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The Keldysh representation of the functional integral for the interacting electron system with disorder is used
to derive microscopically an effective action for dirty superconductors. In the most general case this action is
a functional of the & 8 matrix Q(t,t") which depends on two time variables, and on the fluctuating order
parameter field and electric potential. We show that this approach reproduces, without the use of the replica
trick, the well-known result for the Coulomb-induced renormalization of the electron-electron coupling con-
stant in the Cooper channel. Turning to the results, we calculate the effects of the Coulomb interactiéih upon
the subgap Andreev conductance between the superconductor and the two-dimensional dirty normal metal, and
(if) the Josephson proximity coupling between superconductive islands via such a metal. These quantities are
shown to be strongly suppressed by the Coulomb interaction at sufficiently low temperatures lzhth to
zero-bias anomaly in the density of states and disorder-enhanced repulsion in the Cooper channel.

[. INTRODUCTION technique based on the expansion over the semiclassical pa-
rameter Er7) " *~g~ . This method has an obvious draw-
Electron transport in hybrid superconductive-normal sys-back: the number and complexity of diagrams grows fast
tems at low temperatures is governed by the Andreev refleawith the order of perturbation theory, which makes its use
tion. Both finite-voltage conductan¢e, between supercon- very difficult in the lowest-temperature region where effects
ductive and normal electrodes, and Josephson critical curreate strong. Some combination of the perturbative diagram
I . between two superconductive banks, separated by the naechnique and functional methods was used in an earlier
mal region, are determined by the Cooper pair propagation ipaper* where an attempt to calculate the effect of long-
the normal metal. The theory of the Andreev conductanceange Coulomb interaction upofh, was made. More ad-
(without Coulomb effectswas developed in, e.g., Refs. 1-3, vanced functional methods were then developed in the weak
whereas the Josephson coupling was calculatétth the ac-  localization theory>*®which made it possible to average the
count of short-range electron interaction Ref. 4. When the  fermionic functional integral over disorder, and reduce it to
normal conducting region is made of a dirty metal film, or an “effective” form which contains slowly varying diffusive
two-dimensional(2D) electron gas with a low density of modes only. Those approaches have used either the replica
electrons, Coulomb interaction in the normal region maytrick!® or the method of supersymmettyWhereas the su-
lead to strong quantum fluctuations which suppress both thpersymmetry method was found to be very powerful and
Andreev conductance and the Josephson proximity effectonvenient for the study of single-electron effects, it cannot
Several different kinds of quantum effects are known to bebe used in the cases where quantum corrections due to
relevant in low-dimensional conductors at low temperatureselectron-electron interactions are important. The replica
Quantum corrections to the conductivity of two-dimensionalmethod was generalized for the interacting systems by
dirty conductors grow logarithmically as temperatdrele-  Finkelstein(cf. Ref. 12 for the review in particular, he has
creases and become large at li@/~g (where g shown that in dirty films the superconductiVg vanishes at
=(h/e?)o is the dimensionless conductaneejs the con-  g~In%(1/T,7) [here T is the bare(BCS transition tem-
ductance per square, andis the elastic scattering time peraturé. The drawback of the replica method is that it con-
There are two main types of these effects: weak localizatiomains an unphysical procedure of analytic continuation over
corrections;® and interaction-induced correctiohsOther  the number of replicas—0, and, also, it is difficult to use
important quantum effects include interaction-induced supfor the study of nonequilibrium phenomena.
pression of the tunneling conductancé zero-bias A long time ago Keldysh proposed an approach which
anomaly'”®), and disorder-induced suppressioriof super-  allows one to treat kinetic phenomena in metals with the use,
conductive transition temperatuiie,. These effects are of both, of the Green’s-function technique, and of the kinetic
the relative order ofy~*In?(1/T ), i.e., much stronger than equation for the distribution function. This approach was
the weak localization and interaction effects. Earlier studiesound to be especially fruitful in the theory of superconduc-
of all those effects”*'° employed perturbative diagram tivity, where dynamic equations for the Green’s functions
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were derived in the dirty limif (cf. also review articles, action formulated in terms of an>88 matrix Q which de-
Refs. 19,20). In the static ||m|t, these equations coincide with pends on two times and one Spacia| Coordinate] and of fluc-
the Usadel equatiorfs. The Keldysh approach often was tuating order parameter and electromagnetic fields. In Sec.
found to be the most simple and transparent, even for they the basics of perturbation theory and diagram technique
treatment of linear-response problems, since it does not irfor the deriveds model are presented. In Sec. V, in order to
volve tedious analytic continuation procedures. It is also thelemonstrate the technique developed, we rederive Finkel-
only known method for the treatment of nonlinear and/orstein’s renormalization-group equations and calcul@te
nonequilibrium problems. In some cases nonlinearities withsuppression for dirty superconductive films. Section VI is
respect to both external arildictuatingfields are important, devoted to the calculation of the Andreev conductance as a
S0 one needs either to sum up very large number of diafunction of frequency and/or temperature in the presence of
grams, or to develop some effective action formalism withinthe Coulomb effects; we consider two different geometries
the Keldysh approach. Such an approach was recently devedf normal-metal—superconductdN-S) contact both in the
oped, for normal metals, by Kamenev and Andr&en presence and absence of the DOS suppression effect. In Sec.
many respects we will follow this seminal paper in our VIl we switch to the calculation of the Josephson proximity
analysis. A similar approach was also recently developed ioupling, for the same two geometrical configurations. Sec-
Ref. 23, where Finkelstein’s renormalization group equationgion VIII contains discussion and conclusions. Finally, some
for dirty metals were rederived for the case of short-rangaechnical details are presented in two Appendixes.
electron-electron interaction. For the earlier approaches to
deyelop functional integral methods in the Keldysh represen- Il. DERIVATION OF THE EEFECTIVE ACTION
tation see Refs. 24-27. IN THE KELDYSH FORM

In the present paper we will develop the Keldysh func-
tional approach for dirty superconductors, and will use it for The Lagrangian of the electron system interacting via
the study of the Coulomb-interaction effects in the low-electromagnetic field and subject to disorder potential can be
temperature Andreev conductan&, between supercon- written as
ductor and normal metal and in the Josephson proximity cou-
pling E via dirty 2D metal. It will be shown that both of the L=cre+L', (2.1
above-mentioned effects, interaction-induced suppression of
the tunneling density of statéBOS), and renormalization of WNere
the Cooper-channel interaction, contribute considerably into . 9
the suppression db, andEj; in the low-energy limit. These e:J( *[i —(V_'a) —U.

ion db, andE, in it co= | |walio+ +p=Uadn)+ ¢
two effects differ in the following sense: the specific form of “ ot 2m
the DOS suppression depends crucially on the long-range
behavior of the Coulomb potentigand thus can be varied +AYT YT A ,/,M) dr (2.2)
externally by changing electromagnetic environment
whereas renormalization of the Cooper-channel interaction d
depends on the short-distance Coulomb amplitude only. Tk
long-range Coulomb forces are suppreséed, by placing a
. . E2_ H2 v

nearby screening electrogléhe DOS suppression effect may = f d3r+—f A* Adr
become weak. In this case the main effect comes from the 8me? N
presence of short-range repulsion in the Cooper channel; as a
result, both the Andreev conductar®g(w) and the Joseph- describe electron and field contributions, respectively. Here
son proximity couplingg;(r) exhibit anomalous power-law #,(r,t) is a Grassmann spinor fieldrE&1,]), ¢(r,t) and
suppression in the infrared limit, with exponents of the ordera(r,t) are the electromagnetic potentials. Space integrals in
of g~ 2 In the case of no static Coulomb screening, theEq. (2.2) and in the second term of E¢R.3) are taken over
DOS suppression effect is the strongest one in the asymptotibie system considered, while the free electromagnetic La-
infrared limit, and it leads to the “log-normal” suppression grangian given by the first term of E(R.3) contains integra-
of Ga(w) andE;(r) as (w,D/r?)—0. The influence of long- tion over the whole three-dimensional spagsis the chemi-
range Coulomb interaction on the Andreev conductance wasal potential, andv is the density of states per one spin
treated previousRf in a kind of phenomenological circuit projection at the Fermi level. A short-range interaction in the
theory. In the asymptotic limit (&) In’(1/w7)>1 our results Cooper channel mediated by electron-electron and electron-
are in agreement with those of Ref. 28 and provide a microphonon interactions with momentum transfer of the order of
scopic derivation for the effective impedance function useddr is decoupled in the standard waypy the A field. Our
there phenomenologically; in the intermediate regionsuperconductive coupling constait coincides with the
(1/9)In{l/w7)~1 an additional contribution due to the Finkelstein's definitiol? of T';. Generally speaking, one
Cooper-channel repulsignot treated in Ref. 28s shownto  should also introduce singlet and triplet coupling constants,
be equally important. I andI', in Finkelstein’s notations, in the diffusion channel.

The rest of the paper is organized as follows: in Sec. Il wen two-dimensional systems, the correction to them has the
describe the formalism of the Keldysh-type functional inte-relative order of the weak localization effegt, tIn(1/Q 7),
gral and derive an effective action resulting from disorderwith ) being the relevant energy scale. Therefore, for the
averaging; in Sec. Ill we determine the saddle manifold ofstudy of the Coulomb effects in the Cooper channel and in
the above action and derive a kind of a nonlineamodel  the tunneling density of states, they may be considered con-
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stant and can be incorporated into the Fermi-liquid renormal-

ization of the parameters of the Lagrangi@?). Through-
out the papefi=c=1.
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E:tZ®SOETZ®SO' (26)

Within the Keldysh approach the time evolution of the

We are going to construct an effective theory of softsystem is considered along the Keldysh contGugoing
modes in the problem. For this purpose one has to be able fgom t= — o« to t= + % and then back to- . At the initial

take all possible channels into account that is accompl@hedtime, t=—o, the system is supposed to be in the thermal

by introducing a bispinoW =1/\2(s; 4, F ,—yF)T. W
is a vector in the four-dimensional spa€e which can be
considered as the direct produs® T of the spin ¢, ,4)

equilibrium, with the interaction and disorder potential being
turned off. The latter are switched on adiabatically during the
time evolution. The electromagnetic potentigisand a en-

and time-reversal,*) spaces. The correlations betweentering the action(2.8) consist of fluctuating and external
different time-reversal components ¥f are responsible for (source parts:¢= ¢+ ¢, a=a;+as. The partition func-
the quantum correction to the conductivity in the orthogonakion describing the evolution along the contour can be writ-
casé when the Hamiltonian possesses time-reversal symmaen in terms of the functional integral over fermionic fielgls
try. On the other hand, in studying superconducting phenomand * and fluctuating electromagnetic field potentials ,
ena, it is convenient to rearrange components of the bispinay;, as
in a different manner, separating explicitly the
Gorkov-Nambid®** (¢, ,¢) and spin spaces. Finally, one
can think of ¥ as acting in the direct product of the Nambu
(N) and time-reversal spaces. These three representations are
equivalent,2=S® T=N®S=N®T; we will not specify a where the action is given by
certain one and will change between them depending on the

S= f Ldt.

c

problem at hand. For later reference, we define the Pauli
External fields(introduced through theource termsn the

matrices in the spin, time-reversal, and Nambu spaces,as
t;, 7, respectively (=0,1,2,3). The action of these matrices

action should not be integrated out in the functional integral
(2.7). If all external fields arelassical i.e., identical for the

Z:f D{y*,y}D{¢s ,aq}D{A}€'S, 2.7
(2.8

on the bispinor¥ is equivalent to multiplication by % 4
matrices; a few examples of them are listed below:

61 0 O forward and backward propagation, then the evolution along
1.0 0 O the Keldysh contour brings the system back to the initial
Sy= , state. In this case the partition function is automatically nor-

00 -1 malized to unityZ=1. To get a nontrivial result for physical

0 0 -1 O guantities one has to consider the generating functional for
the source fields havinguantumcomponents which are dif-

0O 0 1 ferent on the upper and lower parts of the contour. We will
discuss the role of the source terms in Sec. VIB and will

. © 0 0 -1 operate meanwhile with the partition function given by Eq.
11 o 0 o0} (2.7).

0 -1.0 0 Next we divide each dynamical field into two parts resid-
ing on the forward and backward branches of the contour and
labeled by the indices 1 and 2, respectively, and combine

0 0 0 i them into two vectors in the Keldysh space:
0 0 —-i O

ty: 0 i 0 0 (2.4 \I.}_(‘I’l> q-;_( $1 5._ al)
i 0 0 O v,/ ¢2] &)’

Below we will use the vectoW together with its conjugate
vector¥ *. These vectors are linearly dependent and related
by Wr=(CW)T=1/2(4F 4T .~ .¢;), where the

LA . [ 61
A_<A2)’ 0_<92>'

(2.9

charge-conjugation matri€ =it,®sy=i7,®s,. In terms of
the ¥ field, the electron Lagrangiafi® can be rewritten as

. (EV-ia)?
iE—+—s—

e_ +
L f drv P om

+u—Ugdr)+o+A |, (2.5

Here A=iryReA+inmA=7,A—71_A*=|A|[7,e"
—7_e %], 6 is the phase of the order parameter,= (,
*i7,)/2, and the 44 matrix = is given by

Then the action can be written &= [~ Ldt with the La-
grangian given by L=Li—L,, where  £;
=L[¢F i, éi,a,A;]. It is convenient to arrange the com-
ponents of the Bose fields, a, A, andé in the matrix form:

e_(¢l 0) H_(a]_ O)
= 0 ¢’ “lo )’

. [A, O - [6, O
A= .|, 6= A . (2.10
0 A, 0 o,
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Making use of the Keldysh-space matricgs10 we can The field part of the action takes the form
rewrite the electron and field parts of the Lagrangian in the
following concise form:

> >

ST ETO'ZE— |:|T0'2H
(EV-i8)?2 gme’

J
L 2.1
R T (2.1

NI W coy ot i7TVTr(VQZ
N 7z 8r '

Le=f drw

As mentioned above, the trace operator-T¥( includes in-
tegration over space coordinates; in the first term of Eq.
(2.17 this integral goes over the whole three-dimensional
space, whereas in the other terms the integral is taken over
v . ) the volume of the system considered. In the present paper we
d3r+ —f A*o,Adr, (2.12  will consider thin metallic films only, so the integral in the
A second and third terms will be effectively two-dimensional.

Gaussian integration ove¥ can easily be performed result-
ing in

+u—UgdN+¢+1|0, 7, 211

Lfe f ETUZE— I:|T02|:|

8mre?

where E and H are expressed in terms of and a in the
standard way, andr; denote the Pauli matrices in the
Keldysh space. i
Now we are in a position to perform disorder averaging. Sf=—_TrInG 1. (2.18
The Keldysh formalism allows us to average the partition 2
function directly utilizing its independence of realization of
disorder potential. For the latter we will assume the model of(
a Gaussiary-correlated white noise with the variance

Among four Keldysh subblocks of the Green function
2.16 only three appear to be linearly independéniro
simplifsy its structure, it is convenient to pass to the rotated

il

! ! e L basis.

(Uas(NUair")) =———. (2.13 11 -1

_ _ _ _ G'=Lo,GL™1, L=—( ) (2.19
Integrating out disorder potential generates a four-fermion J2\1 1

term in the action: ) ) ) )
After such a rotatiors’ acquires a triangular forrgprovided

that source terms have no quantum component

GR GK
G,:( 0 GA), (22@

i . .
S‘“S:wa drdtdt'[ P (r,t)o,¥(r,t)]

X[PF(rt")o,P(rt)]. (2.14

The slow part of the resulting nonlocal in time action can bewhereGF™(t,t')=0 for t<t’ (t=t'). _
decoupled in the standard wésf. Ref. 16 by the Hubbard- Apart from the Green function, it is also convenient to
Stratonovich matrix field): make a similar transformation fa:

1 Q'=LQL™Y, (2.29
iS is— ~ I NTRE
e JDQGXW’ er drdtdt™¥ " (r,t) and to rotate all two vectors defined in Eg.9) according to
v - T !
xQ(r,t,t')anf(r,t’)—S—Vf drdtdt'tr g,fz(d’l):l kol (2.22
T by 2\ p1— ¢

XQ(r,t,t’)Q(r,t’,t)]. (2.15 and analogously foa, A, and 6. For the reasons discussed
above, ¢; and ¢, will be referred to as the classical and

quantum components of the field. The matri¢2slQ will

. p-4 12 . B . .
In the Keldysh formalismQ(r,t,t") is a matrix in the time transform according to

space as well as an>88 matrix in theK® Q) space; it is
local in the coordinate space once theorrelated random YRS
potential is considered. Here and in what follows: tr{) (Z/:L(Z’L—lz( ! f)
stands for the trace in tHe® () space whereas the complete b 1
gi%eer:uv?”rlIt[)aeczelg\(/)ct)‘la\gngyqtrtzg'r)a.\tlon over space and time In(and analogously fog, _A, and 6), where, following_ Kame-
After the Hubbard-Stratonovich transformati¢h15), the "€V and Andreev; we introduced two vertex matrices
fermionic part of the action becomes quadratic and can be
written asS®=Tr¥ G~ 1%, where the inverse Green func-
tion is defined as In some caseée.g., when one considers a uniform super-
conductor on time scales much longer than the inverse gap
it is sufficient to treat the absolute val{®| of the supercon-
ductive order parameter as a constant, while taking into ac-
(2.16 count fluctuations of its phase. Then, in the rotated basis, the

=¢/y (2.23

yi= 00, yP= Oy. (2.249

G l=|iE a+—(EV—i§)2+ + | O+ p+A
= I_E om M Z’Q ¢ g,.
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expression forA’ can be written asA’=|A|[7.e?
—7_e %], or, in terms of the classical;, and quantum,
6, , components:

Ai:|A|[T+ei91—T_e‘igi]cosaé, (2.253

Aé=|A|[T+e”’i+r_e‘”’i]isineé. (2.250b

As a result, the Green function can be written as

G'=ig &+(EV—i§’)2+ + | O+ ' + A
BN 2m pt Q¢ ’
(2.26
and the action takes the form
i . E'ToE'—H T A
S=—=TrInG' *+Tr
2 4e?
+ 2 A g K i Ty 2.2
T I Ty IE rQ . ( . D

The factor of 2 difference between the coefficients in the

terms containinge, H, andA in Egs.(2.17 and(2.27) is due
to the Jacobian of the transformati@h22. In what follows
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=2775(6-6’)Q(6). Varying the action with respect to the
quantum componeni$, anda, and setting them to zero one
obtains the Maxwell equations. In the absence of an external
magnetic field and/or voltage drops, the mean-field electro-
magnetic field vanishegh=a=0. In order to have a closed
system of equations, one has to supply 832 with the gap
equation. Varying the actiof2.27 with respect toA3 and
using Eq.(3.2 we get the self-consistency equation for the
order parameter:

A W)\f de K 3.4
=~ EtruQ(E)T—, (3.4
where the four-dimensional spa€kis defined in Sec. Il.

To clarify the structure of the saddle point given by Egs.
(3.2 and(3.4), consider first the case of nonsuperconducting
(A=0) metal. Then it is easy to check that a diagonal in the
energy space matrix

Ale)=Ay(e)E, (3.5
where
1 2F(e)
No(e=|y 4 | (3.6
K

we will omit the prime at the designation of the Keldysh- is a solution of Eq.(3.2). The 4x4 matrix functionF(e)
rotated fields. This cannot lead to an ambiguity since théntroduced in Eq.(3.6) has the meaning of a generalized
original basis will not be used in the subsequent analysis. distribution function. In the steady state it reduces to the

Ill. ¢ MODEL

In this section we will construct an effective theory which

describes low-energy physics of the acti@27. To start,

we subject the action to the stationary phase analysis. It is g,

functional of the matrix field) and the bosonic fields, a,

A, and one has to vary the action with respect to all of them
in order to get a set of the saddle-point equations. First of all
we note that quantum components of the bosonic fields are,
equal to zero in the mean-field approximation. Thus, in thi
section, we will designate their classical components withou

the subscript “1” for brevity(i.e., = ¢4, etc). Below we

will use Q matrices defined in the energy domain accordin

to the relation

éee’: ff dtdt'eiEt*ie't'étt’ ) (31)

Varying with respect td yields the saddle-point equation

@ﬂzggemm. (3.2

S

single scalar functiorF(e)=1—2f(e) where f(e) is the
usual Fermi distribution function. The form dfe) is not
fixed by the saddle-point equation sindée) with arbitrary
F(€) satisfies Eq(3.2). The reason for this ambiguity is that
any distribution function is allowed in the absence of inter-
tion. To bring the system into the equilibrium with

€
Feq(e)=tanhﬁ, 3.7
either electron-electron or electron-phonon inelastic interac-
{ions must be taken into account. The Keldysh formalism is
suitable for the study of nonequilibrium problems as well. In
this case there is an externally controlled difference of tem-

gperature and/or chemical potential across the system, and the

function F(e,r) should be obtained from E@3.2) with the
proper boundary conditions.

The solution(3.5) captures the eigenvalue structure of a
generic saddle point. All fluctuations @ that alter the ei-
genvaluest1 are massive. The massless modes share the
eigenvalue structure of and can be obtained from it by the
following transformation:

Q=U"1AU, 3.9

In the absence of quantum components, the Green function

has a triangular forn§2.20 and so doe®:

QR QX
é=( ) , (3.3
0 QA K

whereQR, Q*, andQX are matrices in the spad®. In the

stationary case, the soluti({@[t, depends on the time differ-

encet—t’ only, i.e., in the energy domain we ha@“,

where U is some rotation matrix which acts in thex®
spaceK® () as well as in the time domain. According to Eq.

(3.9), the fieldé satisfies the nonlinear constraint

Q*=1
at the saddle-point manifol@BPM). Together with Eq(3.3),

this suggests the following parametrization of the Keldysh
block:
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QK:QRF_FQA' (3.9 S=S +2» Tr&To B+ T ETO'XE—F'TO'XH
. . . o =S, r r
where, againf has the meaning of a generalized distribution g Ix Are?

function.

Now let us turn to the case of a uniform bulk supercon-
ductivity. Here it is convenient to chose a representation of
the space() as a direct product of the Nambu and spin
spaces)=N®$S; in this notations= = r,. The supercon-

2v or o
+ TTrA oA, (3.15

whereS, is the o-model action for the matrix fiel®,

ducting saddle-point solutio)s, has the form(3.3) with'® i - o
SU:TTr[D(o”Q)2+4i(iEﬁt+¢+AK)Q]- (3.19
1 € A
RA( N\ &
Qs (e)==* (eii0)2—|A|2 —A* —6)N' Here D is the diffusion coefficient and? denotes a long

(3.10  covariant derivative,

Taken at the saddle-point manifold, the ma@xis equiva- ﬂXEVX—i[E;&,X]_ (3.1

lent to the Larkin-Ovchinniko¥? quasiclassical Green func-

tion g. The mean-field value of the order parameter can be Derivation of the effective actiorf3.15 that describes

obtained from Eq(3.4). SubstitutingQ® from Eqgs.(3.9 and  interacting disordered normal/superconducting electron lig-

(3.10 we obtain the standard BCS gap equatioegativex ~ Uid is the main result of this section. The model is formu-

Corresponds to attraction between e|ect)'ons lated in terms of the interacting matter ﬁ@subject to the
nonlinear constrain®2= 1, electromagnetic fieldg, a, and

A=—\A f i

de the pairing potentiald. At the present stage, the phake
Al Je2—|AJ?

introduced in Eq.(3.12 is left unspecified. It will be ex-
pressed in terms of the electromagnetic potentials in Sec.
The superconducting saddle poi@ts, belongs to the me- IV C.
tallic SPM given by Eq(3.8). However, in the presence of ~ In Eq.(3.16, Q is an 8<8 matrix in theK®{} space. In
superconductivity, some excitations on the metallic SPMWwhat follows we will assume that all interactions are spin
having been massless, acquire a gap proportionﬂ_t@ independent. The@ is proportional to the unit matrix in the

detailed discussion of the hierarchy of gaps in thenodel ~ SPin space, and the four-dimensional spdLe N®S col-
for N-S systems can be found in Ref. 32. lapses into the two-dimensional Nambu space. As a result,

The next Step in the derivation of tlke model is to con- the theory will be formulated in terms of thex44d matrices

sider fluctuations of the SPM and to perform the gradienQ acting in theK@N space. The corresponding action can
expansion of the actiof2.27). Such a procedure is justified be obtained from Eq(3.16 by taking the trace over the
in the dirty limit, A7<1, which will be implied from now redundant spin space:

on. It is equivalent to the replacement of the full |

Eilenberget equations in the conventional theory of super- s =2Tr D 24 Ai(i 0+ D+ A 31
conductivity to their approximation proposed by Usattel. 74 [D(Q) (1720, QI (3.18

As was recently suggested in Ref. 22, in studying electrlcWhere the operatod is given by Eq.(3.17) with E=r,.

field fluctuations it is convenient to single out the gauge Varying the action Eq(3.18 with respect toQ with the
degrees of freedom i@ by the transformation constraintQ?=1 yields the .equation

€
tanhﬁ. (3.11)

Qur=eKWEQ,, e KIE, (3.12 DAQIQ)+i[ir,d+D+Ac,Q]=0,  (3.19
where IZzKiy‘ is related to the double=(K;,K,)T, in

analogy with the fieldp. After the transformatiori3.12), the
action can still be written in the forn®2.27), with the Green

which (for IZZO) coincides with the dynamical Usadel

equation® In the absence of superconductive couplidg,
=0, Q is proportional tor,: Q=Qka7,, and our action

function being substituted by (3.18 reduces to the Kamenev-Andreev acffofor the field
o0 (EV-iR? 0. Qka-
G :I:E+T+2_Q+®+AK' (3.13
T IV. PERTURBATION THEORY

with A. Free metallic diffusons and Cooperons
KE?—VIZ, (3.14a In this section we will show how a systematic perturba-
o tive expansion of theo model (3.15 can be developed.
db=¢p—oK, (3.14b Keeping in mind further application to N-S devices with

~ ~ relatively weak proximity-induced couplingSecs. VI and
ZKEe*iKEZeiKE_ (3.149  VII), we will consider fluctuations near theetallic saddle

point (3.5). For this purpose, it is convenient to parametrize
Expanding TrIrG™! in the standard wajf?> we obtain  the rotation matrixJ in Eq. (3.8) in terms of another matrix
the following effective action: W subject to the linear constraint
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WA + AW=0. 4.1 €
(a) mlﬁz

Wee,

Such a parametrization is not unique and a number of them
are widely used in literaturésee, e.g., Ref. 16

In the Keldysh formalism, the saddle poi(8.3) is not
diagonal and, consequently, the solution of Ef1) for W (b) A —< 0 (c) O >-<
explicitly depends on the distribution functidn(e). As a
result, even for a noninteracting system, intermediate expres- fiG. 1. Basic elements of the diagrammatic technig(®:
sions for the Cooperon and diffuson propagators would degitfusion-Cooper propagatoth) Q — A interaction vertex(c) ef-
pend on the particle distribution. To surmount such an unfective interactionS,[ Q] after eliminating theA field.
physical complication, we note that at the saddle p@ri),
Q can be diagonalized in the Keldysh space by a nonunitary

€1

O=e "25,7,M2= g, (1+ W+ W2+ - - ).

2X 2 matrix 4.9
U=u-l= ( 1 F ) ( The linear matrix constrain.8) can_be resolved by in-
0 -1 K’ ' troducing eight scalar variables; andw; with i=0xX,y,z,

as
that separates the distribution functiénfrom the retarded

and advanced blocks which are determined by the spectral

properties only: Wy Tyt Wy Ty WotW,T,
Ww=| — — — — . (4.10
QR 0 Wo+W,7, WXTX+WyTy K
Q= U( A) u. 4.3
0 Q The diagonaloff-diagona) in the Nambu space excitations,

The functionF in Eq. (4.2) is the stationary fermionic distri- Wi and w; with i=0z (i=Xx,y), correspond to diffusion
bution function and we will assume that the system is in(Coopej modes. Extracting the quadratic ity part from the
thermal equilibrium, so thaE(€) is given by Eq.(3.7). o-model action(4.5),

The decompositior4.3) suggests to pass from the initial
Q representation to a new variabi® defined as

my
iS@[W]= TTr[(qu— 2ioc E)YMaM(—a)],

Q=uQu. (4.4 4.1
In terms of the new variabl®, the o-model action(3.15
acquires the form we obtain the following correlators for diffusons<0,z):
iy N - - . — .
SU=TT{D(¢9Q)2+4| ITZE‘FU‘I)U‘FUAKU)Q}, (Wi(0;€1,€)Wi(— Qs €3,€4))
(4.9 :_L(ZW)25(€1_€4)5(52_53) 412
with the modified definition of the long derivative: T Dg’—i(e1—€y) o
IX=VX—i[ ruBu,X]. (4.6  2and Cooperonsi€x.y):
Note that the matribu couples to the interaction terms only.
For the noninteracting case, the distribution function drops (Wi(d; €1,€2)Wi(—0; €3,€4))
from the Q action. 2
- 2 1 (2m)°5(e1—€4) S(€r—
At the metallic saddle point for the actio@.5), ®=A __t@m (261 . €a)d€a” &)
=A=0 and Q is diagonal, Q=uAy7,u=0,7,. Gapless m Dg"—i(erte)
fluctuations ofQ can then be parametrized as
o=U"to,7 U (4.7) <Wi(Q§51,€2)Wi(_Q§53,€4)>
z 1 .
2 _ —
wherel{ is a unitary matrix, for which we adopt the expo- __ 1 @m)7(e1—eq)d(e, 63). 4.13

nential parametrizatiori/=e""?, in terms of the matrixyV mY Dg%+i(e;+ey)
which anticommutes witlr,7,,

B. Diagrammatic technique
{W,o,7,}=0. (4.9 ) ] _
Expression(4.9) provides a regular way for perturbative

An explicit expression foQ in terms of W reads expansion near the metallic saddle poi@t o,7,. Its basic
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elements are given by the free correlat¢tsl?) and (4.13 ons, is consistent with the definition of the Fourier-
corresponding to soft diffusion and Cooper modes. Sincéransformed variable@.1). Diffusons and Cooperons can be
W, is a matrix in the energy space, its correlators are repédistinguished by their structure in the Nam@nd Keldysh
resented diagrammatically by two parallel lines, each ofspace.

them carrying one energy index, see Fi(p)1Expanding the The normalization of the functional integra= 1, mani-
action (4.5 over WV generates nonlinear vertices describingfests itself in cancellation of closed loops in the perturbation
interaction between diffusion and Cooper modes. The resultheory. In the Keldysh formalism, such a cancellation is re-
ing diagrammatics looks very similar to the standard crosdated to the integral over the internal eneigt it be E) of a
technique for dirty metafé where soft modes are con- closed loop. Indeed, all propagators along the loop have
structed from two Greens functions averaged over disordepoles in ongupper or lowey half-plane of the complex vari-
Note however that in the present case both diffusons andbleE. Therefore, integrating ovet yields to cancellation of
Cooperons are depicted in the same manner, with arrowthe corresponding diagram.

pointing in the opposite directions on two lines of the propa- For future reference we present here the contraction rule
gator. Such a convention, though being unusual for Coopeifor averaging oveV.

tr((AB—Ao,Bo,+Ar,B7,—Ac,7,Bo,7,) (DG’ +i(e,— €5)0,)

Tr AW-Tr BW)= —
{ ) (Dg?)?+ (€1~ €2)?

1 f dquldfz
(27T)d+2

2Ty

+tr(AB+ Ac,Bo,— Ar,Br,— Ao,m,Bo,,) (DG’ +i(e;+ €y)0,)
(DG*)?+ (et €3)?

, (4.149

whereA= A(q,€;,€,) andB=B(—q,€5,€;1). The first(sec-  from the metallic point is large and one should use the solu-
ond) term corresponds to diffuson€ooperons For Dg?  tion to the Usadel equation as a starting point for the pertur-
> €4, €5, this expression can be simplified as bative analysigcf. a detailed discussion in Ref. B2

(Tr AW-Tr BW) C. Electromagnetic field fluctuations

1 ( dgde,de, tr(AB—Ao,7,Bo,7,) In the previous section we have sketched the basic rules

T (27m)8+2 D2 ' of the diagrammatic perturbation theory in the absence of the
Coulomb interaction. Here we will discuss how fluctuations

(4.159  of the electromagnetic field can be incorporated into the for-

malism. As was shown recently by Kamenev and Andr&ev,

a certain choice of the Coulomb phaeintroduced in Eq.

) ‘ 0 (3.12 results in a significant simplification of the theory.
the electromagnetic potentials and the fiéld The former  gych a choice essentially depends on the position of the non-
will be considered in the next subsection, while the latter cannteracting saddle point on the SPM and is quite different for
be easily eliminated by Gaussian integration. Note that thene metallic(3.5) and superconductivés.10 saddle points.
resulting expression does not depend on the Coulomb phaggyr the metallic(nonsuperconductiyecase, we choose, fol-

K enteringA since it can be “gauged away” by the shift of |owing Ref. 22,K to be a linear functional o anda and

the phase of the integration variatdle In other wordsA in require the vanishing of the term linear bothwhand®, A

Eq. (3.18 can be substituted by provided that the order in the Usadel equation(3.19, or, equivalently, in the

parameter field is to be integrated out. The resulting contriz--model action(3.18. The resulting equation reads
bution to the action reads

Apart from the matter field2 (or, equivalently,V), the
o-model action(3.15 with S, given by Eq.(3.18 contains

2 D(VA—AGVAAQ) +[®,Ae]=0, 4.17
SZWV)\fdrth tr 7;Qy¢ - tr 7;0,Q
" 4 Sy et where the matrixA, is introduced in Eq.3.6). Equation
2N (4.17 is to be used to expressin terms of the electromag-

=2 f drdttr oy[ Q*— (7,Q)?], (4.16  netic field potentialsh anda, the corresponding relation hav-
ing the form(in this section we share most of notations of
and is shown diagrammatically in Fig. 1c. Note that this termRef. 22
is conveniently expressed in the origir@lrepresentation.
The perturbative expansion near the metallic saddle point D ~%(,q)K(q,w)=11, ¢(q,0)+iD oyqa(q, o).
is justified in the case of repulsiva &0) interaction in the (4.18
Cooper channel or when the proximity-induced supercon-
ducting coherence is weak enough. Otherwise, deviatiolere
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0 Dg’+iw 2vDg? -1
-1 — R,A —|y-1
D™ Hw,q) (qu—iw —2iwB, |’ (4.19 VRIA(q,w)=| Vo - (q)+ bTie (4.283
0o -1 VK(q,w)=B,[VR(q,0)—VA(q,0)]. 4.28
H;l=( ) 4.20 (0,0)=B,[VR(q,0)-VA(q,0)].  (4.280
1 2B, An additional factor 2 in Eq(4.283 compared to that in the
and Kamenev-Andreev pap@ris related to the fact that they
considered spinless electrons.
o Equation (4.25 determines the bare propagator of the
B,= cothﬁ (4.2)  electromagnetic field:
is the equilibrium bosonic distribution function. (¢i(q,0) pj(—q,— w))= §Vij(qaw)- (4.29

So far our analysis holds for any gauge and any geometry

of the sample. From now on we chose the gaBgd ne-  tpe propagator of the field can be obtained from Eq.

glecting relativistic effects due to the magnetic-field ﬂuctua—(4.29) with the help of the relatioi4.18 and has the form
tions. Also we restrict ourselves to the consideration of two-

dimensional systems. Then one has to integrate out-of-plane i

degrees of freedom in the electromagnetic field acp (Ki(q,@)Kj(=a,~ @)= 5V(q,0), (4.30
=TrE"o,E/(4m€?). The result depends on the presence or .

absence of conducting electrodes that screen the long-ranyéere the matrix has the same structure ¥s Eq. (4.27),
Coulomb interactior(for the sake of simplicity, we set the With

dielectric permeability of the medium to unjtyFor a single _1

plane, one obtains RA _ . 2vD@?
yia.e) (quiiw)z(vo (+ Do’Fiw
d N N 4.31
Sem:f dtf z q)ztr BT (—a)oyVo H(a) p(a), (4313
" @22 VK(G,0)=B,[VR(q,0)~VAQ,e)].  (4.31b

We should note that in Eq$4.283, (4.313 a possible influ-
ence of superconductive pairing upon the dynamic screening
dk. 4me?  2me? of the Coulomb interaction is neglected; this is safe since we
a% ame _<me (4.23  Will consider N-S systems in the limit of weak tunneling
27 g%+ kf q only, so the 2D metal is slightly perturbed by superconduc-
. ) . tivity.

If, for example, there is a metallic gate at a distahdeom In a superconductor, the choice of an optimal Coulomb
the 2D plane, theNo(q) is screened in the long-wavelength phaseK valid in the whole energy range is a complicated

limit and we have instead task. However, it had been shown in Ref. 35 that in the deep
2 subgap limit €<A) the effect of the electric potential on the
(1—e209), (4.24 quasiclassical Green functio is small in the parameter

e/A and henceK =0. This result will be used below.

whereV,y(q) is the 2D Coulomb interaction potential,

Vo(Q):f

2me
VE(q) = 2

Collecting the terms in the action bilinear gnandK and
making use of the relatiof¥.18 we get an effective action
for the electromagnetic field propagation in the disordered
metal®? A. Renormalization-group procedure

V. RENORMALIZATION OF THE INTERACTION
IN THE COOPER CHANNEL

In this section we will show how to construct a procedure
of successively eliminating high-frequency and high-
momentum fluctuations of all interaction modes in the prob-
lem: the matrix fieldQ(q,e,€’), the order parameter field
A(g,w), and the electric potentiap(q,w). Elimination of

V(q,w):[ngal(q)Jr Po(q )] L, (4.26 high-energy modes in a dirty 2D metal results in logarithmic
corrections to the parameters entering the action and govern-
where Py(q,w) is the bare density-density correlator. The ing dynamics of the retained slow modes. This procedure is
matrix V(q,w) has the structure of a bosonic propagator inknown as the renormalization-groyRG) method. We will

Sh=Tré'v 14, (4.29

whereV has the meaning of a dynamically screened Cou
lomb interaction in the random-phase approximation,

the Keldysh spac# closely follow Finkelstein's approach to RG construction,
with the necessary modifications due to the presence of the
VK(q,0) VR(q,w) Keldysh space instead of replicas.
V(q,0)= VA(q, ) o |’ (4.27) Each elementary RG step consists in the elimination of

degrees of freedom in the energy shell frély to (), where
with Q) is the current value of the running ultraviolet cutoff in the
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problem. Correspondingly, all fluctuating fields are decom- e+0/2

posed into fastdenoted by a primeand slow(denoted by a
tilde) parts. For the fieldd, ¢, andK such a representation

is trivial: A=A+A’, etc., while for the fieldQ it must be
consistent with the constraif2=1. To achieve this, we
decompose the rotation matéikin Eq.(4.7) into the product

of a fast,i/’ =exp(/V'/2), and a slow({, part, so that
o=U"to'ly, (5.1)

where the fasQ’ is expressed in terms o8 according to
Eq. (4.9.

The fast matrix)}’ is nonzero under the following con-
ditions:

W(Q, € €)#0, ifQ,<{Dqg?or|e—¢€'|}<Q (5.2
(for diffusions, or

W, €, €')#0, ifQ,<{Dg?or|e+e[}<Q (5.3

0,9 <____ > -0,
e—w/2

FIG. 2. BCS correction ta.

Sp=—7vTr UXUO’ZTZW’ . (5.6

After averaging over the fast’, this term will generate the
following correction to the action:

AS= %(sﬁ“y (5.7)

The corresponding diagram is shown in Fig. 2. The only
fast variable is the internal energy of tiie/’ ') propaga-
tor. Employing then the contraction ru{é.14) and the rela-
tion {A,7,}=0, we conclude that the diffuson contribution
vanishes identically while the Cooperon pairing yields
logarithmic accuracy

7v (dgdwde 1 -

(for Cooperong The corresponding fast degrees of freedom Ag=— — | -4~ trA(q,w)K(_q,_w)Ao(f),

are excluded from the slow matrix. After integration over

fast variables(), becomes a new cutoff and the whole pro-

cedure should be successively repeated.

In a 2D dirty metal, integrating out fast degrees of free-

dom results in a relative correctiorn(Q2/Q,)=¢, —{ to the
parameters of the effective acti¢d.15, where{ is a loga-
rithmic variable defined as

1
§= In Q_T . (54)
The RG near the metallic saddle poinjr, is justified pro-
vided that the Cooper-channel coupling constesstl while
the dimensionless conductance of the mgtall. The latter
is defined as

o

g=2vD=—, (5.5

(¢}

with o= Ral being the conductance per squéire conven-
tional units, o=(e?4)g]. Logarithmic corrections to the
conductance become large at the localization s¢alg. The
same is true for the coupling constamtsandI’, omitted in
the derivation of the actiof3.15), cf. discussion in Sec. Il.
On the contrary, corrections % become of the relative or-
der of unity at much shorter scale, &t \/g. Therefore, it is
possible, at largg, to neglect renormalization of the conduc-
tance and considey as a constant.

B. BCS correction toA

First of all we show how to obtain the standard BCS

renormalization of the Cooper-channel interaction constant
in the present formalism. The correction originates from th
term Syq=—mv TrAQ in the o-model action(3.18 after
eliminating high-frequency fluctuations of the fie@ (here
we substituteA¢ by A as was explained in Sec. IV)BPass-
ing to the rotatedQ representatior{4.4), expanding to the
first power in}' according to Eq(4.9) and setting/{ to
unity, one obtains the relevant interaction vertex

e

2 (2m)* €

(5.9
where thee integration is performed over the energy shell
O, <|e|]<Q, while g and & are restricted to the domain
Dg?|w|<Q, . On deriving Eq.(5.8) we have used the re-
lation Ay=uo,u. Now using the definition of the matricés
andA o and omitting the tilde sign over the designation of the
slow component oft, we transform the trace in the above
equation to the form

tr(ry Aj— 7 AF) (7, A~ T—Aj*)?’i Y Ao(e)
=—4F(e)(ATA,+ A AY). (5.9

As a result, Eq(5.8) can be represented as
AS=2pTrA* Efndet h— 5.1
=2vTr aX-Q*EanZT. (5.10

The temperatur@ thus determines the infrared cutoff of the
RG procedure. At larger scaleQ>T, one has

QO . .
AS=2vIn —Tr At o,A. (5.1
Q,

Comparing with the last term in the actid3.15, we
conclude that the correctiof®.11) renormalizes N:

A(LIN)
ot L

For a superfluid Fermi liquid, the RG equati¢h.12 was
derived in Ref. 36; in that case only the Cooper channel was
relevant, therefore the RG approach was equivalent to a
simple summation of the standard BCS-theory ladder.
Coulomb interaction in dirty superconductors contributes
both to the Cooper and to the density-density channels. We
consider here the range of parameters where Ihfl&g

that makes it possible to neglect the effect of the Cooper
channel upon the conductangehowever, the effect of the
density-density channel upon the Cooper one has the relative
order of g~ 1In?(1/Q17) and thus should be taken into ac-

(5.12
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with the help of Eq.(4.195, making use of the inequality
Dg?>¢€;, €3. As a result, one obtains

i7 (drde;de,desde,dwdg 1

<(Sﬁ1t)2>:_z (2m) D2
© X 2, tr(AB;—Ajo,7,Bj0,T,), (5.16
1#]

FIG. 3. Diagrams for the Coulomb correctionXo(a) {((S2)?), _ o
wavy line denotes the correlator(¢(d,w)d;(—d,— w)); where theq integration is taken over the fast energy shell
(b ()2, zigzag line stands for the correlator 2, <Dg*<(, the matricesA; andB; are given by
<KI(q,w)KJ( * w)>’ (C) <$%t> Ai:aflfzufz’yiu€27wazzl;w,f3UZTZ1 (5173
count. This effect can be described in the form of an integral ~ _ ~
equation for the energy-dependent Cooper attractibg), BjZUE3,E4Ue47’Ue4+wU;llm,eleTz, (5.17b
as was done by Aleiner and Altshulérthe same kind of . o .
equation was derived in Ref. 38 for another but similar prob2nd all slow matrices/ are taken at a coincident spacial
lem). For our purpose it will be more convenient to treat theP0int r. Performing integration ovee; and e in the first
same effect within the RG procedure, as described in th&rm under the trace in E¢5.16), we obtain
next subsection.

de,de - -
f = > trAB;=2troy(udu)., ., (UBU) 1.,

(2m)? 17
. . . (5.18
In this subsection we calculate the Coulomb-induced cor- - - ~
rection to the coupling constant It appears as a result of Where a slowQ is defined aQ=1/""o,7,{. In the second
eliminating high-momentum fluctuations of the electric field. term under the trace in E¢5.16), the matricesr,7, cancel
According to Eq(4.5), the electric field couples to the matter With those in Eq(5.17), integration ovek; andes is equiva-
field Q by the following terms: lent to multiplication of/ ~* andi/ that gives the unit ma-
trix, and tracing witho, yields zero.
- - 1 - The resulting expression takes a simple form in the initial
U(¢—aK)u@+5D7uVKU[Q, VO] Q representation in the time domain. Integrating oyeone
obtains(omitting the tilde sigh

C. Coulomb correction to the Cooper-channel interaction

Sp=—mvTr

2

i -
r i Q
+4D[rquKu,Q] <($am)2>:_;_;'”g_*j drdttro,Q2(r).  (5.19
=S+ S+ S

int - int - (513 The correction to the actiori/R)((S2,)?) is the only one in

Here we utilize the relatiof.18 connecting the phasé to the standard gauge wiﬂgzo. Physical quantities should not

the field ¢. The interaction verticeS?, andS>, are linear in ~ depend on the choice &, which is a kind of a gauge trans-

- . c . . formation upon the matriQ [cf. Eq.(3.12]. For this reason,

¢'.Wh'|e the vertexXSy, Is quadratic. Then the result of aver- i \o1d be enough to use Ep.19 to find the renormaliza-

aging over fast variables can be written as tion of the coupling constants in the effective action. Below
we present, however, the calculation of other terms in Eqg.

AS:%QS‘?& Shl?) +(Shy- (5.14  (5.14 related toK, in order to show that they really cancel
each other.

. , 2 _ The diagram for
Consider first the averagfS;,)“). The relevant(i.e.,

logarithmio contribution can be written in the form (S22 = w2 D[ Trir,uV K ull VW' 1)
. e (5.20
(S?)=m2vX([Tr Uu(¢' = oK )uld o7,V 17, is shown in Fig. &). It looks similar to the one in Fig.(a),
(5.19  with the wavy line being replaced by the zigzag line denot-
ing (K'K") correlator. Repeating the steps that lead to Eg.
r(g.l@ and using the largg- asymptotics of Eq(4.31) we
obtain

where the pairings are shown in FigaB According to this
diagram, all energies are coupled to slow variables, and the
is only one fast variable, the internal momentgmunning
over(¢'¢’) and(W’W’2>. Therefore, to logarithmic accu- i [ drde;de,desde;dodq 1
racy we may considddq-> w. In this limit, one can neglect (LY =— . 5
the termi oK compared tap as follows from Eq(4.18 and 4 (2m) Dq

use the universal largg-asymptotics of the screened Cou-

lomb interaction  (4.27,  (i(q,0);(—0q —w)) X 2, t(MiN;—M;o,7Njo,7,), (5.2
=(i/4v)o,, which is independent of the details of the bare %]

potential Vo(q). The averaging ovey)' can be performed with
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— 7 i 71
M; _Z/{elezTZuezy uez—wu

62—[0,63’

_ j 71
NJ _ue3,e472u547] ue4+wue4+w,el'

Integrating over, e; and ez as described above, we get

i Q
<( |nt 2>: - LI]__; In Q_*f drdttr Ux(Ttht(r))z-
(5.22
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In the high-energy range 4 E<E the second term of Eq.
(5.27 is absent. We will use the solution of E¢.12 at
E~r"1 as an initial condition for the full equatiof5.27.

The renormalization-group equatidb.27) possesses two
fixed points,=\4, where

1
g 217\/6.

The stable fixed point- Ay, is the limiting point of the RG

N

(5.28

In the same manner it can be shown that the averagBow in the metallic region. A trajectory reaches its

($2,S2)=0 vanishes.

In calculating the averages,) shown diagrammatically —point, =\

asymptotic value\, at the scale~ Jg. The unstable fixed
, separates the regions of metallicx —\ ) and

in Fig. 3(c), all 9's may be considered slow. The analytical superconductingN< —A\) states. The solution of E¢5.27)

expression reads

(St = (Tf( 7.QVK")?),

where the fast momentum runs over {€ K’) propagator.

(5.23

is given by

Aot Agtanhn ¢
MO)=—

0
1+ )\—g tanha 4¢

(5.29

Calculating the corresponding logarithmic integral, one obyynere), is the bare value of the interaction constant in the

tains

(Si=— g 10 o | Grattr o, QU (520

Substituting Eqs(5.19), (5.22), and(5.24) into Eq.(5.14),

we see that the contributions from the vertices describing
interaction with the fiel& cancel each other, and the result-

ing expression is given by
v Q )
AS= 8—In Q_j drdttr o, Qg(r)

o J drth tr 0, Qu() - 7, Qu(r).

(5.25
Comparing with Eq(4.16), we see that the terms with

=X,y renormalize the Cooper channel couplingwhereas
=0,z contribute to the couplings in the dif-
fusion channel. The lattef; andI',, are not taken into ac-

the terms withj

Cooper channel defined at the energy sealé.

To study the superconductor-metal transition we will con-
sider here the case of an attractive interactiogs<0. The
superconducting transition temperaturgis determined by
the position of the pole in\(¢), with {=In(1/T.7). In the
clean systemd— ),

Tor-et i
T=exp — 7/
« [Nl

For a finite\ 4, the critical value ol can be easily obtained
from Eg. (5.29 and is given by

(5.30

|7\O|+)\g

5.3
ey (633

Zc—z—)\g n

Consequently, we get for.:

|7\O|_)\g
T T:(—
¢ |)\O|+7\g

1/2ng

Substitution of\ in terms of T, with the help of Eq(5.30

count since corrections to them are of the relative order ofeads to the final result foF, suppression by disorder, which
g ln(1/Q 7). As a result, we get the Coulomb contribution coincides(within our accuracywith that of Ref. 11:

to the RG equation fok:

5)\_ 1
24 4772g'

(5.2

which coincides with Finkelstein’s restit'?in the limit T,
F2—>0.

D. Solution of the RG equation for A and shift of T

Combining Eqs(5.12 and (5.26), we arrive at the com-
plete renormalization-group equation for the Cooper-channel

interaction constant:

I
— =N+

. 5.2
29 Am’g 527

1 g

—— N —
277\/5 TeoT
1

1
+——=In
277\/5 TeoT

Evaluating expressio(b.32 for g>1, we obtain a perturba-
tive reduction of the transition temperatifr&*

1—

T.m= (5.32

T, |
— In
Teo 127%g

(5.33

1
TCOT

valid at large conductances. The critical temperature be-
comes zero and the superconducting transition disappears at
the critical value of the dimensionless conductance
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1 1 \2 show that the actiori6.1) leads to the following expression
9c= Eln T 07_) (5.34  for the bare normal-state tunneling conductange
(o]
Note once again, that the resu§.32 for T.(g) depen- e

dence is obtained neglecting weak-localization corrections to or=7AY, 6.3

the conductancg, as well as thermal, quantum, and mesos-

copic fluctuations. This is correct provided that the renormalwhere A is the area of the tunnel junction. We omit here
ized conductance at the scdlg is still greater than unity: such a calculation since it is fairly similar to the calculation
9, =9—(a/7?)In(LIT,n>1, where the constartt is given  of the Andreev subgap conductance presented in the next
by the sum of the usual weak localization and interactiorsubsection. Similarly, we will not dwell upon Coulomb
corrections, and is equal either to 1 or 1/4, depending on théteraction-induced  corrections to  the  tunneling
absence or presence of the spin-orbit interaction. conductancé;* which can be derived from the actidf.1)

In the above derivation we neglected spin-dependent inby taking into account fluctuations of the fiel@s ¢, andK
teractions [, in the notations of Ref. J2vhich may change (cf. Ref. 22. An analogous calculation of the interaction
the numerical coefficient in Eq5.26. On the other hand, it effects in the Andreev conductance is one of our main sub-
was explained in Ref. 12 that strong spin-orbit scatteringects below.
eliminates possible effect df, uponT.(g) dependence.

B. Andreev conductance in the effective action formalism

VI ANDREEV CONDUCTANCE In this subsection we rederive, within the effective action

A. Tunneling term in the action formalism, the well-known results for the subgap Andreev
In the previous sections, we considered a uniform 2D SysgonductanceGA between a superconductor and a (_jirty hor-
tem. In principle, spacial inhomogeneities in the local sys-mal metal (cf., e.g. Ref. 42 We start from the simplest
tem’s characteristics such as the conductance and/or the Co%lguatmn Fv_vhen?A”does QOt dﬁpe_r;dhon }/fonage an_d/or fre-
per channel interactioh can be easily incorporated into the ,?'“.'eniﬁ' f'rﬁt ot a tvve S ow that If the effective action con-
o-model action(3.15 by a spacial dependence of the param- ains the following term:

eters of thes model. Thus, the actio(8.15 is suitable for a .

description of N-S interfaces or interfaces between metals SA:I—WGATF(QSA)Z (6.4)
with different conductances. However since the solutions of 16 '

the Usadel equatioii3.19 are continuous, only interfaces o . .
with perfect transmissiof =1 can be described in such a thenG, is indeed the dimensionless subgap conductance. In

manner. In order to be able to deal with the interfaces ofl'® Second step, we prove that the term of the fo8) is
arbitrary transparencies, one has to introduce a bounda§enerated in the second order of expansion &er

term into the action. Below in this paper we consider the 10 Pegin with, we note that at low energies<A, the
case of low-transparent interfaces which can be described BHPerconductive matrix Greens functiQig does not depend
means of the tunneling Hamiltonian approximation. Then theé>n € and reduces purely to phase rotations:

boundary term in the action can be derived in the second
order over the tunneling Hamiltonian and reads

-

Qs=+

ia] ©9

>

i SIS
S,=— —yTrrQWQ?, 6.1 o .
v 27 QR 6.3 whereA can be obtained from E@2.25. Therefore, we can

“ 1) < 2) ) . ) perform the trace in Eq6.4) over energy variables and the
Here Q'™ and Q*’ refer to different sides of the interface kg|gysh matrix space, using E6.5 and the formul&
boundaryl’; the notation Tf means that the space integral is

taken over the interface surface, apds the(dimensionless - _

normal-state tunneling conductance per unit area of the f dEtr[v' v — v Ag(E+ 0/2) Y Ao(E— w/2)]

boundary. In the expressiof6.1) the trace over the spin

space has already been performed. =4w(H;1)”, (6.6)
Variation of the total actiorg,=S,+S,, with S, given

by Eq. (3.18), with respect toQ, reproduces the matrix Us- where the matrid1,* is defined in Eq(4.20. As a result,

adel equations foOQ® and Q® together with the corre- We obtain the effective action as a functional of the order

sponding boundary conditiofis®? (cf. similar derivation in ~Parameter:
Ref. 40:
Sa=— oA 4 f 00 KT~ wyell; E(w), (6.7
. . . . . . =———71r | — —w)wll w), .
6,007, 0W=g,0?V, QP=71QM,QP), (6.2 *ogaly ) 2m

where V| stands for the gradient along the normal to thewhereA;=1/2tr Zyi. On deriving this equation we added
interface directed from the mediufi) to the medium(2)  the constant ternQézl under the trace in Eq6.4). Em-
[Eq. (6.2 is written in the form assuming the absence ofploying Eq.(2.25, one can rewrite Eq6.7) in terms of the
magnetic field. It amounts to a straightforward calculation to phase variable® as
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_iGa[do | i ~i0yci
SA[ai]—T pye iw[ (€'’ cosh,)_,(e"'%1sind,),

— (e '%1c0s6,)_,(€'%sinb,),] <1 1S N
+2w cothzi(e”’lsinaz), (e '%1sindy,) ¢ .
T w w LX
e

(6.8
. . . . FIG. 4. Rectangular N-S contract. Superconduc®ris con-
Expr(_aS_SIOF(G.S) for the ac“c_’” makes it possible to relate the nected to a normal reservdiR) via a dirty metal film(N) of length
coefficientG, in Eq. (6.4) with the Andreev conductance of L, and widthL, .

the N-S interface. For this purpose let us suppose that the

superconducting island is biased at some voltd(fy. Then  the N regioR. Below we first show how to get such a result
the phase of the island will rotate with the speeM2Inthe  [gescribed by the terrt6.4) in the actiorj within the effec-
Keldysh formalism this corresponds to the rotation of itStiye action method, and later on we turn to its generaliza-

classical component, tions, taking into account finite-energy effects as well as ef-
40 fects due to the interaction in the Cooper channel and due to
1 _9sav. (6.9  the zero-bias anomaly.
dt Consider the boundary actids, defined in Eq.(6.1) in

1) 2)
To find the Andreev current,=2e(dn/dt), wheren is the (€ case whe@=Qs, Q®=Q. In the present geometry

number of the Cooper pairs on the island, one may use thik is convenient to treat the boundary abree between N and

fact thatn and ¢ are canonically conjugated variables, and® flms, theny becomes the tunneling conductarper unit
thus. 1= 2ie(51560). T lating this into the Keldvsh f length To obtain the Andreev terr8,, we need to expand

us, 1= e )- _ransiating this into the Keldysh 101~ o "+ inctional integral foZ up to the second order ov&,
malism, we have, similar to Ref. 22,

and average over fluctuations of the normal-metal mapix

57 i.e., over Cooperon modes:

00(t)

=ie
0,=0

. (6.10

(d()=ie N2
=je ——
505(0) -

i i 722 L, 2
SA:§<Sy>: - 32 f dytr QSQ(O:y)

where the last equation follows from the normalization con- 0

dition Z=1 in the absence of quantum sources. 6.13

Transforming Eq(6.8) with the help of Eq(6.9), we get . 5 5
__|7T’)’f'-yd j'—yd
- 32 0 Y1 0 Y2

o . . . . X <tr Qs0, 7, W(0yq) - tr QSO-ZTZW(O!yZ)> (6.14
Substituting this action into Eq6.10 and taking the func-
tional derivative, we obtair{l(t))=e?G,V(t). Hence, the Proceeding from E¢(6.13 to Eq.(6.14) we switched to the
Andreev conductance of the N-S interface in conventionalrotated” representation of th& matrices defined in Eq.
units is equal to (4.4) and used the representation @fin terms of the gen-

erators)V as defined in Eq(4.9). Note that we neglect here
e any possible fluctuations of the superconductive matrix field
UA_%GA' (6.12 Qs. The next step is to expand the fiel¥(x,y) over the

) ) ) eigenfunctions),,(x,y) of the diffusion equation:
This completes the proof of the physical meaning of the term

Sa, EQ.(6.4), in the action. An alternative proof is presented
in Appendix A, where we calculate the voltage noise at the WX,Y) = 2 Wnnthmn(X.Y)- (6.19
N-S barrier (related to the conductance, due to the mo
fluctuation-dissipation relationNow we turn to the deriva- The choice of the eigenfunctions is determined by the bound-
tion of such a term in the simplest geometry of N-S contactary conditions, which are vanishing of current at the edges
y=0, y=L, and at the N-S boundary=0 (the last condi-
C. Rectangular N-S contact tion is an approximation valid due to smallness@fRp),
and vanishing of the Cooperon amplitude at the boundary
with the normal reservoir. These conditions result in the fol-
The simplest example of N-S contact is shown in Fig. 4.lowing set of eigenfunctions:
SuperconductofS) is connected to a normal reservadR)

sAz—eGAf V(1) 6,(t)dt+ o[ 6,]. (6.11)

2

1. Semiclassical solution within the effective action method

via a thin film of dirty metal(N) of lengthL, and widthL, . 2 cosq,x cosk,y T 1
The relevant energy scale in the N region is determined by ~ ¥mn(X,Y) = —e——, QmIL— m+ 2/
V(14 6n0)Lily X

the Thouless energ¥+,= D/Lf(. As long as temperature,
voltage, and frequency of measurement are all small enough,
maxEV,T,w)<Er,, the Andreev conductance is just a con- knzln, m,n=0,1,.... (6.16
stant:op=02Rp , whereRp= cflLX/Ly is the resistance of Ly
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After the integration ovey in Eq. (6.14), only zero moden= 0 survives. Using Eq4.14) for the contraction rule and the fact
that{Qs, 7,} =0, we conclude that the diffusion pairing in E4.15 does not contribute, whereas the Cooperon one does, so
we get

:iW(YLy)ZJ de,de, [ Qs(€1,€2)0,7,Q5(€2,€1) 0,7~ QS(61’62)QS(62’61)][Dq"2“+i(61+62)02]
ATIeLL, ) (2m2 S (Dam)*+ (et €x)”

_ iW(YLy)ZJ’ dEdo  tQs(w)A(E )Qs(~w)A(E,)~Qg(@)Qs(— w)][Dy+2EA(E,)] 6.17

~ 16wL,L, (2m)? “m (Dg2)2+4E2

where E.=E=* w/2. Using the propertyQ§=1 one can 0 2 Lei(Ly,,T)

verify that the contribution of the term witlE A o(E ) in the G(w)= 9 L (6.22
numerator behaves as for small w. For this reason it can Y

be neglected compared to theproportional kernel in Eq. where

(6.7). However, we will see below that the term of this struc-

ture determines the amplitude of the Josephson proximity

coupling. Then, the term witlDg2Qs(w)Qs(— w), being Let(Lx, @, T)= f dE tanhz——tanhz—}
integrated ovet, produces an unimportant constant that can

be omitted. As a result, one has Da%

m (Dg2)?+4E?

(6.23

_ iW(yLy)zf dEdw
o 16vL,Ly J (24)2 In the limit max,T)<Egy, the resultL =L, is uncovered,
whereas in the opposite case, maX{()>E,, one gets

Dt Qs(@) A(E_)Qg(—w)A( +)]
X o
) (Dg2)2+4E?2 Lo, T) = CI
(6.19

In the limit E<E1,= D/L>2< the sum ovem can be easily
calculated:= ,1/g%=L2/2. The region of energie& which
are relevant for the integral in Ed6.17) is given by E
~max(,T). Thus, as long as the condition max(T)
<Eq, is fulfilled, we convert Eq.(6.17) into the foreseen
expression of the forn(6.4):

tanhz— — tanhz—

V2D/|w]|, if T<o; 6o
| 0.95/D/2T, if w<T. (6.2
The number 0.95 in the above equation is the approximate
value for (12732 7= Y27(3/2).

Representatiofi6.21) can also be used in order to derive
an expression for thaonlinear Andreev current ,(V). We

i Gz present this derivation in Appendix B, the result is that dc
S= T(QsA)2 (6.19 subgap currentl,(V)=VGa(2eV), where the function
16 g Ly Ga(w) is defined in Eg.(6.22. This relation between

whereGr=yL, is the total normal-state conductance of thefrequency-dependent linear response and static nonlinear re-
|nterface accord|ng to Ec{B 3) NOW Companng with Eq sponse is due to the fact that static V0|tagapp|led to the

(6.4), one finds for the dimensionless Andreev conductancesuperconductor leads to the oscillation of its order parameter
|A|e'? with the frequency 2V.

©) G2 L, To summarize this subsubsection, we emphasize that
Gp'=—1"- (6.20  within the usual semiclassical approximation the term de-
scribing Andreev conductance is seen as a result of Gaussian
The above relation coincides with the kndimrelation o, integration over noninteracting Cooperon modes in the N
=0$RD, since in the present geomeﬂ%t,:a*le/Ly. metal. Below we will take into account Cooperon nonlineari-
At higher temperatures or frequencies thalependence ties which are due to interactions in the Cooper and direct
of the denominator in Eq6.17) becomes important and the Coulomb channels. Basically, there are two different kinds
simple invariant representatioi6.4) is not valid anymore. of the interaction effects: the first one is due to the presence
However, one can still present the Andreev term in the actiof the electron-electron interaction in the Cooper channel
as a slight modification of E(6.7): (which is itself renormalized in a way dependent on the de-
gree of disorder, as shown by Finkelsteiwhereas the sec-
i 12 ond one is of the same nature as the zero-bias anomaly in the
Sa=-— 8 T f 5= Ga(@)AT(~ w)oll,"A(w). usual tunneling conductanédhese two effects are intrinsi-
[A% N ) : ; i Iy
6.21) cally d|ﬁgrent, as the f|rs_t one |52determ|ned by diffusion
modes with low frequencie@<Dq~ and does not depend
The functionG(w) is given by on the long-range tail of the Coulomb potential, whereas the
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E+m/2 E'+®/2 tive Qg is given by Eq.(6.9, it is independent of the
QS > Q “center-of-mass” energ)e and depends ow through the
E-0/2 E—w/2 rotating phasei(t).

Employing the Cooperon-related part of the contraction
FIG. 5. Correction to the interface transparencylue to inter-  rule (4.14), one obtains
action in the Cooper channel.

w2 yN dowdEdE 1
second one comes from relatively high-frequency fluctua- (S,S)=— 32 frdrf T o 3 E

3
tions with w>Dq? anddoes dependn the actual behavior (2m)

of the Coulomb potential at large space scalsd thus it Xtr(AB+Ao,Bo,—Ar,Br,—Ac,m,Bo,7,)0,,
depends on the sample geometry as wdkelow we start

from the study of the first“Finkelstein’s”) effect and later (6.27)

on will include the effect of the zero-bias anomaly. The latterwhere(), <E<(), whereasw, E' <), , and the matrices
effects may indeed be strongly suppressed if a good conduc-

tor is placed near a dirty metal film, so that the Coulomb A=UgQg(w)Ugo, 7y,
interaction in the film becomes screened on a relatively short
distance[cf. Eq. (4.24 and Refs. 7,41 B=Uge{0y,Qe/ —wizg’ + w2t UET T,

are taken at the same point at the interféielogarithmic
accuracy, all fast energies are equaEp

In this subsection we will show that the Cooper-channel Using the property{Qs,7,}=0 and the relationAg
interaction in the normal metal leads to a logarithric =uo,u, we transform Eq(6.27) as
weak power-lay dependence of the Andreev conductance ) dodEd
on frequency. To take it into account, one has to sum all th YN odEdE 1
inclusions of the verte)§, into the Cooperon propagator. ?SVSQZ 16 Ldrf (2m)3 Etr{QS'{Ux'Q}}AO(E)'
Such a summation can be effectively expressed as a renor- (6.29
malization of the tunneling actio(6.1) due to the presence ] )
of the Cooper repulsioh. As a result, the tunneling conduc- 1he matrix Ao(E) in Eq. (6.28 can be replaced by
tancey gets renormalized down tg(¢) which should then 20 ,tanh@/2T), since contributions of its other components

2. The effect of interactions in the Cooper channel

be substituted into Eq6.22 for G,. vanish by parity after integration ové&:. Employing the re-
Logarithmic corrections to the boundary teffl) origi-  1ationsQs> 1 and{o. ,o,}=1, one arrives at
nate from pairing with the Cooper nonlinearity vert&x N O
iven by Eq.(4.16): TS
given by Eq.(4.16): (S,S)= 2N 0, Trr QsQ. (6.29
AS,=i(S,S,). (6.29  This term effectively renormalizes the interface transpar-

ency; substituting Eq(6.29 into Eq. (6.25, we obtain the

The diagram is shown in Fig. 5, and contains one fast CoopRG equation fory:

eron mode connectin§, andsS, :

J
i v yN ~ a_z:_'y)\- (6.30
<Sys)\>: _T<Trl“ Qso, 7,V
A few comments are in order concerning this equation.
X TrHoy,Qlua,[ 7,, W u), (6.26  First of all, we remind the reader that it is valid in the subgap
region{>{,, wherel,=In1/A 7; for higher energiey re-
where Qs=uQgu, according to the general ruld.4). mains unaffected. In the derivation we assumed that hoth

Consider first the spacial structure of £6.26). The first  andT are small compared to the running cutt¥f otherwise
trace corresponding 8, is taken along the N-S interfadg the RG should stop at the scale maxi).
whereas the second one correspondin,tas taken in the Equation (6.30 contains the running coupling constant
bulk of the N region at a distance not larger thdb/Q, () which is determined by Ed5.29 with A <<O replaced
from the interface. That is, from the point of view of slow by \,>—X\,, a Cooper-channel repulsion in the N metal,
variables, botts, andS, are taken at the same point on the defined at the energy scale Looking at Eq.(6.30 one can
boundarnyl’. In virtue of the coordinate integration 8 , the  think that it is valid for any geometry of the system since it
correlator( )V’ W') must be taken at zero momentum, so thatarises as a result of integration over energy. This is, however,
the energyE becomes the only fast variable involved. Fur- not the case and the RG exists in 2D only. The point is that
thermore, due to the presence of the commutatdn/6oiwith the coupling constank ({) logarithmically depends on the
7, under the second trace in E¢6.26), only Cooperon scale in 2D case onlycf. Sec. V Q. Recently a method to
modes give a nonzero contributigof. Eq. (4.10]. Then, treatT. suppression for dirty superconductifgC) films in
from the first trace one concludes that the whole averagéhe 1D-2D crossover region was develofigavhich does
(6.26) does not vanish only in the subgap regiélx<A. In not employ the existence of logarithmic RG equations.
other words, this reflects the trivial fact that the metallic  Substituting\(¢) from Eq. (5.27), we write down the
tunneling conductance is not renormalized by interactiorsolution of Eq.(6.30 with the boundary conditiony({,)
with Cooperons. In the deep subgap limit, the superconduc= v,
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Yo

W= :
1+ tanhh g(£—¢y) |Coshhg({—{y)

X
’ 6.31)

Now this equation can be used to find the Andreev conduc-
tance modified by the interaction in the Cooper channel. In
this regard we note that all integrals in E@.17) are not
logarithmic. Consequently, with logarithmic accuracy, it is
sufficient to use the semiclassical expression Gy, but
with the renormalized barrier transparency:

1
2 |n——
Y (InQT ©0) FIG. 6. Small superconductive islai8) of sized connected to
GA:TGA ) (6.32 a reservoir(R) through a dirty normal film(N) of sizeL>d.
0

where the semiclassical value @fAO) is given by Eq.(6.22  the effect of the tunneling DOS suppression; it will be con-
and the low-energy RG cutofft=max@O/LZ,w,eV.T,7,%),  Sidered below, in the next subsection

with 7, being the electron decoherence time in the N metal Similarly to Eq.(6.13, the correction to the Andreev term
(all these quantities are assumed to be much belypwSub- (6.4) in the action comes from the averaging of two bound-

stituting y(¢) from Eq. (6.31) one obtains ary verticesS, :
G Leg(Ly,@,T) L
A:E L—y ASA—Z(S,). (6.395
4(Q1A)PN At scales larger than its sizkthe SC island can be consid-
VT ered as a point object. Then the boundary tééni) can be
[(1+Nn/Ng) + (1= Np/Ng)(Q/A)e] written in a local form:S,=— (i m/4)GTrQsQ(0), with

6.39 Gr=Ay, where A is the area of the contact between the

] ] ) ) o _island and the film. The relevant pairing in E§.35),
where Ay is defined in Eq.(5.28. This equation is valid

provided that the problem is effectively two-dimensional, cf. 2G2 o
discussion after Eq6.30. This condition is satisfied as long <S’j): — 6T<[Tr UQL o, 7,V' 1%, (6.3
asLgos<L,, whereL,=+D/Q. According to Eq.(6.33, in

the low{) limit the Andreev conductance acquires anis shown diagrammatically in Fig. 7. Here all energies are

ET_EomtaltOll“'s p\?vwﬂ I\?VW iuPﬁrenstS'%n ertlglr?n t?]Xpor}mv]\Jltﬁ fcoupled to the slow matriced, and the internal Cooperon
€ lola power-aw expone esc g he gro %' momentum is the only fast variable. Integrating out fast

Ga(€2) with the () decrease, is equal to modes with the help of the contraction rui&.15, one ob-

> tains
! AN 1(1 ae R (6.39
Xpa=5— == 1-\/—— . .
AT N2 Vor2g Z_WG?FJdeldequ L
< y>_ 16w (277_)4 qu r( 0277 Usz)a
D. Small SC island in contact with 2D film (6.37)

Here we consider another example of an N-S contac
namely, a contact of a small superconductive island of dize
with a thin dirty normal film of linear sizé.>d, shown in

RNhere(aII fields are taken at the point=0)

— (7 7,1
Fig. 6. The edge of the film is connected to a normal reser- A=(UQI ) e; ;0272
voir. The semiclassical result for the Andreev conductance in
this geometry can be inferred from the general relatih B=(UQJL™ 1) 0,7,
62,61

=0$RD, where the metal resistanég, is now a “spread-

ing” resistance which grows logarithmically with the film Only the first term under the trace in E§.37) is important.
size: Rp=(1/2wo)In(L/d). If temperature or frequency is Evaluating the logarithmic integral ovey;, one finds

larger than the Thouless energy scBIA 2, the shortest of

the effective lengthd 1 ,=+D/(T,w) should be used in-

stead ofL. Logarithmic growth of the Andreev conductance
with the space scale implies th@j, itself becomes a running 'J *_’_4 L‘

coupling constant subject to the RG procedure. Below we *} f } r_
will derive and solve the RG equation for the Andreev con- i

ductance in the presence of the Cooper interaction renormal-
ized by the Coulomb repulsiofstill we will not touch here FIG. 7. Correction to the Andreev ter8y, .
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2

(= 2T 210,002
'y S

sg" 0, (6.3

Equation(6.38 is valid at space scaldslarger than the size
of the islandd, i.e., for energie$) < wy=D/d?. It shows that
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the RG procedure generates the term in the action of the FiG. 8. An example of factorization of the ZBA-type fluctua-

form

Sy=1 GATHQsQ)? (6.39

which reduces to Eq(6.4) when all fast modes of) are
integrated out an@ is replaced by\. The running constant
G, obeys the following RG equation:

G, G2
L dng’ (6.40
valid for {>4=InlwgyT.

In the semiclassical limity=G+/.A is constant and inte-
grating Eq.(6.40 over (=2 In(L/l) one reveals the above-
mentioned resultG$ = (G2/2mg)In(L/d). Beyond semiclas-

sics, Eq.(6.40 becomes nontrivial since fluctuations which

renormalize the tunneling conductangél) must be taken
into account. Below we will assume that,~A and thereby
neglect small corrections of the order ®§|Z,—Zq4|. Then,
substitutingy({) from Eq.(6.31) and integrating Eq(6.40
over { between{y and In(1£)7), we obtain the result for
Ga(Q):

G2 1—(Q/A)?

417G (Ng+Np)+(Ng—Np) (Q/A)2Ne
(6.41)

Ga(Q2)=

A general feature of expressidlﬁ 47) is that GA(Q)) ap-
proaches a constant vaIu@T/47rg()\ +Xg), in the lowA)

limit. The semlclassmal expressitrfor the Andreev con-
ductance,G$ (Q) (GT/47rg)In(wd/Q) predicts growth of
GA(Q) with the increase of the relevant space scale

tions for the Andreev conductance. The dashed zigzag line denotes
the correlator (e'K(V7z), (/%)) .

E. Effect of the zero-bias anomaly
1. General treatment

In the preceding consideration of the Andreev conductiv-
ity we neglected the effect of high-frequencd < w)
Coulomb fluctuations. They are responsible for the zero-bias
anomaly(ZBA) in the usual tunneling conductan¢ealcu-
lated originally by Altshuler and Arondy, which, in 2D,
leads to a suppression of tunneling by the relative order of
g ln%1/Q 7). Later it was argued by Finkelstéfand
shown (within semiclassical approathby Levitov and
Shytov*! that the first correction must be exponentiated to
get a result valid in the low-frequency limit as well. Re-
cently, Kamenev and AndreBrederived this result micro-
scopically using the Keldystr-model approach and separat-

ing the Coulomb phask according to Eq(3.12.
After the gauge transformatio{3.12, the boundary tun-
neling term(6.1) acquires the form

(6.42

S, - '7”7 Tr, eKizrQe Ko@),
where K;,=K®—K® is the Coulomb phase difference
across the interface. In our study of the Andreev conduc-
tance, we will assume that the superconductor is connected
to a low-impedance external environment which keeps fixed
its average electric potential, and neglect the Coulomb phase
Ksin the superconductor for the reasons explained in the last
paragraph of Sec. IV C. Hence, the ZBA is determined by
the fluctuations of the normal-metal phase

On singling out the Coulomb phase by the transformation
(3.12, the calculation of the ZBA becomes very simpfe:

one has just to average the phase fac&t in the bound-

=/D/Q, due to the growth of the region where the electron@’y term(6.42 over the Gaussian fluctuations fwith the
and Andreev- reflected hole interfere constructively. This excorrelator (4.30. Indeed, (KiK;), being integrated over

pression forG% (Q) follows from Eq.(6.41) in the limit A,
—0 and In@/Q)<\/§ Our result(6.41) demonstrates that

frequency and momentum, vyields the aforementioned
g~ 1n?(1/Q 7). On the other hand, since the bulk actidnb)

(in the present geometry when the current flow is effectivelydepends only on derivatives &, any(K; Kj) pairing in the
two-dimensional the Cooper-channel repulsion acts as if it bulk contains an additional power of frequency or momen-
imposes an upper limit for the time duration of such a contum, its contribution is less singular thar? [4/Q27) in the
structive interference. The same qualitative behavior wouldimit (0—0, and therefore can be neglected.

be seen in the absence of Finkelstein's corrections as well:

taking first the limitg>In?(A/Q) in Eq. (6.41), one would
find GA~G-2r/47-rg)\n as(—0 (cf. Ref. 44 where a similar

From this general observation it follows that in calculat-
ing the Andreev conductance the effect of the interaction in
the Cooper channel is factorized from the ZBA effect. In

expression was used f@, ; note, however, that a numerical other words, the full Cooperon which determines the subgap
mistake was made in Ref. 44, which lead to the overestimaconductance is a produ@n the time domaij of the Coop-

tion of G, by a factor of 2. Below we will see that the effect

eron without the ZBA(which was studied in Secs. VI C and

of the Coulomb-blockade suppression of tunneling is everVl D) and the ZBA factoZ?(t) [cf. Eq.(7.15 below]. Such
more drastic, as it leads to the decrease of the Andreev comfactorization is shown diagrammatically in Fig. 8. Our pre-

ductance af)—0.

vious analysis implied(t)=1, i.e., weak ZBA at the scale
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Q~ 7 1e?™T relevant for the saturation of the RG flow for ([K1(0)1%) prane

the Cooper repulsion constaxt cf. Eq.(5.29. We will use

this factorization property explicitly in the study of the Jo- O dw dg
sephson proximity coupling in Sec. VII. In the calculation of = o T (27)2
the Andreev conductivity we will rather follow another ap- *
proach: the effect of the ZBA will be taken into account Vo(q)
within the RG scheme together with the Cooper channel XIm > 5 IR
renormalization described above. (Dg°~iw)(2vVo(q)Dg°+Dg°~iw)

The leading double-log contribution to this expression comes
2. Rectangular N-S contact from the regionD %< w<vVy(q)Dg? where the integrand
High-frequency ZBA-type fluctuations of the Coulomb iS given by 1/§wg?). Note that in this limit of strong Cou-
phaseK in Eq.(6.42 lead to an additional suppression of the lomb |nter_act|on, a specific form of the potenti&)(q) drops
effective transparency of the interface. This effect is dif- from the mtegranq ar)d enters the result only through the
ferent in the metallic §<Q<r 1) and superconducting cutoff of logarithmicq integration. For the case of the bare

(Q<A) regions. In the metallic case, the ZBA is governed2D Coulomb potential4.23), one obtains

by a single-electron tunneling, which is the only source of 1 od =I5
. . w Jo/D dq

the transparency suppression, whereas in the superconduct- ([Ki(o)]2>p|ane=— f - -

ing case, the reduction of becomes more pronounced due 27?9 Jo, © Jozmo @

to a coherent tunneling of Cooper pairs, carrying the double

charge. _ ! (|nzﬂ—|n2ﬂ> (6.47)

The renormalized value of can be extracted from the 8m2g Q, Q) ’
boundary actior(6.42 after averaging over fast fluctuations

of the Coulomb phasli’ in the metal:

(6.46

wherewy=(270)?/D.
In the rectangular geometry of Fig. 4, a charge tunnels
into the edge of the half-plane. A similar problem for the
i k! ~ k! ~ half-space was considered in Ref. 45. Though a complete
— iK;(t)) iK;(to) 7 o
(Sy)=— 7 v Trr(e” " ™Qg(ty, 1) €715 Q(t2, 1), yreatment of such problems is involved, a double-log asymp-
(6.43  totics can be easily derived. To find it, one should use the
fact that in the relevant regionpg?’<w<2moq, the
where we neglected the Coulomb phdé@in the supercon- ;creene((jj CO.UIO(Tb mteractloln ‘tg drt]atermlnehd st;)Ier by the
ductor as discussed above and used the fact that only tqgverse ensity-density correlatorwhereas the bare Cou-
| ¢ classical f the phis b omb potential drops from equations as we have seen above.
correlator of classical components of the ph#senay be o density-density correlator can be obtained with the help
retained with logarithmic accur_aéﬁ.On ellmln_atlng f"f"St de- of the eigenfunctions of the diffusion equation with the
grees of freedom, the ter, will reproduce itself with the proper boundary conditions. For the rectangular geometry

modified va]ue of the transparenagy (cf. Ref. 40Q. Further such eigenfunctions are given by E6.16. Then the value
transformation of Eq(6.43 depends on the structure of the of ([K1(0)]?) can be obtained analogously to E6.47); it

matrix Qs ir_1 the Nambu and time spaces and on the geomaepends on the distancérom the edge of the half-plane and
etry of the interface.

In the metallic energy range\ <(}, the off-diagonal in 's given by
the Nambu space components of the supercondu@ivean 1 0 do
be neglectedcf. Eq. (3.10], so that it commutes with the ([K1(0) I hatt-plane= —5— f —
phase factoe'®1()7z Then the perturbative correction o m’g Jo, @
can be deduced from E¢.43: -5 d
xf\w d cog(qyr),
e UK (t) — K (t)]2) _ wi2me 210>
Ay=1yle 1t 7Rtz 1]. (6.49
(6.48

The fast phases] are correlated only at small times),*,  where the infinite half-planeL(, L,—) is implied. For
while the time difference in Eq(6.44 is large enough, larger, the cosine squared in E@.48 can be substituted by
[ti—t,|=Q, , due to an implicite dependence os at the its average value, 1/2, that leads to the infinite-plane result
metallic region. Therefore, the cross average in ¢4  (6.47). For the tunneling directly into the edgel£r) the
can be neglected, and expanding the exponent one arrives @rrelator(6.48 appears to be two times larger.

Hence the RG equation for the transparencyf a flat

Ay=—H[KL(0)]?). (6.45 N-S boundary in the metallic energy rangg<({,) reads
dy  {—{lo
The value of the correlatof{ K;(0)]?) is not universal W 2 (6.49

and depends on the setup considered. For the tunneling into
the whole 2D plandthat corresponds to the geometry of a where {, is defined at the scaleg, {o=In1l/wy7. Being
small SC island shown in Fig,)6one can employ Eq4.30: integrated over from 0 to In(1A)7), it yields exponential
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reduction of the tunneling conductan@ehich is two times  This, however, would be wrong. The point is that the expres-

stronger than the restdt*"?*for the infinite plang sion (6.48 for ([K'(0)]?) contains two coupled integrations
over w andq, with two frequency-dependent length scales,
Y(&)=v0Zu({), (6.50  D/w and 2ro/w. The former is the usual diffusive length
where the factoZy,({) is given by that shows how far a charge spreads during tiné'. The
latter is associated with the electric field propagation in a
(§_§0)2_§(2) conducting medium. One logarithm in the double-log ZBA
Zy(d)=exp — W expression comes from the spacial regiofD/w<R

<2wolw. However, for small enough, the length Zro/w
1 1 wlr becomes larger than the system sizg(it is assumed that
:exp< - In—-In—O). (6.51) Ly=<L,). This finite-size effect can be accounted for in Eq.
47%g Q7 Q (6.48 by substituting max@/27 o, 1/L,) as a lower limit ofg
] integration. Physically this procedure means that we neglect
‘When the RG cutoff) becomes smaller thah, the situ-  external impedance of the circuit connected to our dirty film
ation changes. First of allQs acquires ane-independent in comparison with the effective “spreading resistance” of
form (6.9), i.e., it becomes & function in the time domain, the film [given by zr (), where functiorr (¢) is determined
t1=t,. It also anticommutes wite™ 17z due to its structure  pelow in Eq.(6.58)]. It is then straightforward to generalize
in the Nambu space. In this limit, the Coulomb ph#&sean the RG equation$6.49 and(6.53 for finite systems. In the

be considered as an additive correction to the SC piase ~ Metallic energy region the transparency obeys
the island, with the total effective phases= 6—2K. Then
the effect of the ZBA in the subgap limit can be attributed to Jy

the high-frequency fluctuations o@eﬁ(t), destroying the i
Cooper pair coherence at large time scales. Repeating the o
steps that lead to Eqé6.44) and (6.45), one has instead while in the subgap limit one has

=10, (6.56

Ay=H[e V2AEKOP 1= —2,([K{(0)]). (6.5 9
y=9e 1019-1= —29([K}(0)]?). (6.52 a—Z:‘”‘Z“m- 657
The effect of the ZBA anomaly should be taken into ac-

count together with the renormalization of the transparencyrpe functionr (¢) is defined as
due to interactions in the Cooper channel, cf. E§.30.
Thus, we get the following RG equation for valid in the _ . )
subgap limit{>¢,: £~ %o, ff Q=04
r)= X drn— ¢, if 0;>Q>Eq,; (6.58

_ 27%g .

d

7:_)\?_5 250% 6.53 0, if Ern>0Q,
74 7°g

. _ . . o wherew,=2ma/Ly and {tp=In 1/E1,7=2 In(L, /).
Solving this equation fof> ¢, , we obtain a modification of The solutions of Eqs(6.56, (6.57 can also be repre-

Eqg. (6.31: sented in the fornt6.50, (6.54 with the modified functions
Zu () andZg(¢). We will not present here the complete list
Wo)= vaZs(£) of formulas for arbitrary values ab,/A and w,7 but will
n ' focus instead o g(¢) in the experimentally relevant case. If
1+ )\—gtanh)\g(g—gA))cosh}\g(g—gA) L, is measured inum then the energy», (in Kelvins) is

(6.54 given by 10@/L,, which appears to be greater tharfor a
reasonable experimental setup. Hence, in studying the sub-
gap frequency region, the lower cutoff is given by the
inverse system sizd, "%, and any information about the
Coulomb potentiaMy(q) drops from the resulting expres-

wherey,=y({a) = Y0Zm({4) is the transparency renormal-
ized by the ZBA in the metallic energy regidn<Q <71,
and the multiplicative factoZg({) accounts for the subgap

ZBA effect: sion. Solving then Eq(6.57) one obtains
({=20)?—(Ln—&0)?
zs@):exp( - =t 20 ) - (L= L) L= ({+ 8012
2m°g Zg(y)=exp — >
2m°g
p( 1|A|w‘%> 6.5 1 A AQ
—exp — ——In=-In —|. .
2m?g Q  AQ =exp( - s Ing-In ?%1) . (6.59

So far we considered an infinite half-plane with, L,
—o0. In analogy with the treatment in Sec. VI C 2, it might Note thathmaxCETh,w,eV,T,rgl) and cannot be smaller
be tempting to substitute the renormalized transparencthenE+y.
v(In(1/Q27)) given by Eq.(6.54 into Eq. (6.22 to get the Using Eq.(6.59 and substitutingy({) from Eq. (6.59
Andreev conductanc&,() in the rectangular geometry. into Eq.(6.22), we obtain the resulting expression:
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_G‘ZI'A Le(Ly,@,T) 3. SC island
AT g Ly Now let us consider ZBA effects in the small island ge-
ometry shown in Fig. 6. Let us first study the renormalization
« 4(QIA)*e of the junction transparency. Depending on tge relation
_ 2N g12 between momentum and the inverse island dize, the ge-
[(L+Xn/Ng) + (1= An/Ng) (2/A) 0] ometry of the interface can be either flat, émi>1, or point-
1 A AQ like, for gd<1. Then the renormalization of can be de-
xexp{ — Tlnﬁ . In—z) , (6.60 rived from Egs. (6.45, (6.52, where the correlator
79 ETn ([K'(0)1?) is given by Eq.(6.48), with cog(qyr) being for-

mally replaced by 1+ 6#(qd—1)]/2. The resulting RG equa-
tions can be written in the forrt6.56), (6.57) with the func-
tion r(¢) defined as

whereG1,=G1Zy({s) stands for the single-particle tunnel-
ing conductance at the scalerenormalized by the normal-
metal ZBA. Equation(6.60 is one of the main results of this
paper, it shows that the original growth &,(Q)xQ~*A

with the ) decreasdthe exponentx, is defined in Eg. r)=

(6.34)] stops at Inf/Q)~+/g, and at lowerQ) the Andreev 472g

conductance decreases due to the zero-bias anomaly. In the p .

intermediate frequency range XQ)~.g both Finkel- 2({=Lo), if Q>2mold;

stein’s effect and the ZBA effect are of the same importance, {th— o, If 2mald>Q>maX v, ,wg);
whereas in the infrared limit the ZBA effect is the most (-t i 0> 0>0

important one. The influence of the last effect upon the An- % 0 d >

dreev conductance was predicted by Huck, Hekking, and {th=day If 0,>Q>0y;

Kramer28 on phenomenological grounds. They considered a L= ¢, if min(w,,wg)>0>Em,;

N-S junction coupled to the model dissipative environment ,

characterized by some impedan€éw). We provide here a L 0. if Ern>1.

microscopic calculation of this effective impedanc&(w) (6.69
= 7rr (In(1/Q27)), with the functionr () defined in Eqs(6.58

and (6.64) below. The RG equations fofy({) can be easily solved. Again,

Until now we considered the case of unscreened barwe will not present here a general solution depending on the
Coulomb potentiaMy(q) =27e?/q. In the presence of an relations between various energy scal&;,(L)=D/L?,
additional (clean metal gate, the Coulomb potential in the w,=270d/L, wq, £, and 2ro/d. Rather we concentrate on
dirty metal layer changes according to E¢.24. As a re- the solution in the superconducting regiéh<A, assuming
sult, Ve(0)=4me?b, which modifies the law of propagation that wq~A<w, . It can be written in the forn{6.54 with
of the electric field, which now becomes diffusive with the Zs(¢) given by
effective diffusion coefficientD, =8mve?b-D. The ratio

D, /D=2k,b>1, where k,=4mve? is the inverse 2D B (== ({+{0)12]
screening radius. In a finite-size system, By58 should be Zg(§)=exp — 4nlg
modified as
D D ;{ ! I A | ) (6.65
. ) =exp — n—-In . )
|I"IF, if EQ>ETh; 47729 Q E-|2-h(L)
rSo( ) = 1 > _ D The difference by 2 compared to E§.59 accounts for the
2m?g {n— ¢ if Q>ETh>D—Q; difference between spreading over the whole plane and the
. * half-plane.
0, if Evn>Q. According to Sec. VI D, in the island geometi@, en-

(6.6)  tering the action as a parameter in E6.39 gets renormal-
: PP ized after eliminating fast degrees of freedom. In the absence

In an effectively infinite systerffor Q>(D/D, )Eyy,, when  '#€ : oL de :
the propagating field does not have enough time to reach th%f the ZBA' Its renformallzatlon C(.)T;ef] from theffavera?!ng of
edge of the systefnone of the two logarithms entering Eq. T[WO verticess,, cf. Eq. (6.35. _W't t. e ZBAe ?Ct t_a en
(6.47) becomeso independent, cf. Ref. 41. The®, is given |r?to. account, the Andr_eev actio®, will renormalize |tse_lf
by Eq. (6.60, provided that the last exponential factor is Similar to the termS, in Sec. VIE 2. The corresponding
replaced by the power-law factor expression reads

X, i K () 7=
[28"%= %) 1 (6.62 (Sa)= 75 CaTH(Qs(ty) e 1(™Q(ty 1)
where XQs(tz)GZiKi(tZ)TZAQ(tz,t1)>, (6.6
which is written forQ<A when Qg given by Eq.(6.5 is
xz=izln(87we2b). (6.63 local in time. On averaging over fast;, one finds for the

correction toGy:
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AGL=G e VARK (-2 (I 1] (8.67)
Expanding the exponent and omitting the cross averages, one
arrives at R
AGp=—4GA([K1(0)]). (6.68
As a result, we obtain the following modification of the RG d N
equation(6.40: e
L
(9GA ./42')/2 -t T
19_§_ 479 —4I’(§)GA. (669)

FIG. 9. Two superconductive islandS) of sized with separa-
Taking y(¢) from Eq.(6.54 and integrating this differential tion R>d coupled via a dirty normal filn{N) of sizeL.
equation, one obtains the solution for the Andreev conduc-

tance: (2.22: it yields the usual expression for the Josephson cou-

) pling energy,— E; cos®. Employing Eq.(6.10 one obtains
Q)= GTa 1-(Q/A)*s the standard relation between the Josephson currenttiaad

Gal )_477g ()\g+)\n)+()\g_)\n)(Q/A)2)\g c!assical 'component pfthe phase differencéwith dimen-

sional units restored
X p( ! I - I — (6.70
exp — n—-In— .
2 2 2eE
27%g QT E2, I,=——sin®,. (7.3

whereGr, is the normal-state tunneling conductance at the

scaleA renormalized by the ZBA. The coefficient in front of . . -
the double logarithm in the ZBA exponent is four times The term(7.1) can be derived in a way very similar to the

larger than the one for the single electron tunneling, due t&/€rvation of the expressiof6.4) in Sec. VI B: one should
the doubled charge of a Cooper pair. Expres¢®a0 again con5|d§r the(%ross(zt)egm in the p(_e)rt-urbatlve correction .to the
shows that the ZBA effect upd@, is described by the sepa- 2Ction,i/2((S;”+S”)%), whereS} is the boundary action
rate factorzZ(¢) as it should be due to the factorization (6-1) at the interface with the superconductg),(and the

property discussed above. With the frequency decreas@verage is taken over fluctuations of the normal-metal matrix

Ga(Q) first grows logarithmically and then decreases as in< )
the case of the rectangular N-S contact. In the presence of a 1€ Josephson coupling enerBy depends on the geom-

screening metal gate, the ZBA facla<|2= (Q/A)*2 [cf etry of the system, and below we will firf, for two geom-
Eq. (6.62] ' S ' etries shown in Figs. 9 and 10, that are natural counterparts

of Figs. 6 and 4 discussed above with respect to the Andreev
conductance. In both casgsg is given by the Fourier trans-
form [cf. Eqs.(7.6), (7.11)] of the zero-frequency Cooperon

A. General treatment and the RG equation amplitude. The latterC(q,w)=7({), logarithmically de-

In this section we first rederive semiclassical expression ends on =maxD’.w.T). Within the semiclassical
- ; P pproximatiofl it is given by an integral over the “center-

for the proximity coupling between superconductors, Sepazs 1 -ss” Cooberon enerqy:
rated by dirty normal metal, and then generalize them, taking P ay:

into account quantum fluctuations, similar to the way it was

VII. JOSEPHSON PROXIMITY COUPLING

done above for the Andreev conductance. The term in the G% A[F(E4)+F(E_)]EdE G% A
effective action, which is responsible for this coupling, can “ 4y o (Dq?)?+ 4E2 = gln a
be written in the form (7.4
: A1)
SJZEEJTr(Qs Qs”ay), (7.0 A

where superscript§) and (?) refer to two superconductive
banks or islands. Using the low-energy representattob)

for Qs, and neglecting the Coulomb phase factors ,q* S N S
exp(iK (t) 7,), one rewrites Eq(7.1) as

SJ:_ZEJI Siﬂ@l(t)sin®2(t)dt, (72) v
with ®; and ®, being the classical and quantum compo- Lx
nents of the phase difference between the superconductors,
0=0M—-¢>_ The meaning of the tern{7.2) becomes FIG. 10. Two superconductive termind®) coupled via a dirty

transparent in the initial basis before the Keldysh rotatiomormal film (N) of sizesL, andL, .
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To take into account the effect of interaction in the Cooper G% 4(&5IR)Mg
channel that makeS 1= Ay scale dependent, we replace Eq. E;(R)= .
(7.4 by the following differential RG equation: 8mvR? [(1+)\n/)\g)+(1_)\n/)\g)(§A/R)4)\g(]72 9
L, 70 Thus, the effect of repulsive interaction in the Cooper chan-
ol =A Sy (7.5 nel is to produce an anomalous power-law expongnt2
+4\g, describing decay of the Josephson coupling at long

This RG equation coincide@ip to a numerical factorwith ~ distancesE;~R™.

the RG equatiori6.40 for G, in the small island geometry. ~ NOw we proceed to the case of the rectangular geometry
In the study of the Andreev conductance, such an RG equz§-h°W” in Fig. 10. In this case the set of eigenfunctions with
tion appeared as a result of thpintegration and thereby the proper boundary conditions redds$. Eq. (6.16)]

holds only for the geometry of Fig. 6. In the case of the

Josephson coupling, E7.5 comes from theE integration 2 cosgmX coskny ™

and thus is insensitive to a particular geometry holding for Ymn(X,Y) V(1+ 8no) (1+ 8oLk, Gm Lxm’
both setups shown in Figs. 9 and 10. ' ’

Although the RG equation&.40 and (7.5 look similar, T
the answers foiG, and E; are quite different. The main kn=|_—n, m,n=0,1,.... (7.10
difference is that7 is not a final quantity, it should be Fou- Y

rier transformed to get the Josephson endfgyAs a result, The difference with the case of two islands is that now one
only the lowest spacial modes effectively contributeEp, has to sum over the single compongptof the wave vector
which appears to be exponentially suppre$sgge to the only (cf. Sec. VI O:
loss of coherence if temperature or frequency of phase fluc-
tuations exceed the Thouless energy. Note, that in the case 1
shown in Fig. 9, the relevant Thouless energy scale is deter- -
mined by the interisland distan&® we denote this energy as
wr=D/R? to discern it fromE,(L)=D/L? which will also  Equation(7.5) for J=const G, has been already solved in
enter results for the ZBA factor for the two-island setup.Sec. VI D; substituting the solution into E(7.11) and using
Below we will assume that botfi and w are much lower the equality>, __.(—1)™=0 we transformE; to the form
thanE, for the rectangular geometry, and much lower than
wg for the island geometry.

Equation(7.5) is sufficient to find the proximity coupling Es(LyLy)=
energy in the absence of the zero-bias anomaly effects B
(which will be incorporated in the next subsectiowe start > (="
from an example of two small SC islands of sieseparated ~ — 2/ A\ 2Ng
by the distanc&k>d (see Fig. 9. In this case " (Mg Xn)F (Ng=An)(Exam /Az 92)

7.1

[ee]

> (-1me(qy).  (7.1D

GI 1 g
4v LyLy Ng— X,

dq iR 1 (= where ETth/L)Z(. Consider this sum and write it as
EJ(R)ZJ (277)2(-:‘ ca)=5—- fo qdqb(qR) J({q) Spe (= 1), Forng<1, f, is a very slow function for
(7.6) m#0 but has a cusp an=0. Then the sum can be well
estimated a$,—f, and is equal to

= 2 1 I
where{,=1In(1/Dg°7), and the use of the continuous Fourier ()\g_)\n)(ETh/A)Z)\g

transform implies that the distance between islands is much . (713
shorter that the total size of the filh>R. Using the iden- ()\g+)\n)[()\g+)\n)+()\g—)\n)(ETh/A)2”g]
tity J =(1/x)(ala J , and integrating by parts .
vlvg o&(;i)n (AP0 niegrating by p As a result, we obtain
2
1 (= aT(Lq) Bl Ly =g
E;(R)= ﬁfo dqJy(qR) agqq . (7.7 Y Bu(N g+ N LyLy
y 2(£ 1L, )M
Since J({,) is a very slow function ofg (provided thatg TN N+ (L= /N IL)Mg
>1), theq integration converges rapidly near-R™ 1. Then ( nfhg) *( nfhg)(£a /L0700
we may take7 at {,=In(R¥/D7) and perform the remaining (7.14
integration that yields In the above expressioB+ is the total normal-state tunnel-
ing conductance proportional to the widtly of the contact.
E (R N9 7.8 In the rectangular geometry a nontrivial exponetjt=1
(R)= aR2 ¢ gzm(RleT)' ' + 4\ enters theE;(Ly) dependenceEJoch_xJ. In the case

of weak disorder)In(L,/&,)<1, the result(7.14) reduces
Combining Eqs(7.8) and (7.5 with Eq. (6.31), we obtain to the one obtained in Ref. 4, whereas Ef9) reduces to
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the form used in Ref. 4flan extra factor 4+ in Eq. (18) of 1 oL
Ref. 44 is due to the difference in the definition of the di- E;(R)= —223(5)— . (7.19
mensionless tunneling conductanGe]. Both of the above mR 9 {=In(R2/D7)
results(7.9), (7.14) were obtained neglecting the zero-bias
anomaly effects. Now we proceed to take them into accouniNote that the same result could be obtained within the RG
approach with the help of the equation similar to E§69):
B. Proximity coupling in the presence of the zero-bias
anomaly 0T Azyz
As it was explained in Sec. VI E 1, the effect of the Cou- 9 8w —4r(0)J (7.20
lomb phaseIZ(t) fluctuations(which are due to the long-
range Coulomb potentiatan be separatgdactorized from with r(&)=—(1/2)3In Z,/0¢.
the effect of the interaction in the Cooper channel. Below we Finally, we obtain the Josephson coupling energy for two
will use this factorization explicitly.
Consider first the two island geometry of Fig. 9. Using the
gauge-transformed forr{6.42 of the boundary action term,

islands:

and repeating the steps that lead to Hgs5) and (7.6), we G3, 4(éxIR) P
obtain now the Josephson coupling eneEgyR) as a time- E;(R)= > 2
domain convolution of the Cooperon and the ZBA exponent: 8mvR™[(1+Nn/hg)+(1=Nn/hg)(£a/R)™ ]
d X 2 I R I i (7.29
. expg ———In—-In—|. .
Es(R)= f dtZ3(t,R) f > q)ze”*Raq,t), (7.19 Mg & ER
a

where C(q,t)=f(dw/27)J({)e '“! is the time-domain The presence of the total side of the film in the above
Cooperon amplitude, ang=In 1/Q 7 with Q =maxQq? ). expression for the interisland proximity coupling may appear

The ZBA factorZ;(t,R) is defined agcf. Eq. (6.47)] to be unexpected. It originates from the fact that electric field
propagates much faster than electron density: during diffu-
—InZ,(t,R)=([K1(t,R)—K}(0,01) sion timeR?/D corresponding to the interisland distance, the
electric field propagates the distant€R)= «x,R?, where
_ 1 [Ade f\’m dqg k,=4mve? is the inverse 2D screening length. The effective
_7.,29 0 ® Jmaxwerear) d electric impeda_mce that determines th_e_ZBA factor does de-
pend on the distance(R) as long as it is shorter than the
X[1—-coswto(qR)], (7.16  total sizeL. If the dirty film is of metallic origin,«, * is of

the order of Angstnms, soL(R) easily exceeds any reason-
able size of the film even foR in the submicron range. In
this case the effective impedance is determined by the film
size L. All these considerations do not hold for the case of
the screened Coulomb potentid.24); in that case the ex-
ponential factor in Eq.(7.21) should be replaced by
(€A /R)*z, cf. the end of Sec. VI.

Consider now the ZBA effect for the rectangular geom-
' etry (see Fig. 10 In this case one has

whereL>R is the size of the metal film. Here we assume
thatwy~ A, and include all ZBA fluctuations with frequency
> A into redefinition of the normal-state tunneling conduc-
tance G1, at the scaleA. In the absence of the ZBA,
Z;=1 and Eq.(7.19 reduces to Eq.(7.6), with C(q)
=((g,w=0). The lower limit of theq integration depends
on the relation between the field spreading distanear/av,
and the sheet size,l1/To be more specific, we will assume
following Sec. VI E, thatA/27o<L. Then the ZBA expo-
nent is equal to

[

1
By =L, f diZi(t,L) 2 (=1)"Clam,b),
(7.22

A A(UR
a2y on "EZL
T™g “R (L)

ZJ(t,R)=exp( — ) (7.1
where wg=D/R?, E14(L)=D/L?, and it is assumed that
t~wg'. Now substituting7(¢) from Eq. (7.5 into Eq.
(7.19), using the trick which led to Eq7.7) and the identity
AT)3Lq=0(DQ*—|w|)aT({g)dLq, and performing a
trivial integration overw, we obtain

cf. Egs.(7.11 and(7.195. Again, the relevant scale for the
integration is given b)E{h1=R2/D. Then one can integrate
over t keeping ZJ(t)=ZJ(ET_hl) constant that amounts to
multiplying the previous resulf7.14) by Z3(E;y), provided
that G is substituted byst, . The ZBA factor for a flat N-S

aJ(¢,) sinDg?t interface is given by
g

0lq t

(7.18
Both momentum and time integrals converge fairly well in
the vicinity of g~R™* andt~wg!, respectively. As a re-
sult, to logarithmic accuracy we get whereETth/L)z(. Therefore, we obtain

1 59
Ey(R)= —= fdtZ§<t,R)J dgdy(gR)
7R 0

Z5(EZH L) ep( ! |n2A (7.23
1 =eX - = | .
ST 2m?g Emn
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G%A way, similar to the normal-metal case treated in Ref. 22. This
Ey(Ly,Ly)= m second effectanalogous to the zero-bias anomaly of the tun-

neling conductange contrary to the first one, does depend
2(&01L,) "M on the long-range part of the bare Coulomb potential, and,
thus, can be modified by the presence of an additional exter-
nal screeningprovided, e.g., by a metallic gate nearby the

(LN /Ng) + (1= N /Ng) (£x 1L, )0

4 L dirty film).

X exp( - Tmz_X) . (7.24 It was argued previouslicf. Ref. 13 that the fluctuations

7’g A responsible for the zero-bias anomaly effect are specific for
the single-particle density of states, due to the gauge nonin-
variance of the single-particle Green’s function, whereas the
same fluctuations do not contribute to otkg@auge-invariant
physical quantities likel.. We have calculated two impor-
tant characteristics of mesoscopic S/N structures, the An-
dreev subgap conductance and the Josephson proximity cou-
VIIl. DISCUSSION pling, and found that they are affected by the zero-biased

We h develoned field th functional f i fanomaly effect as well as by the Finkelstein effect. To be
€ have developed Te eory functional formalism of ., .. specific, we have calculated linear Andreev conduc-
the Keldysh type for disordered superconductors. This ap-

proach provides a regular method for the treatment of alf?nCiG’;(!?) |tr\1Nthg'fr;rese?ce of tk;g t;.r)melmg ﬁasrgeflls q
kinds of quantum fluctuations beyond the standard semiclaf,— fuc u[’ , Tor two difierent geometriesi) a smaf St isian
sical theory of superconductivi§?° which can be under- Siting” on a large-area dirty metalFig. 6), and(ii) a rect-

stood as the saddle-point approximation of our theory. Th@ngular_ nor.mal film between superconductive and no_rmal
theory is formulated in terms of the locéih spacé matrix reservoirs(Fig. 4). Our results for those two cases are given

order parameter whose components correspond to the r y Egs.(6.70 and(6.60 correspondingly. In these formulas

tarded, advanced and Keldysh Green's functions. The mai stands for the infrared cutoff of the renormalization pro-

. _ 2 . .
advantage of our approach with respect to the standard Mag€dure. i-.e.l=max(T,w,7,,D/L"). A detailed generaliza-
subara replica formalistis that it provides the possibility tion of these results for 'Fhe ste_ady—state nonlinear Andreev
of treating nonequilibrium problems. currentl ,(V) can be obtained with the use of formulas from

A general formulation of the theory involves@ matri-  APPendix B; qualitatively the behavior dga(V)=dl,/dV

cesQ, s, composed as the direct product of the 2 blocks ~ ¢an be found by substitutinged/ for £ in Egs.(6.70 and

corresponding to the Nambu, time-reversal, and Keldys 6.60. . . —
spaces. However, in order to present our approach in the The second new physical quantity we have studied is the

most transparent form, we restricted here our specific calcul0S€Phson proximity coupling, as a function of the size of
lations to the case of spin-independent interactions, and ndl€ normal region between two SC contacts. It was calcu-
glected the usual weak-localization conductivity corrections/@t€d, in the low-temperature limE<Er,, for the case of
which makes it possible to use reduced 4 matrices. We two small islands in contact with a dirty normal met&ig.
focused here on the fluctuational effects specific for the dirty?); @S Well as for the rectangular film between two SC banks
superconductive films, whose relative magnitude is(F19- 10. The electron-electron repulsion in the Cooper
known''2 to be of the order of (j)In?(L/l) (in the two- channel Iead_s to the appearance of an ano_malous scaling for
dimensional limi}, and thus can be considered independentlyF? ._2I_r12/ particular, for two small SC islandsE,(R)

of the normal-metal weak-localization and interaction*R = “"*%, whereas for the rectangular contact the Joseph-
correction&’ which aree(1/g)In(L/l). There are two physi- Son energy decays with the film length a8,(L,)

cally different types of these effectdi) the Coulomb- =L, ' ?™9. In addition, the “ZBA effect” adds to the
induced repulsive contribution to the electron-electron interabove behavior a log-normal suppression factor
action in the Cooper channé&oming from the “diffusive”  exf—(4/m°g)In¥(L,/&,)] for the rectangular contact, and a
frequency regionrm<D@?), and (i) reduction of the aver- Similar factor for the island geometry. Full results for both
aged single-particle density of states due to high-frequencgeometries are given, at the low-temperature limit 0, by
(w>Dg?) fluctuations of electric potential. We have shown, Egs.(7.21) and(7.24. Screening of the long-range Coulomb
following the approach developed in Ref. 22, that these twdnteraction in the film by an external gate makes the ZBA
effects can be separated at the nonperturbative level, byuppression weaker, it reduces then to the power-law factor
“gauging away” phase factors induced by the fluctuating(éa/Lx)®? and (£, /R)*: for the rectangular and island ge-
long-range electric potential. The first effect was treated byometries correspondingly, wherg is defined in Eq(6.63).

the renormalization group method within the single-loop ap- In the present calculations we did not take into account
proximation. Being applied to the case of uniformly disor- the existence of a finite decoherence timgin normal met-
dered superconductive films, this method essentially reproals at T>0. Qualitatively, the effect of nonzerft)(;1 is to
duces the well-known results by Finkelstdift® for the  suppress the central peakliV) predicted within the semi-
Coulomb-induced suppression of the superconductive transeclassical theory, i.e., it acts in the way similar to the effect of
tion temperaturd .. The second effect is formally similar to quantum corrections we have studied in this paper em-

the “infrared catastrophe” of quantum electrodynamics; inphasize that these quantum effects have nothing to do with
our technique it is taken into account in an essentially exactzero-temperature decoherence'That is why the decoher-

For the screened Coulomb potential, the last factor in Eq
(7.24 is replaced by £, /L,)?*=. Note, finally, that both ex-
pressiong7.21) and(7.24) refer to the low-temperature limit
T<#D/R?, AD/LZ.
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ence rater, " extracted from the data on the Andreev con- e do o
ductance might be overestimated unless quantum fluctua- Ta()=7 f dtlf 5,9Calw)e ot =)
tions are taken into account in the data analysis. Another
unsolved theoretical problem is to go beyond the lowest- , ‘ , ,
order expansion over the tunneling conducta®ge, that X < et =102 — @7 1fa(ta) + 102V
becomes necessary@®; approaches or exceeds the conduc-

—2i coth%[(ei %1(t)coshy (1)sing,(t,)e 1)

tance of the metal region.

cosez(tl)cos92(t)>
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(ALL.). The effect of the zero-bias anomaly also can be taken into
account along the same lines, cf. Sec. VI E. However, the
RG method employed there does not determine the depen-
dence of the ZBA factoZg(Q2) [cf. Eq. (6.55] upon the

In this Appendix we present an alternative proof of Eq.ratio 2eV/T. To find this dependence, we use the factoriza-
(6.12 with the help of the fluctuation-dissipation theorem. tion property discussed in Sec. VI E 1 and note that the low-
Expanding the actioii6.8) to the second order in the phase energy ZBA effect can be accounted for by the replacement
variables, we obtain 6(t)— Ben(t) = H(t) — 2K (t), cf. discussion after Eq6.51).
After such a replacement the correlation functions entering
Eqg. (B4) can be expressed via the correlation matrix

APPENDIX A: ALTERNATIVE PROOF OF EQ. (6.12

SRIIE 's fd—wéT(—w)wnlé(w) (A1) K R
A 47A) 2w © ‘ Dlw)= D w) DY (w) ©3)
@)= prw) o |
Hence, in the Gaussian approximation, the correlator ofyhere, similar to Eqs(4.29 and(4.30, the matrix elements
phases is given by Dy ()= — 2i(W,(w) ¥ (~w)), and ¥ (t)=e 2K, As a
result, the whole expression for the current can be written as
2(I1,)"
) (— = © e (do )
(O(@)O(mw))= =5 = (A2) IA(V)=ZJEwGA(w) iDK(2eV-w)

Employing Eq.(6.9) relating the phase of the island with the +2 cothilmDR(zeV— )|, (B4)
applied voltage, we get for the spectral voltage correlator: 2T

Note thati D¥(w) is a real positive function. Below it will be
convenient to rewrite EqB4) via the forward and backward
® coth%, (A3)  correlation functionsD~(%)(w) defined as

DPK=Dp>+D=, DR-DA=D>-D~, (B5)

In the equilibrium state, the detailed balance relation
D<(w)=e “TD~(w) is valid for bosonic correlation func-
tions, in addition to the general relatio(B5). In terms of the
original [before the Keldysh rotation Eq2.22] bosonic
variables, D~ (t)=—i(W(t)¥*(0)). The correlators la-
To derive a nonlinear Andreev currehf(V) we start beled by the index *" contain fields taken at the forward
from Eq. (6.21). Tracing over the Nambu space we reducebranch of the Keldysh contour (for the sake of brevity we
the expression for the action to the form similar to E§8),  will omit the corresponding index “1).
with G, being replaced bys,(w). Calculating the current If the correction toG,(w) from the interaction vertex
following Eq. (6.10, we find in the Cooper channel can be neglected, it can written as

(VoV_0)=

e’G,
that, according to the Nyquist formula, results in E§.12.

APPENDIX B: NONLINEAR ANDREEVY CONDUCTANCE



G _ Gt (dE hes h—|C(E), (B6
A(w)_z_v — | anho= —tanh== (E), (B6)
whereE.=E*+ /2, and
C(E)= ! Re>. (B7)
Lby “d —2iE+Dq?

is the Cooperon amplitude. The sum in EB7) goes over
Cooperon eigenmoddsf. derivation in Sec. VI C 1L
Combining Eqgs(B4)—(B7), we obtain finally

oy _ eG} (= o dEJm dE’ hE—E’/2+eV
aAVI=ig | CEBIE] S|t an 2T
(EtE'2-eV] | 1-e VT
—tanh——5——D"( )m-

(B8)
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The result(B8) is equivalent to the one obtained in Ref. 28
by the method of analytic continuation. In tAe—0 limit
expression(B8) simplifies and can be transformed to the fol-
lowing form for the differential conductance:

dl, €°G3
dv

2eV
f, dEP(E)C(eV—-E/2),

(B9)

whereP(E) = (i/27)D " (E).

Note, finally, that the resultéB8), (B9) are valid in the
situation when the order parameter ph#@§g) is subject to
quantum fluctuations as well; in this case the correlation
function D~ is defined as D7 ()=

—i(e PO (t)e 1 HOW *(0)), whered(t) = 6(t) — 2eVt
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