ficient η(T ) lies within a very narrow range (15.93, 16.00),
corresponding to Itop(T ) ∼ 0.94 Ic(T ). Hence, the esti-
mate of the vortex-free region as approximately 6–7% of
the critical current, obtained in Ref. [10], remains prac-
tically unchanged at arbitrary temperatures.

B. Wires

As a corollary of the developed formalism, one can eas-
ily obtain the phase-slip activation energy for 1D wires
at I → Ic in the whole temperature range. In this case,
the Boussinesq free energy (24) lacks the term with the
mixed derivative. Then after identifying x̄ with time, it
becomes formally equivalent to the action of a mechani-
cal particle of unit mass with the coordinate u = f̄x̄x̄ in
the potential U(u) = −u2/2− u3/3. Its bounce solution
is u(x̄) = −(3/2) sech2(x̄/2) with S = 6/5 per unit ȳ,
and we arrive at

∆F1D =
16c

5/2
1 c

1/2
3

15c24
ν∆2

Γc
dwξ, (36)

where w is the wire width (dw is its cross section).
Rewriting Eq. (36) in terms of the GL condensation

energy density (27), we obtain for the phase slip barrier
at I → Ic:

∆F1D = c1D(T )εcond(T )dwξ(T )(1− I/Ic)
5/4, (37)

where

c1D(T ) =
28ζ(3)

15π2

γ
5/2
1 c

1/2
3

c24

∆2
Γc
(T )

(Tc − T )2
. (38)

The temperature dependence of c1D(T ) is shown in Fig. 2.
As T → Tc, it agrees with the LA result [6] taken in
the limit I → Ic. In the mechanical analogy employed
by LA, the saddle point solution is mapped onto a mo-
tion of |∆| in an effective potential Ueff(|∆|). Near the
critical current, when the minimum of this potential is
about to vanish, Ueff becomes asymptotically equivalent
(up to an appropriate rescaling and shift of variables)
to our quadratic-cubic potential U(u). Consequently,
the bounce solution derived from U(u) asymptotically
coincides with that of Ref. [6]. At zero temperature,
c1D(0) = 1.72.
Now we are in a position to compare our results,

valid at I → Ic, with those of Semenov et al. [26],
which were obtained for arbitrary currents by numeri-
cally solving the coupled Usadel equations (6) and the
self-consistency equation (7). Figure 3 reproduces (black
lines) the full current dependence of the activation bar-
rier calculated in Ref. [26] for temperatures T/Tc = 0.25,
0.5, and 0.7. The current is normalized to its zero-

temperature critical value Ic0 ≈ 0.47πeνD1/2∆
3/2
0 (0)dw

[where ∆0(0) = 1.76Tc is the zero-temperature gap in the
absence of a current], and the free energy is normalized to

Fns = νD1/2∆
3/2
0 (0)dw. Our expression (37) is plotted as

red curves for the same temperatures. It perfectly repro-
duces the asymptotic behavior of the numerical solution
in the vicinity of Ic. This agreement provides mutual
verification for both our results and those of Ref. [26].
Figure 3 also demonstrates that Eq. (37)—which is ex-

pected to be accurate only in the vicinity of Ic—is in fact
a fairly good approximation for all currents down to zero.
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FIG. 3. Current dependence of the activation barrier ∆F1D

for a 1D wire at three values of T/Tc. Shown are the numerical
data of Ref. [26] (black), our near-critical asymptotics (37)
(red), and the fit (39) (dashed). Currents are scaled by Ic0,
the critical current at T = 0.

This feature is known in the GL region, where the exact
current dependence of ∆F1D can be fitted well (to within
2% accuracy, even at I = 0) by the leading asymptotic
term near criticality, (1−I/Ic)5/4 [5, 6]. Our comparison
with Ref. [26] indicates that the same behavior extends
to arbitrary temperatures T < Tc.
Motivated by the small discrepancy between ∆F1D and

its asymptotic expansion (37), we can propose a practical
formula that approximates the activation barrier for all
I and T :

∆F1D ≈ Υ(I, T )c1D(T )εcond(T )dwξ(T )(1− I/Ic)
5/4,
(39a)

with the correction function

Υ(I, T ) = 1− h(T/Tc)(1− I/Ic)
1/2(1 + I/Ic)

7/4−4τ/3,
(39b)

where h(T/Tc) = 0.022 + 0.056 τ and τ = 1− T/Tc. The
last factor in Eq. (39b) accounts for the temperature de-
pendence of the curvature of ∆F1D. The approximation
(39), shown as dashed lines in Fig. 3, is nearly indistin-
guishable from the numerical data of Ref. [26].

C. Comment on the current-source work

Finally, we address the issue of the work performed
by the current source during the evolution from the uni-
form supercurrent state to the saddle-point configura-
tion. Since this process is considered at a constant cur-
rent bias I, the appropriate thermodynamic potential in-
cludes an additional contribution [7]:

∆F = Fsad − Funi −
I∆ϕ

2e
, (40)

where ∆ϕ = ϕ(x = +∞)− ϕ(x = −∞) is an extra phase
difference between the edges of the sample accumulated

in the saddle-point state [see Eq. (11)]. In the 1D ge-
ometry, ∆ϕ is finite [6, 7], and the current-source work
should be taken into account. However, the expansion of
Fsad −Funi itself starts with the term linear in the phase
gradient ϕx ∼ ε:

F (1) = πνDTdκ
∑
n

sin2 θn

∫
dx dy ϕx, (41)

which, at the uniform solution, can be transformed into
the counterterm F (1) = I∆ϕ/2e, completely compensat-
ing the work of the current source. This property has
allowed us to find the phase-slip barrier as the saddle-
point value of the functional (15), which contains only
the terms scaling as ε2 and ε3.
The same argument applies to the 2D saddle point ob-

tained in Ref. [10]. In this case, Eq. (40) generalizes to

∆F = Fsad − Funi −
j0
2e

∫
dr∇ϕ, (42)

where j0 is the uniform current density at infinity. Al-
though in 2D the extra phase vanishes at infinity as
ϕ(r) ∝ x̄/(x̄2 + ȳ2), its 1/r tail nonetheless yields a fi-
nite contribution from the current source, like in the 1D
case. However the linear-in-ε term (41) (suitably gen-
eralized to include y dependence) cancels the resulting
current-source work, thereby justifying the retention of
terms scaling as ε2 and ε3.

V. SUMMARY AND CONCLUSION

In this work we have carried out a mostly analytical
study of thermal phase slips in thin superconducting films
near the critical current at arbitrary temperatures. In
the vicinity of Ic, the saddle-point configuration is topo-
logically trivial, with a nonvanishing order parameter.
In the GL region near Tc, the instanton profile together
with the scaling of its size was obtained by one of the
authors [10]. We generalize the main result of Ref. [10]
to arbitrary T < Tc, working within the Usadel descrip-
tion of dirty superconductors. Using the scaling of the
instanton parameters obtained in the GL region, we per-
form a gradient expansion in the Usadel equations and,
similarly to Ref. [10], derive the leading-order free-energy
functional in an exactly solvable Boussinesq form.
Our approach is built upon two core ingredients. First,

using the divergence of both sizes (Lx and Ly) of the op-
timal fluctuation as I → Ic, we perform the gradient ex-
pansion of the Usadel equations. This procedure results
in the free energy (15) expressed in terms of the devia-
tions of the order parameter (its modulus δ and phase ϕ)
from the uniform-current solution. Second, we use the
current conservation equation to reduce these two fields,
δ(r) and ϕ(r), to a single real field f(r) [see Eq. (19)].
This step directly transforms the free energy into the
Boussinesq form (2) written in terms of f(r). The pos-
sibility of performing such a reduction is related to the
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effective one-dimensionality of the free-energy functional
as I → Ic, which in turn is connected to the strong
anisotropy of the instanton, with Ly ≫ Lx.

Although our introduction of f(r) does not rely on the
stream function used in Ref. [10], both methods share
current conservation as their physical basis. The result-
ing functions coincide only to the required leading or-
ders, which is sufficient for deriving the free energy in
the Boussinesq form.

Our main result comprises analytical expressions for
the coefficients c2D(T ) and c1D(T ), which govern the
asymptotics (28) and (37) of the activation barrier near
the critical current in 2D and 1D, respectively. The co-
efficients c2D(T ) and c1D(T ) are expressed as Matsubara
sums over the spatially uniform spectral angles that solve
the Usadel equation in the presence of a uniform super-
current. Evaluating these sums numerically is consid-
erably less demanding than determining the nonuniform
instanton configuration from the coupled Usadel and self-
consistency equations. Figures 1 and 2 demonstrate that
both c2D(T ) and c1D(T ) decrease with temperature in a
nearly linear fashion, with cD(0) ≈ 0.5 cD(Tc).

For a 1D wire, the activation barrier near criticality,
∆F1D(T, I → Ic) = E1D(T )(1 − I/Ic)

5/4, is consistent
with the numerics of Semenov et al. [26], mutually vali-
dating both calculations. Similar to the LA result in the
GL region, this near-Ic form remains a good approxima-
tion to the full barrier ∆F1D(T, I) for all temperatures
and currents. Combining our results with those of Ref.
[26], we propose the interpolation formula (39), which re-
produces the barrier across the entire range T < Tc and
I < Ic(T ) to within a 1% accuracy.

In the 2D case, the Boussinesq approximation is accu-
rate only in a narrow region near the critical current. At
I = Itop(T ), the order parameter vanishes at the instan-
ton center, signaling a second-order topological transi-
tion between vortex-free (I > Itop) and vortex-antivortex
(I < Itop) saddle-point configurations [9, 10]. Notably,
the estimate Itop(T ) ≈ 0.9Ic(T ) obtained in Ref. [10] is
nearly temperature independent.
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Appendix A: Coefficients in the free energy (15)

The free energy expansion (15) in terms of the fields δ
and ϕ is characterized by the set of coefficients ai and bi,
which are obtained by substituting Eqs. (12) into Eq. (3).

The resulting expressions have the following form:

a1 =
πT

∆

∑
n

(∆− Γsn)s
2
n

En
, (A1)

a2 =
2πDκT

ξ∆

∑
n

snc
2
n

En
, (A2)

a3 =
πDT

2ξ2∆2

∑
n

s2n

[
1− 4Γc2n

En

]
, (A3)

b1 =
πDT

2ξ2∆2

∑
n

s2n, (A4)

b2 =
πDT

ξ2∆

∑
n

s2nc
2
n

[
1

En
− 2Γ(5c2n − 3)

E2
n

− 6Γ2s2nc
2
n

E3
n

]
,

(A5)

b3 = −πD
2κT

ξ3∆2

∑
n

s2nc
2
n

[
1

En
− 2Γ(2c2n − 1)

E2
n

− 2Γ2s2nc
2
n

E3
n

]
,

(A6)

b4 = π∆T
∑
n

snc
2
n

[
1

E2
n

− Γc2n
E2
n

]
, (A7)

b5 =
πDκT

ξ

∑
n

c2n

[
4c2n − 3

E2
n

+
3Γs2nc

2
n

E3
n

]
, (A8)

b6 =
πDT

2ξ2∆

∑
n

c2n
∆− 4Γsnc

2
n

E2
n

, (A9)

b7 = −πD
2T

4ξ4∆3

∑
n

s2n

[
sn − 8Γsnc

2
n

En
− 4Γc2n(∆− 4Γsnc

2
n)

E2
n

]
,

(A10)

b8 =
πD2κT

ξ3∆2

∑
n

snc
2
n

[
sn
En

+
∆− 4Γsnc

2
n

E2
n

]
. (A11)

Here sn ≡ sin θn and cn ≡ cos θn, where the spectral
angle θn ≡ θΓn satisfies the Usadel equation (9) with
Γ = Dκ2/2 and ∆ ≡ ∆Γ obtained self-consistently for
a given temperature. Denominators in Eqs. (A1)–(A11)
contain (half of) the cooperon mass,

En ≡ ϵncn +∆ sn + Γ(c2n − s2n) =
∆− Γs3n

sn
, (A12)

where the last equality, which follows from Eq. (9), may
be used to analytically simplify intermediate expressions.

According to Sec. III, the coefficients c2, c3 and c4 in
the Boussinesq free energy (2) are expressed in terms of
ai and bi evaluated exactly at criticality. On the other
hand, to determine the coefficient c1, which vanishes as
γ1
√

1− I/Ic, one needs to know how ai depend on I in
the vicinity of Ic.

In the GL region (T → Tc), the order parameter is
small (∆ ∝ τ1/2), and the spectral angle can be expanded
in ∆. In the leading order, θn ≈ ∆/ϵn, and Γ ∝ ∆2 ≪ ∆
can be neglected under the sums of Eqs. (A1)–(A11).
As a result, one can easily calculate these expressions
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explicitly in the leading order O(τ):(
a1 a2 a3

)
=

(
2(1−A2) 4A 1

)
τ, (A13a)(

b1 b2 b3 b4
b5 b6 b7 b8

)
=

(
1 2 0 2(1−A2)
2A 1 0 0

)
τ, (A13b)

where A = κξ.
Note that the coefficients b3, b7 and b8 must vanish

at the GL level because they multiply terms in the free
energy expansion (15) that contain more than two deriva-
tives. Such terms do not appear in the GL expansion, and
the corresponding coefficients—which are indeed zero in
Eq. (A13b)—are subleading, scaling as τ2.
Note also the relation 4a1a3 − a22 = 8τ2(1 − 3A2) ∝

1−I/Ic, which follows from Eq. (A13a). This illustrates,
in the GL region, the general mechanism for c1 vanishing
at the critical current (see Appendix B).

Appendix B: Relation between ai at Ic

Here we prove the identity 4a1a3−a22 = 0 at the critical
current. According to Eq. (21a), this property is respon-

sible for the scaling of the coefficient c1 ∝
√

1− I/Ic in
the Boussinesq free energy (2).

The critical current is obtained as a maximum of j(Γ).

With the help of Eqs. (8) and (10), we rewrite the con-
dition ∂j/∂Γ = 0 in the form

∑
n

sin2 θn = −4Γ
∑
n

sin θn cos θn
∂θn
∂Γ

. (B1)

The derivative ∂θn/∂Γ should be determined simultane-
ously with ∂∆/∂Γ from the system of the Usadel equa-
tion (9) and self-consistency equation (7). After some
algebra, we obtain

∂θn
∂Γ

= − sin θn cos θn
En

+
cos θn
En

∂∆

∂Γ
, (B2a)

∂∆

∂Γ
= −

∑
n sin θn cos

2 θn/En∑
n(∆− Γ sin θn) sin

2 θn/En∆
. (B2b)

Substituting Eq. (B2a) into Eq. (B1) provides an explicit
expression for

∑
n sin

2 θn that holds exactly at the critical
current. Applying it to transform Eq. (A3) for a3 then
yields the desired identity:

a3(Ic) =
a2(Ic)

2

4a1(Ic)
, (B3)

which is valid for all temperatures.
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