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Superconductive proximity effect in interacting disordered conductors
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We present a general theory of the superconductive proximity effect in disordered normal-metal—
superconductingN-S) structures, based on the recently developddV. Feigel'manet al., Phys. Rev. B1,
12 361(2000] Keldysh action approach. In the case of the absence of an interaction in the normal conductor
we reproduce known results for the Andreev conductaBgeat an arbitrary relation between the interface
resistancer; and the diffusive resistand®, . In two-dimensional N-S systems, the electron-electron interac-
tion in the Cooper channel of a normal conductor is shown to strongly affect the valGg af well as its
dependence on temperature, voltage, and magnetic field. In particular, an unusual maxif@ymasfa
function of temperature and/or magnetic field is predicted for some range of paramgtensd R;. The
Keldysh action approach makes it possible to calculate the full statistics of charge transfer in such structures.
As an application of this method, we calculate the noise power of an N-S contact as a function of voltage,
temperature, magnetic field, and frequency for arbitrary Cooper repulsion in the normal metal and arbitrary
values of the ratidRp /Ry .
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[. INTRODUCTION In the previous papémwe have studied the influence of
the last two effects on the Andreev conductance and the Jo-
The essence of the superconductive proximity effect is thesephson proximity coupling in S-I-N and S-I-N-I-S struc-
existence of Cooper correlations between electrons in normalires(where “I” denotes an insulating tunnel barrjetJsing
metal in contact with a superconductor. The microscopiche renormalization group method, we have calculated both
mechanism leading to the proximity effect is Andreev quantities including the region of strong fluctuations,
reflectiorf of an electron into a hole at a normal-metal— In2(1/TT)>g. Cooper-channel repulsion was found to
superconductingN-S) interface. The probability of Andreev  modify results of semiclassical calculations by the power-
reflection (as opposed to normal reflectiomnd thus the |5 factors<TY™8. The effects of the Coulomb zero-bias

strength of the proximity effect is determined by the trans-nomaly(in the case of an unscreened static Coulomb inter-

parency of the N-S interface, which may be relatively weak,.jo were found to be even stronger, the corresponding

due to the presence of a tunnel barrier or mismatch bem’ee&)rrection factor being of  the order of

Fermi velocities of two materials. Disorder in the normal _ 2 2 . .
conductor near an N-S contact is shown theoreti¢aflyo exd —(1/47°g)In“(A/T)], whereA is the gap in the super
conductive terminal. However, the results of Ref. 1 are lim-

increase considerably the effective probability of Andreev, . T .
reflection(see Ref. 7 for a recent review from the experimen-'teOI to th_g lowest tunneling approximation, i.e., V‘T‘l“d under
tal viewpoind. However, when the normal conducting region the conditionRr>Rp, whereR; andRy, are the resistances

is made of a dirty metal film or two-dimensional electron gas®f the tunnel barrier in the normal state and of the diffusive
with low density of electrons, the Coulomb interaction in theNormal conductor, correspondingly. General semiclassical
normal region(neglected in Refs. 336gets enhancédand  theory of N-I-S systems with arbitrary ratRy/Rp usually
leads to strong quantum fluctuations which suppress the Areglects interaction effects in the N part of the strucfufe.
dreev conductance. Several different kinds of quantum efThe effect of the Cooper interactigwith strength\) on the
fects are known to be relevant in low-dimensional conduc-Andreev conductanceG, was studied by Stoof and
tors at low temperatures. Quantum corrections to théNazarov’ for an N-S structure with the ideal interface and
conductivity of two-dimensional dirty conductors grow loga- one-dimensiona(1D) geometry of the normal wire, in the
rithmically as temperatur@ decreases and become large atfirst order ovenn. The relative correction t&, was found to
In(1/T7)~g [whereg=(A/e?) o is the dimensionless con- be small, of the order af <1. The effects of the interaction
ductanceg is the conductance per square, anig the elas- upon noise in N-S structures had never been studied before,
tic scattering tim¢ There are two main types of these ef- to the best of our knowledgéor a discussion of N-S noise
fects: weak localization correctiods? and interaction- in the absence of an interaction, see Refs. 18 and 19 and the
induced correction$. Other important quantum effects review in Ref. 20.

include interaction-induced suppression of the tunneling con-  In this paper we generalize our approafir the case of a
ductance (Coulomb zero-bias anom&ly") and disorder- strong proximity effect(arbitrary relation betweelR; and
induced suppressidfit® of the superconductive transition Rp), in the presence of Cooper interactions in the normal
temperatureT.. The corresponding corrections are of the conductor. We calculate the Andreev conductance of 2D
relative order ofg~'In?(1/Tr), i.e., much stronger than the N-I-S structuresshown in Fig. 1 at low (compared taA)
weak localization and interaction corrections. temperature and voltages, as a functiorteRy /Ry and of
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fact that the specific form of the Coulomb ZBA depends
crucially on the long-range behavior of the Coulomb poten-
tial, whereas renormalization of the Cooper-channel interac-
tion depends on the short-distance Coulomb amplitude only.
If long-range Coulomb forces are suppreséeal, by placing
a nearby screening metal ggtehe Coulomb ZBA effect
may become weak, and the main effect comes from the
short-range repulsion in the Cooper channel. This is the situ-
ol ation we are going to study in this paper.
i ™ Another limitation of the present discussion is that we
FIG. 1. A small superconductive islaii) of size 2 connected ~ Will consider the case of a two-dimensional geometry of the
to a reservoifR) through a tunnel barrigt) and a dirty normal film  current flow between the superconductive and normal elec-
(N) of size 2.>2d. trodes of the structure, as shown in Fig. 1. This will make it
possible to construct a unified functional renormalization
the “decoherence time” of an electron and the Andreev-group treatment that takes into account modifications of the

reflected hole, /€, , where (), =max(T.eV,eDHc). We  proximity effect strength both due to multiple Andreev re-
demonstrate that the Cooper interaction effects in 2D ar@ections and due to Cooper-channel repulsion.

substantially different from the 1D case considered in Ref. Finally, we restrict our present discussion to a low-
17. In particular, af), <Eq,=%D/L? the lowest-order rela- frequency domainw<D/L2. It can be shown that the
tive correctiondGa/Gp scales as\ InL/d and grows with  frequency-dependent Andreev conductatoéw) does not
the size of the systerh. We sum up the main logarithmic contain significant frequency dependence at scaies
terms of the order ofX InL/d)" and find that Cooper repul- =p/L2, due to the long-range nature of the Coulomb inter-
sion may lead to nonmonotonous dependenceGaf on  action which makes electron liquid effectively incompress-
Rp /Ry and/or on the decoherence energy séale. ible up to a much higher frequency scale defined by the
Technically, our method is based on the Keldysh func-nverse time of electric field propagation across the structure.
tional approach for disordered superconductdmoposed However, the specific form of the proximity action
previously for normal conductors in Ref. 2TThe basic ob- Syl Qs,Qn] as a linear combination of the traces of
jeCt of this theory is the 8 8 matrix field Q(t,t,,r) which (QSQN)n is valid 0n|y in the |0w-frequency domain. A gen-
depends on two time variables and one space coordinate. lgga| discussion of the action becomes much more involved in
average value gives the electron Green func@(r,r) at  the high-frequency region, and we will postpone this subject
coincident points. Fluctuations of tlig matrix describe slow  for future studies.
diffuson and Cooperon modes of the electron system. In the The rest of the paper is organized as follows. In Sec. Il we
case of spin-independent interactiofreduces to a X4 introduce the Keldyslr-model action and describe a general
matrix. This method seems to be more convenient than thgcheme of expansion in terms of diffusive slow modes. Sec-
replica functional approacfr*®as it does not require a te- tion Il is devoted to the derivation of the functional renor-
dious analytic continuation procedure and allows for the dimalization groupfFRG) equation for the case of noninteract-
rect study of nonequilibrium phenomena. In the lifi#  ing electrons in the normal conductor. It is shown that the
>Rp studied in Ref. 1, integration over diffuson and Coop-resulting equation for the functiom(x) which parametrizes
eron modes reduces the problem to an effective actiofhe action exactly coincides with the Euler equation for the
Sorod Qs Qn] for the proximity effect, which contains two  generating function of the transmission eigenvalligslis-
terms only, TQsQy and TrQsQy)?, describing transport of cussed in Ref. 22. In Sec. IV we show how physical quanti-
single electrons and Cooper pairs, respectivBreQs and  ties such as conductivity and current noise can be expressed
Qn correspond to the superconductive and normal boundin terms of the functioru(x). The main new results of the
aries of the systejn At arbitrary relation betweeRr and  paper are presented in Sec. V. In Secs. VA and VB we
Rp , the proximity action contains an infinite series of terms,derive an additional term in the FRG equation, which ac-
Sprod Qs Qn]*Z -1 ¥aTr(QsQn)". A set of parametery,  counts for the electron-electron interaction in the Cooper
can be conveniently parametrized via the-periodic func-  channel. The solution of the full FRG equation and the cor-
tion u(x)==,_,ny,sinnx that encodes amplitudes of pro- responding results for the Andreev conductance are dis-
cesses ofi-electron transfer through the system. The evolu-cussed in Sec. V C. The effect of an interaction upon the
tion of u(x) as a function of the rati®;/Rp is found with ~ current noise is studied in Sec. V D. Section VI is devoted to
the use of the functional renormalization group method apthe study of the dependence of the conductance and noise on
plied to the actior,{ Qs,Qn]- temperature, voltage, and magnetic field, which suppress the
In this paper we will not consider the weak localization Cooperon  amplitude at the energy scal&),
and interaction corrections assuming that the sheet condue=max(T,eV,eDH/c). It is shown in Sec. VI C that repulsion
tance is relatively largeg>In(L/d). We will also not take in the Cooper channel may lead to a nonmonotonous depen-
into account the effect of the Coulomb zero-bias anomalydence of the effective interface resistance(dp. Section
(ZBA) on the Andreev conductance. The possibility of ne-VII contains a discussion and conclusions. Some technical
glecting Coulomb ZBA effects while treating the Coulomb- details are presented in Appendixes A and B. Appendix C
induced repulsion in the Cooper chariffet®is due to the contains an analysis of the Andreev conductance in a 2D
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_l- _ qﬁO
S-I-N structure by means of the standard method qf the USZZWez(l—e_qu)/QH47Tezb. As was discussed at length in
adel equation in the presence of a Cooper interaction.

Ref. 1, the effect of long-range fluctuations of the electro-
magnetic potentialwhich lead to the Coulomb zero-bias
Il. KELDYSH o-MODEL ACTION anomaly is determined by the long-range part of the bare

The Keldysh action for disordered N-S systems derived i Coulomb mteraqtlon, and thus is _suppressed once the Cou-
rgpb potential is screened, having the relative order of

S:r]::crilbﬁzgnbse represented as a sum of the bulk and bounda Hn(87veb)In(1/Q 7). We consider the case of a relatively
o - ; - short screening lengthy and neglect long-range electric fluc-
' The bulk aCtlon.Sb”'k s a fur_lct|ona[ of three fluctuating tuations and tﬁe C?)Eb;omb ZB?A effectg Ongthe other hand
fields: the matter fiel@(r,t,t") in the film, the electromag- - /1 p in g ced repulsion in the Coober chathBidoes
netic potentiale(r,t), and t_he_ order parameter _fieMr,t) not depend on the long-range part\&f(q) and is left un-
used to decouple the quartic interaction vertex in the Co0pe&thanged by the screening gate. It is this effect of interaction
channel: which we are going to consider in this paper.
i In terms of theo model (2.1), diffusionlike collective
. " )
= THD(VO)2+4i(ird+ B+ K excitations of an electron system are described as slow fluc-
Shuk="7-TMD(VQ) (im0t +5)Q tuations of theQ matrix over the manifoldQ?=1. Small
5 fluctuations near the metallic saddle popt=A can be pa-
+Trd" (Vo t+2v) o+ —VTr5+aX5, (2.1)  rametrized by the rotation matr{ =1+W/2+ - - -, with W
A obeying the relatiofW,A}=0. This constraint is resolved

where D is the diffusion coefficient in the filmyp is the by

density of states at the Fermi level per single projection of W, Wy, Wot W,
spin, and\ is the dimensionless coupling constant in the W=u|l — _ _ _ ) u, (2.3
Cooper channel. WotW,T,  WyTx+tWyTy/
Being a matrix in the time domaiQ(r,t,t") is also a 4 - '
X4 matrix in the direct producK®N of the Keldysh and where the matriu is defined as
Nambu spaces. Pauli matrices in tKeand N spaces are 1 E
denoted byo; and 7;, respectively. The field) satisfies a u:( ) ) (2.4)
nonlinear constrainQ?=1 and can be parametrized s 0 -1/,

=U"YAU where A=A, is the metallic saddle point and . _ . .
07z P Variablesw; with i=0,z couple to diagonal in the Nambu

1 2F(e) space matrices and describe diffuson modes, wiijlavith
) (2.2 j=X,y couple to off-diagonal in the Nambu space matrices
K and correspond to Cooperon modes. Their propagators are
given by

AO(G)Z(O 1

The matrixF(€) introduced in Eq(2.2) acts in Nambu space

and has the meaning of a generalized distribution function. _ 1 1
In equilibrium F(e)=tanh(/2T), and its general form is (Wi(q)elszwi(—q)QEl):
F(e)=f(e)+fi(€)7,, wheref,(E) is the anomalous distri-

bution function which is a measure of the branch

imbalancé®?* The object ¢=(¢;,¢,)" is a vector in (Wi(Q) .o Wi(—Q) >:_i 1
Keldysh space, with, , ¢, being the classical and quantum R 24 TV DG —i(€1+ €)
components of the field. They are given by the symmetric

TV DQ—i(e1—ep)

and antisymmetric linear combination of tlfefields on the o o 1 1

forward (“f” ) and backward"“b” ) branches of the Keldysh (Wi (@D e, e Wi(—Dye) =~ —> =5
contour: ¢, ,= ¢+ ¢p)/2. In the Keldysh technique, exter- TV DQ +i(et+e€r)

nal (nonfluatuatingfields (e.g., applied voltagehave only a (2.9

classical component, while physical results can be obtainegianeral contraction rules for averaging GFrAW-TrBW)
by taking derivatives with respect to the quantum compo-yervy are listed in Appendix A.

pent; cf. Sec. IV. Flugtuating fields have both componeﬁts. In two dimensions, the actiof2.1) can be studied by the
is a shorthand notation for the matri= ¢100+ $20% N renormalization group approadh! At each step of the RG
Keldysh space. SimilarlyA=(A,A,)T, andX stands for a procedure one has to eliminate fast modes with eifer
4x4 matrix K=[7,A1—7_AJ]og+[7.A,—7_A3]oy, +AQ>maxDo? e —e)>Q (for diffusony or Q+AQ
wherer.=(r,*i7)/2. >max(Do?,e;+€)>Q (for Cooperonswhere() is the run-

In Eq. (2.1, Vy(q) is the bare static Coulomb potential ning ultraviolet RG cutoff. There are two types of logarith-
between electrons in the dirty film. Below we will consider mic corrections to the actiof2.1). Weak localization and
the situation wheVy(q) is screened due to the presence ofinteraction corrections have the relative order of
a nearby metal gate. In particular, if such a gate is situated @~ In(1/Q7) and modify the conductanag of the system.

a distanceb from the dirty film, parallel to it, Vy(Q) Quantum corrections of the other type have the relative order
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of g 1In?(1/Q 7) and emerge in renormalization of the Coo-
per channel coupling.. They become essential at such
scales where localization corrections are still small and can

be neglected. In this caseis the only running parameter of FIG. 2. The second order in the correction to the action. The

the bulk action which satisfies the RG equatioh horizontal line schematically designates the N-S boundaryith
the two semicircles below it denotin@g in the island and the

two-line object above it representing the Cooperon in the normal

O\ metal.

2 yN2442
=—NtAg,

e (2.6

- 1
g 277\/5’
I1l. FUNCTIONAL RG: NONINTERACTING CASE
where/=In(1/17) is the logarithmic variable. The first term A. General idea
on the right-hand sidéRHS) of the RG equatioli2.6) is due ) ) ) o
to the usual BCS logarithm, whereas the second contribution !N this section we will apply the renormalization group

is the effect of Coulomb repulsion between slowly diffusing {réatment to the system consisting of a small island coupled
electrons. to a diffusive metal film by a tunnel barrier of arbitrary trans-

The bulk action(2.1) describes dynamics of the electron Parency. The effects of t_he Cooper inte_:raction in the_film will
system in the metal film. The possibility of tunneling be- be considered later on in Sec. V, while now we will study
tween the island and the film is taken into account in thgoninteracting electrons. In this section we will restrict our-

lowest tunneling Hamiltonian approximation by introducing S€lves to thezero-energy limitwhen both temperatur&,
the boundary term in the action: voltageeV, and frequencyw are smaller that the Thouless

energyEr,=D/L?, and the perpendicular magnetic length
. ly=V®y/H (P is the flux quantum and is the applied
Sun=— ”TTYTerng- 2.7 magnetic field is shorter than the system sike The effect
of larger T, V, or H is to destroy Cooperon coherence at
scales larger than migD/T,+D/eV,l}, and will be stud-
Here Qi refers to the island, spatial integration under theied in Sec. VI. The effect of high-frequencwé Eqy,) volt-
trace is taken over the area of the interfdGeand y is the  age is twofold: it suppresses Cooperon coherence and also
dimensionless normal-state tunneling conductance per ungerturbs the local electroneutrality of the electron system.
area of the boundary. We will not study this effect in the present paper.

Below we will consider thick enough superconductive is- The method developed in the present section can be ap-
land so that the absolute vall¢| of the order parameter is plied to both the normal and superconductive islands. How-
not suppressed by proximity to the normal film. The corre-ever, since the rest of the paper will be devoted mainly to the
sponding condition reada |>G+/vVjg, with Vg being the  study of charge transport in the N-S system, all formulas will
island’s volume. Also, the size of the islardi,is supposed be written for the case of a superconducting islagy,
to be smaller than the superconductive coherence length seQg. In order to translate them for the case of a normal
that for T<T, the only relevant degree of freedom in the island, one has to substitu@s by Q, and the word “Coop-
island is the phase of the order parameter. In the Keldysh eron” by the word “diffuson.”
formalism, one has to introduce its classiaal, and quan- Renormalization of the total actio,,+ Sy, describing
tum, ¢,, components, and arranging them into a mafix an N-S contact is a complicated task. The main problem one
= @100+ @04 ONe can writeQg in the subgap limit €  encounters here is that this action does not reproduce itself
<A) as under renormalization. In the lowest order over the tunneling

transparencyy studied in Ref. 1, the boundary ter(g.7)

Qe=—ir.e¥+ir e ¢, (2.9 ggnerates the next-order term)Tr(QsQ)2 in the actipn,

with y, obeying the RG equatiothy,/d{= y?. The physical
meaning of this relation is simple. It describes the process
when a Cooper pair tunnels from the island, coherently

barrier and biased at some voltage with respect to it. In th ropagates in the normal metal as a Cooperon, and then re-

case the island’§ matrix can also be formally expressed in urns back to the island. The resulting expression is bilinear
terms of the superconductive phase: in Qg (taken at the times of the first and second tunngling

and involves a logarithmicallgin 2D) large factor due to the
o o probability of returning to the original point. The corre-
Qn=¢€"?Ae™ 2%, (2.9 sponding diagram is shown in Fig. 2.

In order to clear up the structure of the leading logarith-
with ¢/2 having the meaning of the single-particle phasemic corrections at arbitrary interface transparencies, let us
which is conjugated to the number of electrons on the islandonsider the diagrams of the fourth order oyeshown in
(while ¢ is conjugated to the number of Cooper paiis  Fig. 3. All of them ought to havéeelikestructure since any
both cases the applied voltay€t) can be accounted for by loop yields an additional small factaf/g<1. For two of
the Josephson relatiaiyp, /dt=2eV for the classical com- them, labeled bya) and(b), successive Andreev tunnelings
ponent of the phase. are connected by free Cooperons and diffusons, whereas the

We will also consider below the example of a norrrabn-
superconductiveisland connected to the film by a tunnel
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pose below will be to establish the law of transformation of
a) b) Q the coefficientsy,, and to derive the corresponding multi-
NN NN Al charge renormalization group equation.
c) /Z/\R\ B. Derivation of the multicharge RG equation
o o o > According to the general approach discussed above, at

FIG. 3. Three leading logarithmic corrections to the action at thee.aCh step of the RG. procecjure one has to calculatg a correc-
fourth order iny. tion AS, , to the action which results from connecting two

piecesS, and S, of the boundary actio(3.1) by a fast dif-
process shown in Fig.(8) involves four-Cooperon interac- fusion mode. This give§ a logarithmic contribution at §cales
tion vertex(Hikami box) in the bulk. Due to spatial integra- 1arger than the |sland25|zdaand, consequently, at energi@s
tion, each of these diagrams evaluates to the third pawer Smaller thanw,=D/d*. Therefore in this case it is conve-
of the logarithm, and they exhaust the number of the mosient to define the logarithmic variable as
divergent diagrams of the fourth order.

Figure 3 suggests an idea that the treelike structure of §=Inﬂ=2 InE 3.2
corrections to the action may be suitable for the RG ap- Q d’ '
proach. Indeed, for each tree one can find the branch with the
smallest momentum, say, If we cut the whole tree over Wwhere the current spatial scafeis related to() throughQ
this branch, it will break up into two pieces which could be = D/R?. For the purposes of the RG, the form of the island
calculated at the previous steps of the RG procedure sindg of no importance, and all expressions depend only on the
they contain only momenta greater thiptThe diagramga)  total normal-state interface conductar@@e. Hence, one can
and(b) conform well to this scheme; however, it is not clear formally consider a pointlike island, with the transparency
how to treat the bulk nonlinearity in the diagrafm. To  in Eq. (2.7) becomingy=Gy and TEX=TrX(r=0).
overcome this problem we will employ our freedom to  Our aim is to derive an effective low-energy action of the
choose an arbitrary parametrization of the fi€léh terms of phaseé on the island; therefore we consid®g as a slow
the matrix W that can change the relative contribution of variable and decompose only metall@ into the fast and
different diagrams. For the problem in question, the choiceslow parts. Such a decomposition consistent with the expo-

of the exponential parametrizatio@= A expW), nullifies  nential parametrization adopted is given byQ
all diagrams with Hikami boxes within the RG precision. To =0~ 1A exp@)U, whereU is a slow rotation matrix and

see this, we note that the leading logarithmic contribution g 5 fast variablé:!® The relevant interaction vertex reads
arises from integration over the fast momentum, so that the

energy dependence of the diffusion propagat@rs) can be ., A M1 an
neglected. To this accuracy, the matrid&sand VW com- Sintn=—17°gNyp Trr(QsQ)™ "QsU “AW'U, (3.3

mute and the term THQ)2= — Tr(VW)?2 becomes Gaussian »
in W therefore thereﬂa(lgz)a no norflin\t/a\gr vertices in the bulk inwhere the additional factor af accounts the fact that the fast

the zero-energy limit. Note also that the same exponentigf!usion mode can be coupled to any mat@xin S,, and

parametrization is used usually for the solution of the UsadeR=U"*AU. The form of the vertex3.3) corresponds to the

equation®'” for the Green functions of disordered super- treelike structure of the diagrammatic expansion discussed in

conductors. Sec. I A. The lack of higher-order terms W in Sy
Thus, in the exponential parametrization, diagrams of thé@mounts to neglecting closed loops by virtue of the small

type shown in Fig. &) are absent and one can carry out theparametei/g.

RG procedure based on the treelike structure of the leading For k#n, the correction to the action is given S, ,

diagrams. Following this approach we present the total ac=i{SikSinin). This average(in the zero-energy limjtis

tion as a sum of the bulk paB,, and the parS: which  given by Eq.(A3), with

arises from the single tunneling acti¢2.7) under renormal-

ization: A=U(QQ)* QU A, (3.43

sr=n21 S\= —iwzggl Y Tr(QsQ)". (3.0 B=U(QsQ)" QU 'A. (3.4b

The renormalized boundary acti¢8.1) describes processes Calculating the logarithmic integral over the fast momentum,
of multiple Andreev tunneling coupled by coherent propaga-2Mitting the tilde sign over slow variables, employing invari-
tion of two-particle diffusion modes in the normal metal. It is @nce of the trace under cyclic permutations, and using the
determined by the infinite set of coefficieriteharges™ y,  elationsQ*=Q&=1, we get finally fork#n

and is a functional of the phas,é of the island’s order pa- -,
rameter. Oncey,’s are known, one can easily calculate the _!79 k+n_ [k=n|
Andreev conductance and other quantities related to charge ASen=5 knnnALTrl(QsQ) (QsQ)™ .
transfer through the systefsee Sec. IV B Our main pur- (3.5
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Thus we see that averaging of the ter§isand S, from the t=0
action (3.1) modifies the termsS.,, and Sy with ar
Ayiin= = (12)knyynAZ and Ay n = (L/2)knyy,AL. 1
Analogous calculation oASk,k=(i/2)(Sﬁmk> yields
i 729 g 2
3
AS =7 KA LTrH(QsQ)%, (3.6 4
which results in renormalization of the coefficieAty,, 10
= — (L4)k>yRAL. 0 ,
Taking into account all possible pairingsS, ,, between 0 /2 T
the terms of the actio(3.1), we derive the main equation X
that describes evolution of the charges under renormal- ) . .
ization: FIG. 4. Solutions for the Euler equatidB.10 at different val-
ues oft=al(.
d 17! 13
d’;” =2 2 K(N—K) Y ¥n_k+ > E K(N+K) Y ¥nsk- The solution of the Euler equation is conveniently ex-
k=1 k=1

pressed through the variable-al= G+/Gp which is equal
(3.7 to the ratio of the tunneling conductance of the bar@grto
Initial conditions for these multicharge RG equations¢at the conductance of the metal fil®p =4mg/{ at the current
=0 follow from the bare tunneling actiof2.7): scale. The_ SO!UtIOI’] for cﬁfferent values bis shown in F|g.
4. The derivatival, () diverges at=1, exactly at the point
where Gp=G;. For t>1, the discontinuity (“shock
» Yn>1(0)=0. (3.8 wave”) develops ak=+ 7. Fort>1, the solution acquires
a sawlike type withu(x)=(a/t)x=(Gp/4mQ)X.

Gt

71(0)=35%

Note thatQ:é:l is the only property of the island'®¢
which was used to derive the RG equati¢Bs’). Therefore C. Proximity action
these equations universally describe both normal-metal and
superconductive islands on the same footing.
Equations(3.7) look quite complicated. Their hidden al-
gebraic structure becomes transparent after Fourier transf
mation. To this end we introduce am2periodic function
u(x) of an auxiliary continuous variabbe according to the

In the previous section we have established the transfor-
mation law for the coefficienty,, of the multicharge action
0@.1) under the action of the renormalization group. After
eliminating diffusion modes up to some value of the loga-
rithmic variable, the action becomes a functional of the
island’'s Qs and Q(R) in the film taken at the spatial scale

definition R~de‘? from the island. For a finite system bounded by a
% perfect metallic lead located at a distaricél >d) from the

u(x)= >, ny,sinnx. (3.9  island (see Fig. 1, renormalization of the action started at

n=1 the energy scaley should stop at the scale of the Thouless

energyEr,=D/L? when all diffusive electronic degrees of
freedom in the dirty metal are integrated out. The resulting
action

Transforming Eq(3.7) into anx representation we obtain the
following RG equation for the function(x):

u,+uu,=0. (3.10

The differential equation(3.10 is nothing but the well- Sprox[QSiQN]:_iﬂ'ng YaTr(QsQN)" (313
known Euler equation describing 1D motion of a compress- =t
ible gas, with playing the role of time. The initial condition s pbecomes the functional of the islan@s, Eq. (2.9),

for Eq.(3.10 at {=0 is given byug(x) =asinx. . and the matrixQy, Eq. (2.9), in the lead. Such an action
The Euler equationi3.10 can be easily solved with the resylting from elimination of the modes in the diffusive con-
help of characteristics. The latter are described by the folyyctor will be referred to as the proximity action.

lowing system of differential equations: According to Eqs(2.8) and(2.9), the only degree of free-
dom in the matriceQg andQy is the one associated with the
d_X:u @:O (3.11) phase rotation. In other words, externally controlled voltage
d¢ 7 d¢ ' is the only dynamical variable both in the island and in the

lead. Below we will assume that the metal lead is at zero
bias, so thaQy reduces to\ and the proximity action3.13
acquires the form

They are trivially integrated: u=ugy(Xy) and x=Xg
+Ug(Xp) <. In order to getu(x) = ug(Xp(X)) one has just to
find the inverse functiomy(x). Forug(x) =asinx, the func-
tion u(x) is implicitly defined by the relation

=—jm? n, .
400 =asix—u(x)Z]. (3.12 Swod Qsl=—im’g 2 7Tr(QsA)" (314
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In this formula, y,, are taken at “time”t=aly,, with {1y, The power of the Keldysh multicharge proximity action

= In(wq/E7,) =2 In(L/d). It can be calculated through the in- will be crucial if one has to go beyond the zero-energy limit
tegration of the FRG equatiai8.10 for the functionu(x, ) and, especially, for problems with the interaction. The corre-
up to the scaldyy,. sponding FRG equations replacing the zero-energy-limit Eu-

has to substitut®s from Eq. (2.8). Taking the trace over
Nambu space, we obtain that only terms with enerontrib- IV. PHYSICAL QUANTITIES

ute to the proximity action: o ) )
Now we will discuss how the actio8.14) together with

< . . the FRG equatiof3.10 valid in the zero-energy limit can be
Sp,OX[QS]z—Ziwng (=), Tre(e'?Age "?Ag)", used to calculate physically observable quantities. In this
n=1 section we will derive the general equations for the conduc-
(3.19 tance and noise power in terms of the coefficieptf the
where the subscrigf indicates that the matrix trace is taken proximity action, and will apply them to the noninteracting
only over Keldysh space. As explained in Sec. Ill B, thecase in order to demonstrate the functionality of the approach
action(3.14), after substitutiorQs— Qy, also applies to the in use. Thereby we will recover the known results of Refs.
case of the normal island. Using B@.9) for Qy and taking 3—6 and 18. The equivalence comes from the fact {ha}
the trace over Nambu space, we arrive at the following ex<arry the same information as the distribution functf(T)
pression for the action: of the transmission coefficients of the system, so that one can
calculate the conducting properties of the system with the
o (E2x —i2A AR help of the general formulas of Ref. 6.
SQn]=—2im gnzl YaTTk(€'¥°Age "¥Ag)". Once the proximity actio,,{ Qs] is known, the system
(3.16 conductance as well as the current statistics can be calculated
following the method of Ref. 1. We will suppose that the
Remarkably, for the noninteracting case, our functionisland is connected to the voltage source by an ideal conduc-
u(x,Zn) can be directly related to the generating function oftor so that phase fluctuations are suppressie effect of
transmission coefficients (¢) introduced by Nazardv(cf.  phase fluctuations will be studied elsewHéreln this case
also Ref. 22 Comparing our Eq(3.12 with Nazarov's Eq. the general expressiab= [ D ¢1D ¢,expliSyod ¢1,¢2]} for

©

(19) one can verify that the Keldysh partition function reduces toZ
=expliSyrod ¢s1.9s2]} Where s is the island’s phase con-
1 Tsinx trolled by the source. The dynamics of its classical compo-
2 —
4mgux)= fo 1_Tsin2(x/2)P(T)dT’ (3.17 nent is governed by the applied voltage through the Joseph-

son relationd ¢, /dt=2eV(t), while the current operator is
whereP(T) is the distribution function of transmission co- given by the derivative with respect to the quantum compo-
efficients normalized to the number of channels. Note als@ent of the phase:
that the appearance of discontinuityufx) for t>1 goes in
parallel with the opening of conducting channels with trans- . )
parenciesT — 1.% The sawlike solution for the functiom(x) I(t)= e (D) 4.9
att>1 result§ in Dorokhov's® bimodal distribution func- =2

tion P(T)=nGp/Ty1—T for the transmission coefficients In order to obtain the expectation value of currents taken at

of a diffusive system. different moments of time one should apply the operators
It might be surprising to realize the equivalence of the two(4.1) to InZ:

approaches since Nazarov's result is valid for any geometry

while our FRG equation apparently holds only in 2D. Such a o N

coincidence is related to the fact that both Nazarov’s deriva- {1ty 1) =1(ty)- - 1(tJIn Z[<P51,<P52]|¢52:o-4 5

tion and our derivation of the functional RG equati@10 (4.2

implied the zero-energy limit T,eV,o<Es,. Under this  Below we will employ these relations to calculate the con-

condition it is possible to derive the universal distribution of gyctance and noise for the case of the normal and supercon-
the eigenvalues of the transmission matrix as well as to neqyctive islands.

glect Cooperon decoherence in deriving E2110. Note fur-
ther that summation of the treelike diagrams for the action
can be performed without the use of the RG at all: one has to
integrate diffusion propagators over momentum indepen- To illustrate the formalism, we start by considering the
dently for each branch of the tree. But in the zero-energyonductance of the system for the case of the normal island.
limit, such integration is expressed in terms of the GreenWe will trace how addition of resistanc& and Ry is re-
function of the Laplace operator, thus reducing to the totahlized within the multicharge action approach and calculate
resistance of the system. Therefore, in this case(Bq0  the current noise power.

rewritten in terms of = G; /G remains valid for any geom- In order to calculate the current respor{$e to the bias
etry of the disordered normal region. voltage V one has to employ Eq$3.16), (4.1), and (4.2).

A. Normal junction: Conductance and noise
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Evaluating the functional derivative with the help of Eq.
(B5) we obtain for the dimensionless conductanGe
=(hle®)(1)IV

G=4mg>, n’y,=4mgu,(0). (4.3
n=1
According to the Euler equatio8.10, G obeysdG Y/ a¢
= 1/4srg, which amounts to the anticipated addition of resis-
tances:

_ 61 _ GiGo (4.4)
1+t G{+Gp' '
where
B 27Qg 4
D= In(L/d) (4.9

is the metal film conductance between the island and the

lead.

Equation(4.4), though derived in the low-frequency limit
w<D/L?, can be shown to remain valid for much larger
frequencies, up t@,4=2mo/L (for the bare Coulomb inter-
action or wma=4molb (if the Coulomb interaction is

PHYSICAL REVIEW B 63 134507

FIG. 5. Noise functionsP(t) (dashed ling and P4(t) (solid
line) for normal and N-S junctions, correspondingly, vs the ratio
= GT/GD .

4.9

and, therefore,

G3
PN(t)=l+ZG—$.

(4.10

screened by the presence of a gate situated at the didbance Equations(4.6) and (4.10 provide a general description

from the film; see Sec. I This frequency determines the
time scalew ., at which the electroneutrality of the system
sets in.

After this example let us turn to a more involved calcula-

of the noise power for an arbitrary relation between the fre-
quency (which should be smaller thaky,), voltage, and
temperature, and arbitraB; /Rp . Though it was derived in
the zero-energy limit, the conditionT (e V) <Eq, can be re-

tion of the current-current correlator at a fixed constant biasaxed since, for a normal island, charge propagation in the

V. Now one has to apply two current operatésl) to the
action(3.16). The corresponding functional derivative is cal-
culated in Appendix B. Substituting it from E¢B10) and
employing Eq.(4.3) one obtains

2

1
<le_w>=2—ﬁ{<3—PN<t>>~P<w>+§ PND[Y (w0 —eV)

+‘I’(w+e\/)]}, (4.6)

with the functionV (w) defined as
*° w
‘If(w)zfo [1—F(E+)F(E_)]dE:wcothz—T, 4.7

whereE. =E=* w/2. The functionPy(t) is given by

2"’IXXX(O)
~ u(0)

4.9

The third derivativeu,,,(0) can be easily calculated with
the help of characteristics. The one reaching the poin®
is obviouslyx({) =0 with xo=0. Writing u(x) = ugy(xg) and
using the relatiory,=[1+t cosxo]*lo&0 at xo,=0 we obtain

diffusive conductor is described in terms of diffusons which
are insensitive to decoherence.

In the limit V—0, Eg. (4.6) reduces to the Nyquist-
Johnson equilibrium thermal noise

_ezG ®
<|w|—w>Nyq_Tw COtrﬁ. (4.11

In the limiteV>(w,T), one obtains for the shot noise power

2

e“G
(I >Sh0t_¥PN(t)er (4.12
which coincides with Nazarov's resfibbtained via the dis-
tribution function of transmission coefficients. According to
Eq. (4.12), the Fano factdf of the system measuring the
reduction of shot noise compared to its Poissonian value is
given byFy=Py\/3. The functionP(t) is plotted in Fig. 5
by the dashed line. Fde>1, when the system resistance is
dominated by the diffusive conductor, the shot noise power
is 3 times smaller than its Poisson value. This result was first
obtained in Ref. 28 with the help of Dorokhov’'s bimodal
distribution?® and in Ref. 29, in the framework of the clas-
sical Boltzmann equation with Langevin sources.

The proximity action(3.14) together with the FRG equa-
tion (3.10 allows, in principle, for the calculation of higher
momenta of current fluctuations and even the full statistics of
transmitted chargécf. Refs. 30 and 311 We leave this prob-
lem for future investigation.
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B. Andreev conductance appears to be directly connected to our multicharge action
approach. Using the relation betwee(x) and distribution

In this section we will turn to the case of a superconduc - IS ! .
jof transmission coefficients established in E2417) for the

tive island. We will assume that the island is not very smal | ; o

so that its order parameter satisfi&s wg. This means that noninteracting limit, one can reduE:le E@.14 to the sum

at the scale§) < w4 relevant for the RG, quasiparticle reflec- overzconducuzng channelsGy=m""2,Tan, where Ta,

tion from the island is of Andreev type and one can use thé=2Tn/(2—Tp)". This equation is nothing but the generali-

subgap expressiof2.9) for the island’sQs. zation of the Landauer formula to the case of N-S systems
We write the current as a sum of the partial contributionsderived by Beenakket.

(I(t)), from different terms of the actiofB8.15:
L L C. Noise of NS current
STre(e'$Age™"¢Ap)"

Opo(t)

) Decomposing the current-current correlator into the sum
©,=0 of the partial contributions{Il I _,),, similarly to Egs.
(4.13  (4.13, using Eq.(B9), and employing Eq(4.14 we obtain

Calculating the derivative with the help of E@®4) we find

<| (t)>n:(_ 1)n2ie772972n

2
for the dimensionless Andreev conductance (I, 7w>:e3(2’* [3—Pg(t)]¥(w)
G =167Tg§, (—1)"M2yy=Amgul —|. (4.14 1
A = Yan X\ 2] : +5Ps(D[ ¥ (w—2eV)+ ¥ (w+2eV)],
Note that Eqs(4.3) and(4.14) for the case of the normal and 4.19

superconducting islands look very similar. The only differ-

ence is at the point where the derivative should be taken. where ¥ (w) is defined in Eq.(4.7). The superconductive
Now we will use the general expressi¢h 14 to calcu- noise functionP(t) is given by

late G, in the noninteracting case. The simplest way to get

u,(7/2) is to use the characteristics of the Euler equation - -
(3.10. We have to find the one which leads xe 7/2 at 221 (=1)"'n%yzq Uy (77/2)
“time” t. Writing its initial point asxy= 7/2— ®(t) we ob- Ps(t)=1+ — =1- ZLXX( 2)
tain the following equation for the functio® (t): A\
g q ( ) nZl (_1)nn272n
O(t)=tcosO(1). (4.15 (4.20

For smallt, ® (t<1)=t+O(t%) while in the limit of larget,
O(t>1)=m/2—w/2t+O(t"2). Now, applying d=[1
+1 coSXg] iy t0 U(X) =Ug(Xo) We obtain

Equation(4.19 has the same form as its analog for the N
island with the replacemer®(t)— Pg(t) and eV—2eV.

The origin of this analogy was clarified by Muzykantskii and
Khmelnitski*® who showed that the whole N-S counting sta-

y (Z) _ asin.®(t) (4.1  tistics in the noninteracting case can be obtained from the
2] 1+tsin@(t) counting statistics of normal electrons by replacifig
and, finally —Tan and doubling the charge quantuesn- 2e.
' ' For the noninteracting system, the valueug{#/2) was
sin®(t) tsin®(t) calculated in Eq.4.16, and calculatingu,,,(7/2) in the
Ga=Gr117 sn@M ~ CoT+tsnom’ (4.17  same way we obtain
whereGp is defined in Eq(4.5). 77) asinO(t) 3atcogO(t)
In terms of the resistance, the zero-energy regult?) Usxx| 5| =~ ; - . .
can be written as Y e [1+tsinBO] [141 Sln@(t)]5(4 21

Ra=Rp+ Ry efrs (4.18 Thus, we get

whereRy ¢«(t) = Ry /sinB(t) has the meaning of an effective

interface resistance connected in series with the metal-film . 1+01tan®+306 cot®

resistancd?Dz(h/ez)G,gl. The former decreases with the Ps()=1+ 2[1+0 tan@]*

increase oRp due to disorder-induced enhancement of An-

dreev reflection determined by the probability of returning towhere® =0 (t) is defined in Eq(4.15.

the origin. In the limit of vanishing bias, Eq4.19 with Pg(t) from
Equation (4.17) for the Andreev conductance had beenEq. (4.22 reproduces the Nyquist-Johnson thermal noise

previously derived by Volkoet al.® and rederived later by given by Eq.(4.11), with G being substituted bys,, Eq.

Nazarov both with the help of the Usadel equatiand the  (4.17. In the opposite limit of large biagVs>(w,T), it

generating function of transmission eigenvalti@is latter  gives the power of the shot noise between the normal and

approach, though formulated in a very different languagesuperconducting terminafs

, (4.22
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The leading logarithmic contribution of a diagram from

aW\/\ b) é\ Fig. 6 is due to themomentunintegration in each diffusion

G V/\V/—\V 4 V/—\V J mode except for one of the Cooperons adjacent to the vertex
S, . whose contribution is logarithmic due to tleaergyin-

; 9 g\ tegral fdE/E. The corresponding part of the diagram con-

¢ taining such a Cooperon is shadowed in Fig. 6. Thus, each of

m & WA\ S the diagrams shown in Fig. 6 evaluates to the fourth power

of the logarithm,c\ y*£4.

) f)/\/—ﬂ To achieve this situation, the ener§yand momenta in
g the shadowed part of the diagram must obey some inequali-
m 7N\ m ties. First, the momentum of the Cooperon adjacent taxthe

o ) _ _ vertex, g, must satisfy the relatioDg?<E. Second, mo-
FIQ. 6. Leading dla_grams in the fourth prderynand the first  menta of all other shadowed Cooperogs, must satisfy the
order in\. Shadowed is the piece of the diagram where the loQa’reIatioaniZ>E. Only under these conditions does the dia-

rithmic contribution of_the Copperon adjacent to thevertex re- gram evaluate to the maximal power of the logarithmic vari-
sults from the energy integration.

ableZ.
5 Were all diffusion modes in the shadowed region of the
ary :2e GAP (HeV (4.23 diagram Cooperons, the energywould be the slowest vari-
shot™ 3, 7S ’ able in this region. Then, on the level of the RG, the shad-

owed region would be taken into account by the pairing of

with the Fano factoFs=2P</3. The functionPg(t) is plot- the vertexS, with the multicharge actioy [Eq. (3.1)] ob-

ted in Fig. 5 together with its analog for the normal junction i~ at the previous steps of the RG procedure. SEice

Pn(t). On increasingt, both Py(t)/3 and P(t)/3 evolve would be the slowest variable in the shadowed part, all me-

from the valI;JSe of 1 descgplng theh Pgl_z:soQ noise :t a tun:etlamc Q’s entering the actioi® paired toS, should be set to
contact to corresponding to the diffusive conductor. M\, indicating that no further pairings with slower variables

excess factor of 2 n Eq4.23 accounts the fac_t that in an are allowed to the shadowed region. As a result, as will be
N-S system charge is transferred by Cooper pairs. Our reSUlESnown in Sec. V B, the shadowed region will give a correc-

agree with the results of Refs. 18 and 33. .
. . tion to the termS; oy, TrrQ<Q. However, the shadowed re-
The results obtained in Secs. IV B and IV C refer to thegion might contain diffusons as well. Their momengaare

zero-energy limit. In Sec. VI we will extend our theory to the not restricted by the inequaliyDg?>E and may be

>Eqyp,. ! .
case of large temperature or voltage, nfaaty)>Ex, “slower” than the energyE. Were this the case, the multi-
charge actiorn(3.1) would not reproduce itself upon pairing

V. EFFECT OF AN INTERACTION with S, since one would not be able to perform the integra-
IN'THE COOPER CHANNEL tion overE as the result would depend on the next steps of
A. General idea the RG.

o Fortunately, the diffuson contribution in the shadowed

Here we calculate the effect of repulsion in the Coopery,rt of a diagram can be disregarded. This can be seen al-
channel on the renormalization of the effective boundary aCeady from the diagrams of the fourth order shown in Fig. 6.
tion (3.2). In the lowest order over thg interface transparency,o\mong them only diagrarfc) contains a shadowed diffuson.
the RG equation fory, was derived in Ref. 1. We will ex-  yowever, direct calculation shows that its contribution to the
tend this result to account for the whole set of chafggs.  action vanishes identicalff. This statement can be general-

As in Sec. Ill, we first turn to the analysis of the lowest- jzeq to arbitrary order. One can prove that any diagram con-
order perturbative corrections to the action. The Cooperaining a diffuson in the shadowed region is exactly zero.
channel interaction is described by the following vertex in Physically, the shadowed part of a diagram accounts the cor-
the bulk action: rection to the Usadel spectral angte (cf. Appendix Q

which is determined solely by Cooperon modes.
w2 VN

s [ drdwro @707, 6

B. Functional RG equation

obtained from thesr-model action(2.1) by eliminating the To calculate the correction to the action due to the pairing
fluctuatingA field.* The treelike diagrams for the action of S =1(SintnSint,x) ONe should extract one fagt’ from S, ,

the noninteracting system should be modified now by all 2

possible insertions of the vertex8g. In the lowest order in T = , ,

the interface transpareney (cf. Fig. 2), that was carried out Sintp = 4 T QAW = 7,W'y), (5.2

in Ref. 1. The diagrams of the fourth orderjnand the first

order in\ are shown in Fig. 6. They are obtained from theand another one fror§, according to Eq(3.3). The only fast
diagrams of F|g 3 by insertions of the Cooper vertex de_Variable to be integrated out at this Step of the RG prOCEdUre
noted by a dot. The latter cuts a diagram into two parts witHS the energyE running over the Cooperon propagator
independent energy integration variables. (W'W"). This fast energy runs also over &l's under the
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trace NSy p. SubstitutingQ= A (E) into Eq. (3.3 as ex-

PHYSICAL REVIEW B3 134507

tains the logarithmic contribution of Cooperons integrated

plained above and performing the averaging over the faspver fastE>(), to the Cooper interaction vertewithout

Cooperon in( Sy nSint, ) With the use of Eq(A2), we obtain

Andreev reflection processes from the island, i.e., tdotre

that only the terms with odd give a nonzero contribution to  A(¢). This procedure ensures that no double counting of
the action (hereafter the tilde sign over slow variables is diagrams occurs in proceeding with the RG, and leads to Eq.

omitted:
Saa=(— 1)(n= 1)/2I7T gn')’n f fdtdE’dE
' (27)°E

Xtr{[QsAo(E)]"+[Ao(E)Qs]" oxtQ. (5.3

SinceE is a fast variable, alQg(t) are taken at the same

time t, and Q= [€'“'Qg' _ vi2e' + wi2(dw/277). The sign in
the above equation comes from commutatiorrp€ontained
in A=Agyr, with Qg in order to transform QsA)" to
(QsAo)"™

Let us calculate

Mp={(QsAo)"+(A¢Qs)", 0y}, (5.9

which enters Eq.(5.3. It can be written asM,={X"
+ X" "0}, where X=QgA,. According to Eq.(2.8), Qg
contains the classical and quantum pai@=p+qoy.
Then it is easy to show that1,;=4QgF(E). Now we will
show by induction that for all odd, M,,= M. Consider the
difference M, ,—M,. It contains X""2—X"—X""
+ XN 2= (XML X (X=X = AX) (X=X D2

Within RG accuracy, the distribution functidh(E) =sgrE
so that F?=1. Under this condition, X—X 1)?

=[Qs,A,]?>=0, which proves the statememt,, =M.
Substituting
{[QsAG(E)]"+[Ao(E)Qs]", 0} =4QssgrE (5.5
into Eq. (5.3), we get
Sin=(=1D)""Vam3gny NA{TrQQ. (5.6

Therefore, onlyS; is subject to renormalization by the
term:

[

=22 (=D'(21+ 1) yy.q.

(d71 5.7

dg

due tox

As a result, an additional term will appear on the RHS of the

Euler equation3.10:

sinx.

u§+uux=—)\(§)u<; (5.9

Here A({) is described by the bulk RG equatidd.6) de-

rived in the absence of the tunnel coupling between the is- d_§:U' dg

(5.8).
The explicit dependenca(¢) can be easily found?’
from Eq.(2.6):

Ng+Agtanhn ¢
MO=——T"—,

d
1+ )\—gtanh)\gg

(5.9

where\ g= 1/2\/g, N4 is defined at the energy scalg, [cf.
the definition(3.2) of the logarithmic variable],

1
Apt )\gtan%‘( )\gln—wdT)
)\d:

: (5.10

Nn 1
1+—tanh Agln—

Ag WqT
and\, is the interaction constant at the energy sdadle.

C. Andreev conductance

Here we consider the effect of repulsive interaction in the
Cooper channel of a normal conductor on the Andreev con-
ductance, in two limiting cases of weak and strong interac-
tions. Of course, we always assume that the dimensionless
coupling constank <1. We will see below that the limit of
a strong interaction means>G+/41g, and thus can be re-
alized at a relatively poor transparency of the interface. How-
ever, we will see also that even the wealsolution produces
the interaction-induced correction ®, which grows loga-
rithmically with the spatial scalé and eventually crosses
over to the strong-coupling limit where the nonperurbative
treatment should be carried out.

Wherever possible we will perform an analytical calcula-
tion for an arbitrary relation betweexy and\,. Otherwise
we will assume thah () had already reached Finkelstein’s
fixed pointA 4= =1/27\/g, which is valid if either\, is of the
order of\q or In(Liwy7)>g.

1. First-order correction

We start by treating the RHS of E(b.8) perturbatively.
The equations for the characteristics of E§.8) have the
form

dx

)\(g)u( )smx (5.11)

land and the film. Note, however, that in the presence of
tunneling, the real Cooper interaction vertex in the film, The presence afi(7/2,£) in Eq. (5.11) which is determined
Nim . Will be additionally modified by Andreev reflections by the trajectory reaching= /2 in “time” ¢ introduces a

from the N-S boundary. Nevertheless, E§.8) should con-

nonlocal in{ coupling between different trajectories. In the

tain the bare bulk (£). The reason is that within our multi- lowest order ovei (¢), we search for a solution in the form
charge RG approach, all effects of the N-S interface are exx({)=Xg+ag sinxy+ ({) andu({) =a sinxg+ du({), where

incorporated into the boundary action3.1).

plicitly

ox and éu are proportional to. and vanish at=0. Substi-

Therefore, at each step of the RG procedure, one has toting this into Eqs(5.11) and keeping only terms linear in
couple the renormalized boundary action, which already con\, we obtain
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¢ XsimO(t)(1—x)]dx. 5.1
x(0)=-a ‘(- Dr(mcoge(an] omE=0] &1
0 It is instructive to compare Ed5.17) with the result of
X SinXo+ a7 sinxy]d 7, (5.1  the standard calculation @, by means of a direct solution
of the Usadel equations. The first perturbative correction to
¢ G, due to has been studied in Ref. 17 in 1D geometry, and
ou(g)= —af A(m)cog O(an)]sinXo+ansinxy]dz. we present a generalization of their approach to the 2D case
0 (5.13 of Fig. 1 in Appendix C. The resulting expressi¢g19
' looks pretty similar to Eq(5.17). The difference is that Eq.
Thereby, we know the characteristics of E§.8) in the first  (5.17) contains, in general, the renormalized coupling con-
order over\({). As we have already seen in Sec. IV B, in stantA({) which depends on the energy scale through Eqg.
order to calculate the Andreev conductanc&, (5.9, while the resul{C19) is expressed in terms of the bare
=4mgu,(m/2), one has to search for the characteristiccoupling constank 4 defined at the scaley; cf. Eq.(5.10.
which leads tox=/2 in “time” (. Resolving equation Therefore, even on the level of the first correction the results
x(¢) = /2 we find that the initial point of such a trajectory, of the functional RG treatment, E¢5.17), and of the Usadel

Xo= 12— 0O (al)+ 6xq, gets shifted by approach, Eq(C19), are somewhat different, with the former
carrying more information. The main difficulties one en-
P a counters proceeding with the Usadel equation are outlined
" 1+a¢sin®(al) below.

The Usadel equation contains, in principle, the logarith-
1— 2) }dn mic dependence of({) which follows from the first term of
{ Eqg. (2.6) in the absence of a Finkelstein correction({)
(5.14 =Ng/(1+Aq40). It emerges as a result of the self-consistent
' determination of the proximity-induced in the normal
compared to the noninteracting case. A nonzeiofluences metal; cf. Eq.(C3). However, in order to take these effects
the derivative u,(w/2)=(duldxy)/(dx/dx,) which deter- into account within the approach presented in Appendix C, it
mines the Andreev conductance in two ways. The first corwould be necessary to solve the whole problem with higher-
rection 6Mu,(7/2) to the quasiclassical resu#t.16) is re-  order accuracy ing, which seems to be an extremely com-
lated to the change of the initial point, of the trajectory. plicated task. The main complication is the appearance of the
The second correctiod®u,(7/2) is due to the modification supercurrent flowing in the normal region that leads to the
of the functional dependencesx(f¢) andu(?) versusx, by  rotation of the phase(r) of the anomalous Green function
the terms(5.12 and (5.13. A straightforward calculation and also mixes both componeritandf, of the distribution

¢
xf0<§— n)x(n)COi(@(an)JCO{@(aD

yields function. As a consequence, the problem becomes hardly
tractable.
50 (77) acosO(ag) (5.15 In the interacting case, the situation with the quasiclassi-
Uyl = |=— . i
x| 2 [1+azsin®(al)]? 0 cal approach becomes much more involved, as one has to

supply the Usadel equation with the equation for the electric
and potential. As a result, the whole system of kinetic equations
becomes so complicated that its solution presents not a tech-

@ [T a nical but rather a conceptual problem. Therefore, our ap-
Uy 277 1+ in® ZJO)\(W) proach seems to be the only tool to study the effect of the
[1+afsin®(ag)] Cooper channel interaction on the conducting properties of
” 2D N-S systems.
X00i®(a77)]005{@(a§) 1- z” Staying within first-order accuracy ovar, we identify

N({)=\q4 and find exact agreement between E§sl7) and
X[1+aznsin@®(ag)]*dz. (5.16  (C19. Moreover, two contributions to the correction @
given by Eqs(5.15 and(5.16 have their direct counterparts
within the Usadel method: the first one is due to the modifi-
'Gation of the spectral angl(r =d) [cf. Eq.(C10)], whereas
the second one is, physically, due to the correction to the
distribution functionf,(r=L) by the presence of the in-

Finally, with the help of Eq(4.14 we obtain for the An-
dreev conductance in the lowest order over the Coope
channel interaction ({)

%: tsin'®(t) _ L) ducedA [cf. Eq.(C18)].
Gp 1+tsin®O(t) [1+tsin®(t)]® The somewhat cumbersome expressimi7) can be sim-
plified in the limiting cases of small and large~ort<1, the
% flh(xg)(l—x) ®(Xt)cos{®(t)(1—x)]dx noninteracting Andreev condulctar@é\o)wG@C%D, and one
0 X has for the interaction correctiofG,=G,— G
1 [1+xtsin®(t)]? O(xt) 5Ga 1

- N(X ——=-2 J)\ 1-x)dx. 5.18

é’JO ( g)[1+tsin®(t)]2 " G £, (x0)(1—=x)dx (5.183
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In the opposite limit>1, the conductance is determined by face resistance which starts to grow with the increasé of
the diffusive conductorG{®~Gp, and The behavior oRy ¢(t) att=a/\4 will be studied in Sec.
V C3.
6Ga

o 1 mX
G _—ngo N(x{)x cos-dx. (5.18h

2. Strong repulsion

An important consequence of Ed8.18) is that the relative If the Cooper interaction is strong in the sense that

value of the correction to the subgap conductance is pro- G
portional to\{ at any value oiG;/Gp, including the case Ag>a= —T, (5.20
of a completely transparent interface Wi(h}l=0. Thus, 4mg

our result differs from the one obtained by Stoof andihen the initial stage of the evolution afx) is better repre-

Nazarov who considered the same kind of problem in thegented in terms of the RG equations for the coefficients
1D geometry and found a weak regular correctieix only. and y, [cf. Egs.(3.7) and (5.7)];

The growth of the interaction-induced correction in 2D indi-

cates that qualitative changes in the behavior of the function dy, dy, )

u(x) do occur at large enough scalésnd one has to sum d—§= =N y1s d—§= Y (5.2)
the leading logarithmic termsa¢)".

In the most general case of arbitrarf(), the FRG equa- wherex(¢) is given by Eq.(5.9). Simple calculation gives
tion (5.8) should be solved numerically. However, in the

limiting cases ofstrong and weak Cooper interactions, an akg
analytical solution can be obtained. The former refers to the Y1) =75em [+ NgsinhN g’ (5.223
P - ; 9 9 d 9
situation when the first correction, E¢.189, becomes of
the order of 1 already in the limit of weak transparency of the a2/4
barrier,t<1. The latter applies when the first correction, Eq. R — 5.22
_ _ rst correctio Al T (5.22h
(5.18h, becomes important only in the diffusive reginte, gCOthA gL+ Ay

>1. The boundary between the limits of strong and wea sr=x"1 ; ; : ;
repulsion in the Cooper channel slightly depends on the ré—b\t £>£1=)g ", the first harmonicsy, vanishes, while the

1_ _ 52 }
lation betweer\y and\ 4. In the rest of this section we will zegﬁg?n Ogibsiurggi?jli:&tance ?s/?rfgrfi)\\/ge)ﬁ J he corre
consider the case whexg~\y. Then repulsion is strong P 9 9ap 9 y

(weak provided that\ ;>a (A j<a). We want to emphasize G2
that the notion of strong and weak interactions refers not to GS«l)= _ 167rgy(21)=—T. (5.23
the value of\ itself but to the ratio./a=4mwg\/G+. In both 4mg(Ng+Ng)

cases the interaction correction can be either small or larg
depending on the value of{=47g\/Gp .
The limiting cases of strong and weak repulsion will be

g\t the scale{=¢; higher harmonicsy,-, are still much
smaller thany, once the conditiori5.20 is fulfilled, so that

considered in Secs. VC2 and VC3, and th@m Sec. .
V C 4) we will turn to the discussion of the general case of u(x)=—-asin2x, a=-——. (5.24
arbitrary \. 2(NgtAg)

Equat_lons(5.18) describe the Interaction correction to the From now on further evolution ofi(x,{) with the increase
total resistance of the system. It is instructive to study also

the correction to the effective interface resistance defined i"ﬁfegilrlsit?;\lligr?é/ittigﬁ(zogglc()g g;::;iﬂ?;ﬁi?;tg]ulaot)ixt\?vill
Eq. (4.18. In the limit of strong repulsion, this correction is '

. - . be discussed in Sec. VI)AA change of variablesi(x,{)
determined by Eq(5.183. In the limit of weak repulsion, A - :
Rr o= Rr/sin@®(t)~R; is only a small part oR, at t>1. =v(y,7) with y=2x—m and »=2{ makes the solution for

The\ term is also a small correctiontit<a/\ . Expanding (Y. %) identical (up to the replacemer—a) to the solu-
Eq. (5.17) in the region k<t<a/\4 and assuming for sim- :[‘IOH for u(x,{) dlscusse_d in Sec. _III B. In particular, the
plicity that \(¢)=X\4, one obtains shock~wave develops in the solution far(x) at the scale
{r=12a=(Ng+ \g)/a? that is much larger thad; under
9.0 the condition(5.20.
I-—3 % (5.19 To find the subgap conductance of the system with
In(L/d)>{;, one should calculate, according to the general
where the first two terms come from expansion of 1&{t).  rule (4.14), the quantityu,(=/2,{) with =2 In(L/d). This
According to Eq«(5.19, Ry (t) first decreases withup to  calculation is simplified by the fact that(#/2,{)=0 at ¢
t~(a/\g)* and then starts to increase. This increase is & ¢{1. A similar situation was encountered in Sec. IVA
qualitatively new feature appearing due to the interaction. Awvhere the normal-state conductance was considered. Differ-
the upper boundary of applicability of Eq5.17, att  entiating Eq.(5.8) over x at x=/2 under the condition
~al\g, one hasRy ¢(t)/Rr~a/\g>1. Thus, even within u(mw/2)=0, one gets for the Andreev conductance
the range where the first correction is still small, weak Co0-9G, */9¢ = 1/4mrg, with the initial condition(5.23. As a re-
per repulsion changes the dependence of the effective intesult, one obtains

2
Ry et T

+
Ry 8t?

+
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11 1L s La t=0
Ga G 2mgd’ (629

where the first term is defined by E¢.23), and the second
term (which can be of arbitrary magnitude compared to the
first ong is the normal-state resistance of the filim units of
h/e?). The first term in Eq(5.25 has the meaning of the
effective interface resistance defined in E4.18. In the
leading order ovek4/a, Ry is given by 1G{ . Retaining 0
also the next-to-leading contribution, one can Wi as

u(x)

2
Gy
312

g

e_2RT -~ 4mg(Ag+Na) C(Ag/\g)
,e
A 67 Vo

a/10
: b)
(5.26 10

where the functionC(\4/\g) is of the order of 1 forkq
~N\g. The second term on the RHS of E&.26 is small
compared to both terms in E@5.25 once the conditions
(5.20 and In(/d)>¢, are fulfilled. 0

u(x)

3. Effect of weak repulsion at large scales

Here we study the solution of the FRG equati&mB) in 0 o T
the limit of weak repulsion. For the sake of simplicity we X
will consider the case of scale-independe(i{) = const cor- ) . )
responding to Finkelstein’s fixed point=\,,. FIG. 7. S_o_ll_mons for Eq(5.9) Wlth Na= 1_/2 for different val-
Consider first the qualitative effect of weak repulsion, YeS oft: (a) initial stage of evolution(b) solution for larget.
Ag<<a, on the evolution of the functiom(x). At smallt
<al/\g, it leads to a small reduction of the amplitude of the repulsion. The  corresponding dependencéY (s)
solution compared to the noninteracting case.tAta/\ =Rr ei(S)/Rp of the effective interface resistance obtained
>1, when this correction becomes of the order of the soluby numerical solution of Eq5.28 and normalized t&p, is
tion itself, u(x) changes its sign and becomes negative orshown in Fig. 8. The functioriY (s) has a maximumY

some part of the interval 9x<w/2. For even largett =0.406 ats=1.95, and in the limiting cases it is given by
>alNg, u(m/2) quickly approaches zero so that(x

<w/2)<0 and u(x>w/2)>0. Then the characteristics (1—2/m)s, for s<1,

(5.11) with x> 7/2 keep moving to the right, while the char- Y(s)= 1195 for s>1 (5.29

acteristics withx<</2 move to the left, to the direction of
negativex. As a result, a shock wave will appear alsoxat

=0, which, however, does not influence any physical results 4. Arbitrary A and t
given by the derivatives ofi(x) at x= /2. The numerical Solution of the FRG equatiof6.8) for arbitrary A andt
solution forA({)=\g=a/2 is shown in Fig. 7. should be obtained numerically. The effective interface re-
To analyze Eq(5.8) in the limit A j<a, itis convenientto  sistanceR; .« normalized to the tunneling resistarRe as a
make the following rescaling: function oft=Rp /Ry is plotted in Fig. 9as in Sec. V C 3,
S=Ng{, v=U/\g. (5.27
Then, in terms of the function(x,s), Eq. (5.8 takes the 04r
form
03}
vstovv=—v(ml2)sinX, (5.28 =
)
with the initial conditiony o(x) = (a/\ )sinx. = 02r
Since the magnitude of this initial condition is much
larger than 1,v(x,s) acquires a sawlike behavior at 01
~\g/a<1 (i.e., att~1). Therefore, the details ofy(x) are I
irrelevant for the study of the solution at large scalss, ootb——t .

~1, and one can formally consider the initial condition
vo(X) =Ax with A—oo. The solution for Eq(5.28 obtained
with suchv(x) does not depend ok, and describes a uni- FIG. 8. The universal functionY(s)=Rtes/Rp Vs s
versal behavior of the system for 1 in the limit of weak  =(In L/d)/7\g.
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FIG. 9. Dependence of the effective interface resistance
Rr.e(t)/Rr vs t=Rp /Ry for different values of\/a obtained by
numerical solution of Eq(5.8) for \({)=const. The dashed line
corresponds to the noninteracting case;0.

FIG. 11. The effective interface resistan@e ¢« normalized to
its limiting value at Gp*== (see Fig. 1D as a function of
\/§/GD:)\Q§/2 for various values o6 /+/g. The plot corresponds
to Finkelstein's fixed poink =\,=1/(27/g).

we consider \({)=Ag=consi. The dashed line shows e will see in Sec. VI that such a nonmonotonous depen-
Rr et/ Rr=1/sin@(t) for the noninteracting casgcf. Eq.  dence ofRy ¢(t) will manifest itself in a nonmonotonous
(4.17]. temperature and voltage behavior of the subgap conductance.
For the case of strong repulsioRg>a, Rre(t) very In this section we assumed thetZ) had already reached
quickly (at t~a/hg<1) reaches its asymptotic value and jts fixed-point value )\gzl/(zm/a), so that \y/a
saturates aRy e(t=°)~(2\g/a)Ry; cf. Eq. (5.26. The  =2.,/g/G;. Thus, the limits of strong and weak interactions
limiting value Ry () decreases with the_decreasexgﬂa are separated b@;~/g. For Gr<\/g, the interaction is
up tokg/a~1. For smaliky/a, corresponding to the case of gyong and foiG> /g (and, in particular, for the case of a
weak repulsion, it starts to grow again Wilr e(©)/Rr  completely transparent interfacs; =), the interaction is
;1-1(5;5)‘/ )\rge ’agﬁggrdi![rs]g ;Zy?é?oﬁ? \5\;?:2 ”;;t :grg‘és gglte weak. It is then r;/a_tural to measure all dimensionless conduc-
T, eff : tances in units of/g. The effective interface resistanBg
~alkg. The dependence @y eq(>) as a function ohg/a  ormajized to its limiting valueRy () at large spatial

is shown in Fig. 10. ; i —g/2= i
The most striking feature of Fig. 9 is a nonmonotonousscales(Cf' Fig. 10 as a function ofg/Gp=s/2 Moll2 s

. shown in Fig. 11, with different curves corresponding to dif-
dependence dRr (1), especially pronounced for weak re- ferent values of31/\/g. The asymptotic curvédashed ling
pulsion, Ag<a. In this limit, the effective interface resis- T/VG. ymp

tance significantly exceeds its noninterating vaR4eat large ?;tge\/_tragspe;;ientR|qter:ac§Tgoz, |s| glt\lfn l.by.tRT];Eﬁ
scalest?(a/)\g)l’z. Such a nonmonotonous dependence_ [ gz(e p/A)IRp: cf. Eq. (5.29. In this limit, for
arises even within applicability of the first-order correction Rp>#i/e"yg one has
(5.17) as discussed at the end of Sec. V C 1. Another impor- 2
tant feature of Fig. 9 is that the limits—0 andRp—c do e_RA
not commute Indeed, for any small but finiteAg, h

Rt er(t)/ Ry will eventually (though at very large) deviate

from the noninteracting dependen@ashed line in Fig. © D. Noise
and become large.

_0.6+ 1 IL 53
—\/—a Hna (@

In this section we will analyze the effect of interaction on
the noise of N-S current. As shown in Sec. IV C, the current-
current correlator is determined by the noise functyt);
see Eqs(4.19 and(4.20. Qualitatively,Pg can be estimated
by comparing the effective tunneling resistariRe ¢ with
the diffusive resistancdp. If Ry ¢>Rp, then Ps~3,
while in the opposite caseRf <Rp) Ps~1. As in Sec.

V C3, we will assume here that the({) has already
reached its fixed point=\4. ThenPg becomes a function
of two parameters=Rp /Rt and)\g/azz\/ﬁlGT. Summa-
rizing results of Sec. V C, one can sketch the boundaries
3 i — between regions withPs=3 and Ps=1 on the plane
0.1 1 10 (logt,log(G1/4/g)); see Fig. 12.
Ma In the case of strong repulsi@y,< \/g, the functionu(x)

FIG. 10. The limiting valueRy f(t==)/Ry vs Ma [for N({)  Very quickly (att~Gr/+/g) reduces to the second harmonic,

=consi. Eq. (524, and Rr; saturates at Rpeq=R$)

20

Rrer(*) /Ry
3
T

[3,]
—TTT
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logE
g1/7-
P=1
Vo
4 2
// &
’ P’
P,=3
// Ko
0 log R,
P,=1
FIG. 13. Noise functiorPg(s) vs s=2\/§/GD for the case of
weak interactionG1>/g.

FIG. 12. Schematic map of the noise coefficiPgtas a function _ + 24

of the tunnel and diffusive resistances in the presence of Cooper Ps(s)=1- ( 2 g2 ;

repulsion\=\y. The dark area refers to the tunnel linfig~3,

whereas light regions correspond to the diffusive regime With

~1. VI. TEMPERATURE, VOLTAGE, AND MAGNETIC FIELD
EFFECTS

s=1-0.058s. (5.32

=(4g/G7)R; [cf. Eq.(5.23]. As explained in Sec. V C 2,
further evolution ofu(x) is analogougafter a proper rescal-
ing and shift of variablesto the evolution ofu(x) for the In this section we consider the case of a superconductive
noninteracting case considered in Sec. Ill B. The propertysland in the situation when temperature and/or voltage are
u(m/2)=0 makes the calculation of the noise functiBg  high compared to the Thouless energy or the perpendicular
analogous to the calculation of the functiBy for the case magnetic length, = \®,/H is shorter than the system size

of the normal island; see Sec. IV A. So one obtaifs" L. Then Cooperon coherence is destroyed at the energy scale
=P\(Rp/RY). Thus, in the limitG;<\/g, the crossover Q,>Eq,, whereQ, =max(T,eV,eDHc). At the same time
between the tunnelRs=3) and diffusive Ps=1) character We will assume that the frequeney of the external voltage

of noise is shifted td~ \/g/G;>1; see Fig. 12. (or curren_) is smaller than the Thouless energy.

In the limit of weak repulsionG> /g, the situation is According to the general approach explained in Sec. Il C,
more interesting. Fot~1, interaction corrections can be W€ have to determine an effective proximity action via the
neglected andPs is given by the noninteracting expression RG procedure accomplished down to the energy sEaje
(4.22. So, att~1, Pg decreases from 3 to 1, the correspond-NOW the whole energy interval of the R@>Q>Eq,, can
ing boundary being shown in Fig. 12. Later, tat G/\/g be d|V|c'ied into two regions with @fferent FRG eqqaﬂons. In
>1 (whenRp~7#/e? \/ﬁ) interaction corrections become rel- f[he reglqnwd>Q>Q* ' reno_rmall_za'uon of the aCt'OfB'l.)
evant. In this regionRy ¢ is of the order ofRy (cf. Fig. 8), IS des_cnbed by E_q(3.10) denve_d in Sec. Il for the nhonin-
and one may anticipaté thet, will deviate from 1. For even teracting case or its anald§.8) in the presence of an inter-

largert when the resistance is dominated by the diffusiveacuon' In the region(}, >{>Ey,, Cooperons are sup-

conductor,Pg will eventually reduce to 1. This crossover pressed .Wh.'le diffuson _modes still contribute 1o the
region is marked in Fig. 12 by the dashed lines renormalization of the actio(B.1). Thus, at large scale§)

The behavior ofPg in the crossover region~Gy/+/g =4, , the charges, depend on two RG “time” arguments

. . . ¢ and £, =In(wy/Q,). For {>¢, , the bulk matrixQ is
>1 can be obtained by numerical solution of E5§28. The * I *
resulting Pe(s) is plotted as a function ofs=\gl purely diagonal in Nambu spagef. Eq. (2.3)]. On the other

- hand, according to Eq2.9), the island’s matrixQg is off

— — 2 S

;(In Léd)/a-r\/@.—_Z(e r/ri) R_DO\/gg[C];' ﬁ% 5327% in Fig. 13. diagonal in Nambu space, due to the Andreev nature of the
s(s) has a minimunPs=0.99 ats=0.40 and a maximum subgap tunneling across the interface. As a resul@4@)"

Ps=128 ats=3.25. . with odd n vanishes, and sg,’s with oddn do not contrib-
The negative derivative d?g(s) for s<1 can be obtained ute to the multicharge RG equati¢d.?) at scalest> ¢, .

analytically. Seeking the solution of E¢5.28 as a series To describe the evolution of,’s at {>¢, , one should

overs, one finds modify the derivation presented in Sec. Ill B for the case of
X (1—Ccosx) evenn. The difference is that now only the first line of Eq.
v(x,8)=—— ———+0(s), (5.3)  (A2) corresponding to diffuson pairing contributes to the av-
S 2x erageAS, ,=i(SikSintn)- But for evenk andn, and at
where the first term is the usual saw function, while the other>{, , the matricesA and B defined in Eq.(3.4) commute
terms are due to the RHS of E(.28. Now, with the help  with 7,. Then the zero-energy limit of the first line of Eqg.
of Eq. (4.20 one gets fos<1 (A2) reproduces EqA3) used in the derivation of E¢3.5).

A. General analysis
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Hence, we conclude that evolution pf,n,} at{>¢, is de-  eron coherence is lost, am} .¢(t) saturates at the constant

scribed by the same E3.7), with all y,q,1; set to zero. level Ry ¢x(t, ), becoming independent &, anymore. As a
To describe evolution of the s¢y,} at{>¢, , we findit  result,

convenient to introduce Fourier transformation with respect

to evenn: Ra(t,ty)=Rp+ Ry ety ), (6.7)

o 1 V\(hereRD=ngt= In(L/dl)/leqm is the energy-independent re-
T(x) = i =_ _ — sistance of the normal film.
U(X)_nzl 2N YznSin ANX= 2 [uC)—u(r=x)]. 6.0 Considerations that lead to E@.5 can be generalized to
higher correlators of current as well. To logarithmic accu-
racy, the noise power is given by the zero-energy expressions
(4.19 and (4.20 with u(x,¢) replaced byu(x,Z;¢,). The
u;+uu,=0. (6.2  quantitiesu,(m/2) and U,(7/2) entering this expression

- can be calculated similarly to E¢4.9):
The functionu(x,¢;¢,) that determines physical quantities

Then the FRG equation for the functiar(x) acquires the
form of the Euler equation:

(see belowis then given by the solution of E¢6.2) with the ~ (7 Ux(7/2,84)
initial condition Ux E,g“,g“* 1+ (- L)ul(ml2.L,)] (6.8
~ 1
ULy i) = 5lux L) —u(m—x8)], (6.3 axxx<;§;§*): Ul 712,8) 69
[1+(§_§*)ux(77/2:§*)]

whereu(x, ¢, ) is the solution for the FRG equatidh.8) at ) )
¢, =In(wy/Q,). We want to emphasize that the reductionAS @ result, the current-current correlation function can be
* */

u(x)—u(x) at {={, describes the crossover from thk, written in the form similar to Eq(4.19:

<Eq, to O, >Eq, regimes only with logarithmic accuracy. e2GA(t,t,) 1
The number in the correct cutoff of logarithm is beyond the (I ,l_,)= T([S— Pq(t,t,) ]V (w)+ EPS(t,t*)
RG precision.
Below we apply the described scheme to the calculation
of physical quantities. To determine the Andreev conduc- X[V (w—2eV)+V(w+2eV)], (6.10

tance at large), >Eqy, in terms of the functioru(x) we

should use a generalized version of E4.13. Namely, we  WhereGy(t,t,) is given by Eq(6.7), and the noise function
should take into account that far>Ey,, parametersy,, Ps(t.t,) depends now on two RG “time” variables. Using
depend on the energy argumentunning under the tradef.  Eds.(4.14), (4.20, (6.5), and(6.7), one obtains

Eqg. (B3)], since it is just the value of which determines the 3
Cooperon coherence scale. Thys,(€) should be put under P(tt,)=1+ Ga(tity)
the sign of Tr in Eq.(4.13. The trace operator contains an St G3(t, ty)
integral over e those main contribution comes frora

~Q, . As a result, we obtain the following expression for Here bothGa(t, ,t,)=Ga(t,) andPg(t,) are given by the

[Ps(ty)—1].  (6.1D

the (nonlineay current: zero-energy results at=t, .
e? B. Noninteracting case
1(V)=+Ga(Q,)V, (6.4 °
1. Andreev conductance
where the value ofG,({1,) is determined to logarithmic 14 calculate the Andreev conductance we substitute
accuracy as Rr efi(ty) =Rr/sin@(t,) into Eq. (4.18:
~ n Tl i
GA(Q*)EGA(t,t*)=4wgux<§,§;§*). (6.5 ()= Gr Sm(t*) G, tsm'®(t*) ’
* 1+tsin®O(t,) 1+tsinO(t,)
Calculation ofu,(w/2) is very simple sincel(7/2)=0: 612
which can be obtained from the zero-energy regtilt?) by
(1IGp) _ 1 6.6 the replacemen® (t)— 0O (t, ).
al . 47g’ ' Below we apply Eq(6.12) to the analysis of two specific
* examples.
cf. the normal-metal case discussed in Sec. IV A. We start from the case of thinear conductance as a

Equationg6.5 and(6.6) can be naturally interpreted with function of temperature. The corresponding cur@&gT)
the help of the effective interface resistai®g.y introduced  for several values of the ratio=G+/Gp are presented in
in Eq. (4.18. An important property of this quantity is thatit Fig. 14. In the limitG>Gp any dependence oh disap-
is formed by Cooperons only which are taken into accounpears and N-S conductance is equal to the diffusive conduc-
by the FRG equation faun(x). At scales>t,=al, , Coop- tance Gp. This result is in disagreement with
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FIG. 14. The linear Andreev conductan@g(T) normalized to FIG. 15. The nonlinear Andreev conductar@g(T,V) normal-

its zero-temperature value I$E+, for different values of the ratio ized to the linear conductand8,(T,0) vs the ratio 2V/T for
t=G1/Gp. The plot corresponds to the geometry shown in Fig. 1T/E,=10. As in Fig. 14,04/E+,=400. Different curves corre-
with L/d=20, i.e., q/Et,=400. In the intermediate regiom spond to different ratios=G+/Gp: 0.1 (bottom), 0.5, 1, 2, 10
~Eqy, (sketched by a dashed linecorrections are nonlogarithmic  (top).

and cannot be taken into account within the RG approach.

asg7 _ _ i Gt hc 1 . Ec
calculationd®>*” which predict, for an ideal N-S structure in te(H)= P I———-R 5 5epH/ I’
the 1D geometry, a conductance maximunirat E, with 79| 2eHd €
the relative magnitude about 10%he so-called finite-bias (6.14

anomaly. This discrepancy is due to the limited precision of where (x) =d In T(x)/dx is the digamma function.
our calculation scheme, which is equivalent to the summa- | ihe limiting case of weak interface transparenty

tion of the main logarithmic terms. The finite-bias anomaly 1 the Andreev conductance is given by
is due to the energy dependence of the effective diffusion ~’

constantD(€) at e~Eq,, and this effect is beyond the main [ wy eDH

logarithmic approximation. As one can see from Fig. 14, the In— +1, for ev> T,—),

zero-bias anomaly is stronger than the finite-bias anomaly ev ¢

for small enough values df Ga(T,V,H) 2wy eDH
Consider now thenonlinear subgap conductance at high G2lany =q In aT +y, for T> eV,? ,

temperatureT>Eq, and arbitrary relation betweem and T

eV. At eV<T we are back to the linear conductance case |n2“’dc +y, for eDH>(T ev)

with t, =tr=(G+/4mg)In(wy/T), Whereas at large voltage ( eDH " c T

eV>T we havet, =t,=(G/4mg)In(wy/eV). (6.19
To find the behavior oG(T,V) in the crossover region wherey=0.577 . .. is theEuler constant. Comparing these

ev~T>Eqm, we r_leed to improve the logarithmic accuracy of asymptotics, we conclude that a crossover from the voltage
Eq. (6.12. To this end, we perform a more accurate calcu-

. . ) to temperature-dominated effective interface resistance oc-
lation of the energy integral under the trace in the general-

ized . f Eq(4.13 taking int t th curs at 2V~mel "T~4.8T. Similarly, a crossover from
ized version of Eq(4.13 taking into account the energy the temperature- to magnetic-field-dominated resistance oc-
dependence of,(E):

curs atH~mcT/eD.
For arbitraryt, the behavior of5, in the crossover region
tanr\I;—+—tan E—} should be obtained by numerical integration in E6.13.
T h2_T The corresponding plots @ ,(T,V) as a function of 2V/T
) for different values oft are presented in Fig. 15. Note, fi-
y tsinO(tg) (6.13  nally, that the difference between the nonlinear conductance
1+tsin®(tg)’ ' Ga(V)=I,/V and the differential conductancdl,/dV
should be neglected in the main logarithmic approximation.

Ga(T,V 1 (=
CaTV) _ 1 dE
GD 2eV]o

where E. =E*xeV and tg=(G1/47Q)In(wy/E). The loga-
rithmic factor Iny/E) comes from the integration over 2D 2. Current fluctuations
Cooperon modes/**dq/(Dg”* 2iE), which determines In order to calculate the noise functid®g(t,t,) at Q,

the Cooperon amplitude at coinciding poie., the prob- > Eq,, we substitute Eqg4.22 and(6.12) into Eq.(6.11). As

ability of return. In the presence of a transverse magnetic, result, we obtain

field, Cooperon modes are quantized, so integration over mo-
menta is substituted by the summation over Landau levels;

see, e.g., Ref. 36. Then the effect of magnetic field upon the Po(t,t,)=1+ 1+0,1tand, +30,cotd, ,
subgap conductance can be accounted by the replacement of * 2(1+0,tan®, )(1+tsin®, )3
tg in Eq. (6.13 by (6.16
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FIG. 16. Noise functiorPg(t,t,) vs (2, /Ex, for different val- FIG. 17. Dependence of the Andreev conducta®g(, )
ues oft=G1/Gp . As in Fig. 14, the ratiavy/Eq,=400. (normalized to the zero-energy vajuen the ratioQ), /Eqy, for dif-

ferent values oft. For all plots, wy/E,=400, A=A
where®@=0(t), ©®,=0(t,), andG,({1,) is given by Eq.  =10/g.
(6.5).

Equations(6.10 and(6.16) determine fluctuations of N-S of R; «(t,). The drastic change introduced by the Cooper
current as a function of temperature, voltage, magnetic fieldnteraction is thaRy «(t,) shown in Fig. 9 is no longer a
and frequency ¢<Er,) at arbitrary values of the ratib  monotonous function of, . Therefore, depending on the
=G1/Gp. The dependence of noise updi V, and o  relation between parameters of the problem, the subgap con-
comes in two different ways: via the function¥ (@  ductance may either decrease or increase with the increase of
*2eV) = cot(w*+2eV)/2T] and via the Cooperon cutoff (), . This unusual enhancement of conductivity with the in-
scale , =max(T.eViw,eDHc) which determines t,  crease of the decoherence energy sddle is most pro-
=(G+/Amg)In(wy/€dy). In the limit t—o, the function  npounced in the limit of weak repulsioG>2./g [we again
Ps(t,t,)/3 approaches 1/3 and the expression for noise reassume thak (¢) had reached Finkelstein’s fixed poing].
duces to the standard fotfhfor purely diffusive N-S junc-  |n this case, according to the results of Sec. V Rieity)

; 37
tion at Q, <Eg;.>" However, the range of where such a  gecreases with, att, <(G/\/g)¥* and increases with,

universal behavior sets in does depend ugbp: the in- ;¢ >(G1/g) Y cf. Eq. (5.19. Hence, the total conduc-
. ; cf. Eq. (5.19. ,

crease of(), leads to the decrease of the proximity angleisnce decreases with the growth @f, for Q,>Q,, and
®, , which, in turn, increases the factBg(t,t, ). A number increases fof), <Q.,, whereQ,,= wgexp(—cg’¥G3% and
of curves characterizing the behavior Ri(t,t, ) as a func- C=27T7/4(7T_2*)71/4§’14_3_ Since the total resistance is the

tion of O, /E+, at different values of are presented in Fig. sum of Ry o and Ry, [cf. Eq. (6.7)], the magnitude of the

16. effect is determined by the ratr «/Rp which, according
to Fig. 8, has a maximum &t G+/+/g. An example of such
a nonmonotonous dependence@{((}, ) is shown in Fig.

This section contains the main application of our theoryl7. The curves differ by the ratio= Ry /Ry and correspond
since variation of temperature, voltage, or magnetic field is d0 Gr=10\g (i.e., Ag/a=0.2).
natural tool to study system properties. Here all effects dis- In the opposite case of strong repulsi@®;<24/g, the
cussed in the body of the paper come into play altogether), dependence ofG, is absent fort*>GT/\/§ when
Therefore, we will repeat briefly the main concepts theRT‘eﬁ(t*) ist, independent. The reason is that strong repul-
reader could gain from the above discussion. sion makes Cooperons ineffective at scales ;=1\

At scales smaller than the Cooperon coherence lengtfyhen all y,’s with odd n vanish; see Sec. V C 2. Therefore,
VD/Q, , ie., at{<{,=In(wy/Q,), the system is described he reductioru(x)—U(x) at the scalg, leaves the function
by the_ functionu(x, ) which evolves according to the FRG u(x) intact, indicating that physical results &g, indepen-
equation(5.8). At larger scales{>{, , one should introduce gent, They becomé, dependent at relatively large scales
a “two-time” function u(x,{;{,). It is obtained from when¢, <¢y, i.e., at In@y/Q,)<2m\/g. The principal effect
u(x,¢) by the reduction(6.3) and obeys the FRG equation of (), is then to decreas8, with the increase of), .

(6.2. The conductance and noise power are given by Egs. Finally, we will dwell on theQ), dependence of the noise
(4.14 and (4.20, with u(x,{) being substituted by power. According to Eq6.10), the latter is described by the
u(x,Z;¢,) and {=In(wg/Emy) =2 In(L/d). The Q, depen- function P(t,t,) which now depends on two RG “time”
dence of the conductance can be easily expressed with tlegguments. Equatiori6.11) relates Pg(t,t,) to the zero-
help of the effective interface resistance according to Eqgenergy expressions f@,(t,) andPg(t,).

(6.7). We start from the case of the weak interaction. The cross-
In the noninteracting approximation the effect of large over from the tunnelPs=3) to diffusive (Ps=1) character
O, >Es, was to decrease the Andreev conductance comef noise att,t, ~1 is well described within the noninteract-
pared to the zero-energy limi), <Eq;,, due to the increase ing approximation investigated above. To study the noise

g» and Gy

C. Effects of interaction
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1.30

1.25

FIG. 18. Noise functiorPg(s,s, ) vss, for different values os.
The dashed line showBg(s, ,S,)=Pg(S,)-

function in the vicinity of the interaction-induced peakRyg
att,t, ~G1/\/g>1 (cf. Fig. 13 we substitute the functions
Y (s) andPg(s) shown in Figs. 8 and 13, respectively, into
Eqg. (6.11). The resulting dependence B(s,s, ) as a func-
tion of s, is plotted in Fig. 18 for different values af We
remind the reader thag(s,s, ) is defined afs, <s and re-
duces to the zero-energy result at coincident “times”:
Ps(s, .Sy ) =Ps(s,). The latter function is sketched in Fig.
18 by the dashed line. Taking into account tBat=\y{,

= (1/2m/g)In(wy/Q,), one obtains from Fig. 18 th&ts de-
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functional contains information about full charge transfer
statistics(cf. Refs. 30, 31, and 33

The proximity action functional is known once the set of
“charges” vy, or, equivalently, the periodic function(x),

Eq. (3.9), is specified. It was explained in Sec. lll C that the
function u(x) is directly related to the generating functional
for the transmission coefficients, introduced in Ref. 4. Actu-
ally, the proximity action approach bears an obvious analogy
with the scattering matrix approathas both describe trans-
port properties in terms of the characteristics of the terminals
(stationary-state Green functions of the termir@lsy in the
former versus asymptotic scattering states in the latter ap-
proach. The proximity action method is well suited for the
treatment of interaction effects in the contact region; the task
which is out of reach for the standard scattering-matrix tech-
nigue.

Actual calculation of the functioru(x) that determines
the proximity action is accomplished by the functional renor-
malization group method. In the simplest cése interaction
in the N region, and all relevant energies are much below the
Thouless energy scalEr,=#D/L?) the FRG equation re-
duces to the Euler equatidgB.10 for 1D motion of a com-
pressible gas. Although we derived this equation for the nor-
mal conductor of 2D geometry, its solution, E®.12), is
applicable(being expressed in terms of the ratie G;/Gp

creases with the increase of the Cooperon decoherence &9f-the tunneling to diffusive conductangete any coherent

ergy scale), (att,t,>1), as if the system becomes more

conductor. If higher-energy scaleQ=Eq, or electron-

diffusive. This trend is opposite to what one has in the non£lectron interactions are involved, the applicability of our

interacting case when the increase(df drives the system
toward the tunnel limit, thus increasir®s. Note also that,
contrary toPg(s) (cf. Fig. 13, P4(s,s, ) shown in Fig. 18 is
a monotonous function of, at a fixeds.

In the limit of strong repulsionG1< /g, the zero-energy
noise functionPg(t) exhibits a crossover from the tunnel to
diffusive regimes at~ \/g/Gy>1. NeverthelessPg(t,t,)
remainst, independent up to much smallef ~G+/\g
<1 corresponding to relatively
In(wq/Q,)=2mg. This effect is of the same origin as the
above-mentioned), independence of5, in the limit of
strong repulsion.

VII. CONCLUSIONS

large energy scales

FRG procedure is limited to 2D diffusive conductors. The
generalized FRG equation that takes into account interaction
constanin in the Cooper channel of the N conductor is given
by Eq.(5.8). We derive this equation and analyze its solution
in Sec. V analytically in two limiting cases of weak interac-
tion of arbitrary sign and of strong repulsion. We also pro-
vide the results of numerical solution of E¢(6.8) in the
intermediate region of moderate repulsion. The main feature
of the interaction effect in 2D is that it leads to the infrared-
growing corrections of the order of In(L/d), which should

be summed up nonperturbatively for the system of suffi-
ciently large sizd., for any value of the rati@/Gp . This

is in contrast with the 1D cas@s treated in Ref. 17 for the
case of the fully transparent interfadg; 1=0), where the
interaction correction to the resistance was found to be small,

We have shown in this paper that electron transporPf the order ofA itself. o
through mesoscopic N-I-S structures can be fully described 1he Physical consequences of Cooper repulsion in a 2D

in terms of the Keldysh-space proximity action
Sorod Qs Qn ], as defined in Eq3.13. This action is a func-
tional of two matricesQg and Qy, corresponding to the

proximity system depend on the relation betwaeand the
ratio G1/4srg. For clarity, we assumed that the interaction
constant had reached Finkelstein’s fixed point 1/27/g.

superconductive and normal leads. Throughout the paper, weUS, strong repulsion corresponds to a relatively weak tun-
choose the gauge with the normal lead being in equilibriumneling conductanc&r<24/g and vice versa. It is conve-
with Qu=A. The superconductive terminal is characterizednient to characterize N-I-S transport in terms of an effective

by the matrixQg which contains both the classicap{) and

interface resistand®r ¢, SO that the total resistance is equal

quantum (»,) components of the order parameter phase. Th&® Rp+Rrer. If Gr<2yg, then Ry es~(4\0/Gr)Ry
physical response and correlation functions of any order cakRr. This asymptotic result is valid at= G1/\g. At

be determined from the proximity action by calculating thelonger length scales, such that lWif)=m\/g, Cooper-
derivatives with respect to the quantum component at a givenhannel correlations are irrelevant and the form of the prox-
value of the classical component of the phase, as explainddhity action coincides with that of an N-I-N structure, up to
in the beginning of Sec. IV. In principle, the proximity action the replacements of charge quantum and tunneling resis-
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tance:e—2e and Rr— Ry «. As a particular example of to neglect them, as explained in the Introduction, is that rela-
this property, in Sec. V D we calculated the N-I-S noise in-tivé magnitudes of these effects scalegasin Q)|. However, -
tensity. In the opposite cas&>24g, the evolution of both of thege effects_ hav_e a hlgh-frequgncy cu.toff. at the in-
Ry o With the growth oft is rather unexpectettf. Fig. 11): verse elastic scattering time7l/and their contributions to
first it decreases with, reaches a minimum value of the the tunneling and diffusive conductances from the energy
order of Ry at t~(G1/+g)¥4 and then grows up to the scaleswy<Q<1/7 are not necessarily small. Since logarith-

asymptotic value 0/6/€%\/g att=Gy/+/g. Nonmonotonous mic corrections to the proximity action we have studied are

behavior with a maximum of relative height about 30% is°MNY from much lower-energy sgal@swd, these ef-
demonstrated by the noise power as well; cf. Sec. V D. fects can be considered separately: high-frequency fluctua-

At finite temperature, voltage, or magnetic field Cooperont'ons can be accounted via the replacement of the bare con-

; ; ductancesst andg by their values corrected by the WL and
coherence is destroyed at the time of the ordentf, , T :
where Q, =max(T,eVeDHic). We calculated the Andreev ZBA Effects at the energy scaleg,<{) <1/, provided that

conductance and shot noise power in the presence of thegée renormalized value g is still large.

phase-breaking effects in Sec. VI B for a noninteracting nor- In this paper we _con_5|der the Iow-_frequency_ case
<Eq, only. This limitation is due to technical complications:

mal conductor. The role of phase-breaking effects in theth. her f ies the effects of d : . hould
presence of repulsion in the normal conductor is discussed i Igher frequencies the etiects of dynamic screening shou
e taken into account, which makes the expression for the

Sec. VIC. In the case of a highly transparent interfage, proximity action much more involved. However, it is pos
>2\/§’ and atRp>Ry, an unusual *finite-bias” maximum sible to show that the results obtained for the Andreev con-

of the Andreev conductandB,((2,) is predicted(ct. Fig. ductance are still valid for frequencies up to a much higher-

17), which is a consequence of the nonmonotonous behaviqr . .
of Rreft) mentioned above. Contrary to the c*requency scalev,,, [defined after Eq(4.5)] at which the

well-knowr?>7 finite-bias anomaly atT,eV)~Exy, in the elgctrqneutrallty of the system sets in. Expe_rlmentally, N-S
. . ; X noise in the presence of high-frequency radiatiar®>E-y,)
noninteracting case, this new anomaly is expected at a much S . ; .

: Wwas studied in Ref. 38. We leave theoretical consideration of
larger value ofQ}, /E,. Moreover, it should be seen as a .
) T ; ~ . this problem for the future.

function of magnetic field as well. In simple terms the origin
of this new effect can be understood as follows: repulsion in
the normal metal produces a superconductive “gap func-
tion” in the normal conductor)y,, with negative(compared We are grateful to Ya.M. Blanter, G.B. Lesovik, and Yu.
to Agin a superconductpsign. Due to its opposite sig,y V. Nazarov for useful discussions. This research was sup-
decreases the conductance of the structure; therefore any derted by NSF Grant No. DMR-981234@\.I.L.), NWO-
coherence that reduces, leads to the increase of the con- Russia Collaboration grant, Swiss NSF-Russia Collaboration
ductance. grant, RFBR Grant No. 98-02-16252, and the Russian Min-

We did not consider in this paper the weak localizationistry of Science within the project “Mesoscopic electron sys-
(WL ) effect and the Coulomb zero-bias anomaly. The reasotems for quantum computing(M.V.F. and M.A.S).
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APPENDIX A: CONTRACTION RULES

The contraction rule for averaging ové is given by

dquldfz
(2m)*

1
<TrAw-Terv>:2wf X(0,€1,€), (A1)

where

X:tr[AleszlA1+Alz(Ao)szl(Ao)l_AlszleTz_Alszﬂ[Dq2+ i(€1—€2)(Ag)1]
(D?)?+ (€1~ €5)?

+tr[AleszlAl_A12(A0)2821(A0)1+AlszleTz_Alszﬂ[Dq2+ i(€1+€2)(Ag)1]
(DG?)?+ (€1 + €,)? '

Here Aj,=A(0,€1,€2), By=B(—0,€2,€1), An=A(€n), and (o) n=A(€y). The first(second line of Eq. (A2) corre-
sponds to diffusorfCooperon pairing.
In the zero-energy limiDg?> €, €,, this expression can be simplified as

(A2)

2 ( dgde,de, tr(A;,A5Bs A —AB
(TEAW- TrBW) =— qde de; tr(ApABoiA L — Al 21).
79}  (2m)* q°

(A3)
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APPENDIX B: CONTRIBUTION OF A SINGLE TERM
FROM THE MULTICHARGE ACTION TO THE
CONDUCTANCE AND NOISE

Here we calculate the quantity which describes the con-

tribution of a single term from the actiof8.15 to the dc
conductance of the system in the zero-energy linfi, (
<Em):

) L
5_432T|'K(e"pf\oe '¢Ao)n|¢2:o,

(B1)
with ¢, obeying the Josephson relati@r1=2ev. The de-
rivative can act either o'¥ or on e '¢ so that Eq.(B1)
reduces to

. [~ de
mleEtrKox[M”(V)— M (—=V)], (B2
whereM is diagonal in the energy space matrix,
1 2[F(e-)—F(ey)]
MedV)=Aole) Aole-)=| . ,
K
(B3)

and e. =e*eV. CalculatingM", integrating overe, and
tracing with oy one finds that both terms in E¢B2) yield
the same contributions, and

g IGA a—iEA N 8i ,
5—%TrK(e Ao '?Ap) |¢2:0=;n evV. (B4)
In a similar way one can obtain
4 T i$/2A —ia/ZA n _2| 2 V. B5
S50, re(e o€ 0) |¢2=0—;n eV. (BY

Now we turn to another expression emerging in calculation

of the current-current correlator from the actithl):

2
L,(t,t";V)=——Tr €PN A", 0.
W(LUIV) = e T A0 A0 o

(B6)

Here there are several possibilities depending on where the
derivatives act on. First of all we note that they cannot act on
the same exponer#? (or e '9). Indeed, in this case Eq.
(B6) would reduce to ™M"(V)=Trl that would give zero

according to the rules of the Keldysh model?* Therefore

there are four different contributiorisoinciding time indices

t,t’ are omitteg!:

La(V)=LAV)+LA(=V)+L(V)+L3(=V).  (BY)

PHYSICAL REVIEW B 63 134507

= de
a; . —
Ln(w,v) n pqzzo Jiwzﬂ_
p+g=n-1

Xt AoMP(=V) 0y} et o+ 2eiAMA(V) 04} ¢,

L2(w;V)=—n 2,
r,s=0
r+s=n-2

X{AOM r(V)O-X}e+wAO(€+ Ze\/)
X{AM(V) oy}

© de
f_ocgtrKAo(é"‘ w+2€\/)

Evaluating matrix powers and computing traces we obtain

L3 (w;V)=4n >, f [(p+1)F(e+w+2eV)
pfﬁiﬁzl -

d
~pF(e+@)]l(a+1)F(e)—aF(e+2eV)]5—,

Lo(w;V)=—4n >
r,s=0

r+s=n-2

(r+1)(s+1)

XJ’:}O [F(e+w)—F(et+tw+2eV)]

de
X[F(e)—F(e+ZeV)]E.

Now integrating over energy with the help of Ed.7), we
arrive at

4n
ar N\ —
La(wiV)=— MZEO

p+g=n—-1
—(p+1)(g+ 1)V (w+2eV)},

{2(p+1)q¥(w)—pq¥(w—2eV)

Lﬁ(w;V)=4?n r;o (r+1)(s+1)[2¥(w)

r+s=n-2

—V(w—2eV)—V(w+2eV)].

Evaluating the sums with the help of

Performing a Fourier transformation to the frequency domain

one obtains

n
> pq=(3,
p.q=0
p+gq=n—1
n+1
> (ptla= X <r+1><s+1>=( 3),
p.g=0 r,s=0
p+g=n—-1 r+s=n-2
n+2
> (p+1)(q+1>=( 3 )
p,q=0
p+gq=n—-1
we get

134507-22



SUPERCONDUCTIVE PROXIMITY EFFECT IN . ..

o 2n?
L3(w;V)+ Ln(w;V)=E{4(n2—l)\If(w)

—-(n=1)(2n—1)¥V(w—2eV)
—(n+1)(2n+ 1)V (w+2eV)}.
(B8)
Finally, substituting Eq(B8) into Eq. (B7), we obtain
52
0¢a(w) gy~ w)

Tri(e'%Age™'%A0)" -0

2
—— %{(2n2+ D[V (w—2eV)+¥(w+2eV)]

—4(n’-1)¥(w)}. (B9)
Analogously,
52
0@2(w) 6@a(— w)

2
=— 3n_77{(2”2+ D[V (w—eV)+¥(w+eV)]

Tri(e"¥2A g8 1927 )" ¢y=0

—4(n*~1)¥(w)}. (B10)
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where the self-consistency equation for the order parameter
reads

o E
A(r)=—)\dJ0 dEtanhZ—TImsinaE, (C3

and the interaction constanty at the energy scaley is
defined in Eq(5.10. We assume that the main contribution
to A comes from relatively higtE, where 6g(r) is small
everywhere. Hence, EQC2) can be linearized, and the last
term can be neglected once we are interested in the first-
order corrections ovexy to G, . The result is

Oe(r)=A(E)Kol (L—i)r/Le], (C4)

whereLg=+/D/E, andA is determined by the boundary con-
dition
dog(r) Gt

gT|r=d__mCOS‘9E(r_d)- (C5)
The solution forA(E) is conveniently expressed in terms of
the function ©(t) defined in Eq. (4.19: A(E)
=0 (tg)/In(Lg/d), wheretg=alIn(wy/E). Substitutingfg(r)
into Eq. (C3), and using the identity’ ;xKy(x)dx=1 and
logarithmic slowness of(tg) as a function ok, we find for
A(r)

APPENDIX C: SOLUTION OF THE USADEL EQUATION
IN THE FIRST ORDER OVER A

We will generalize here the method used in Ref. 17 for.
the calculation o, in the presence of an interaction. Since
we consider general case of an arbitrary interface transpar-
ency, the first step will be to find the interaction-induced
correction to the “spectral anglebg(r) that parametrizés’
the retarded semiclassical Green function in the N conductor,

aRE cosd ie'sing o1
(B)= —ie7'*sing —cosd |’ €D

where the proximity anglé and the order parameter phase
depend on the enerdy and the space coordinate In N-S

AgD ©(2aln(r/d))
2 In(r/d)

A(r)= (Co)

The next step is to solve fafz_y(r) with A(r) taken into
account:

d’0 1d6 2ng O(2aln(r/d))

Az rdr 2 In(rid) €7

In terms of the variabl€=In(r/d), this equation reduces to

d’o \ 0(2a¢é)
a2 4 ¢

cosd, (C8)

systems with a single superconductive terminal physicawith the boundary conditionsé(¢)=0 and 6,(0)

guantities do not depend on the phase o {)), sobelow

= —2acos#(0), whereé =In(L/d). To the lowest order in

we pute(0)=—a/2. In general, when interaction in the N A4 one obtains

conductor is present, normal current flowing through the N-S
structure induces a supercurrgg& Ve, so that the phase
¢(r) acquires some nontrivial distribution. However, this ef-
fect appears in the second order of expansion over Cooper
interaction constanty . Below we solve the Usadel equation
within the first order ovei 4, neglecting, therefore, the ef-
fects of supercurrent.

1. Spectral angle

The Usadel equation for the spectral angig€r) has the
form

DV20g+2iE sinfg+ 2A cosfe=0, (C2
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0(§)= [ 0(2a¢)

~ f§L1+2ansin®(2a§L) 0(2an)
dSL o 1+2ag.sin@(2ag) 7

><cm{®(2a§L) 1- iﬂdn (1— i) +20g
&L &L

& 0(2an) n
XL (p—9&) . cos{@(ZagL) 1—5”dn.

(C9
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Taking into account that 5, =a/=t, and evaluating ex-

pression(C9) at ¢=0, we obtain the spectral angle near the

interface,f0y=0(£=0):

Nad
1+tsin®(t)

(xt)

10
“Joe
o X

2. Distribution function and Gp

4= 0 (t)—

(1-x)cogO(t)(1—x)]dx. (C10

To find G, we use the kinetic equation in the form devel-
oped in Ref. 17. The current density near the N reseratir
r=L)is

dfi(E,r)

inR-g[ eD L e

r=L

wheref 1 (E,r) is the anomalougranch imbalangedistribu-
tion function, defined after Eq2.2). Note that Eq(C11) is
valid only at the boundary with the normal lead whete

=0 (otherwise it should be modified by the presence of the

supercurrenjs<\4). The functionf(E,r) obeys the equa-
tion

VD(r,E)Vfi(E,r)=2A(r)sin6(E,r)f{(E,r).
(C12
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3
Sy

The functionc(E) was defined in Eq(C13), and the param-
etervy=Vy/V should be determined from the boundary con-
dition to the Usadel equation:

(&) =eVaE) (C15

—+tuvy
L

af,
9€

=2af;sinfy,
£=0

(C16)

which givesv 4= 1/(1+t sin 6y).
The general solution of EGC14) for the functionf{") can
be written as

3
F(g)= f0<§—n>y<n>dn+clg+co, (€17

where y(£)=—2\a(®(ag)/&)siOB(L-F&)If(&. Us-

ing Eq. (C16 and the conditionf{*)(£)=0, we find the

constantsC, andC,, and obtain

otV
29

1

§|_:§_L (C19

f§L§L+ 7t sin®(t) q
o 1+tsin®(t) y(m)dy.

Calculating the total current dg=2wLjy(L) wherejy(L)
is determined by Eq(C11) and introducingx=»n/£, , we

We will assume that the normal reservoir is biased by théPtain for the Andreev conductance

voltage V, so that the whole distribution function is
shifted: F(E,L)=tanhE+eVr)/2T~tanhE&/2T) + 7,(eV/
2T)cosh %(E/2T) and

fi(E,L)=eV E—eV h*2E
1(E,.L)=eVdE)= 5=cosh “o—.
At T—0 it is enough to consider EC12) at zero energy,
whereD(0,r)=D, and the solution fo¥(0r) is given by
6(0,r) = B4In(L/r)/In(L/d), with 84 given by Eq.(C10. Then
equation forf(r) reduces to

d?f, 0(2a¢) ( )

—= sin 04| 1— —
dée? & d &L

We seek the solution of Eq(C14) in the form f, (&)
=1(8) +1af{(€), where

(C13

— 2\ d f,. (Cl4

Ga _ tsindy . f1[1+xtsin®(t)]2®(xt)
Gp 1+tsinby aé 0 [1+tsin®(1)]> X
XsinfO(t)(1—x)]dx, (C19

with 64 defined in Eq(C10.

Equation(C19 is an exact answer in the first order over
N\q (in this approximation the supercurrent does not yet mix
equations forf; andf). In thet—oo limit of Eq. (C19), i.e.,
at G;>Gp, the interaction-induced correction is

GA—l 277—2)\| L
Gy 12y Mg

d (C20

and grows with the space scale, in contrast with the results of
Ref. 17 obtained for the 1D geometry.
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