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Keldysh action for disordered superconductors
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The Keldysh representation of the functional integral for the interacting electron system with disorder is used
to derive microscopically an effective action for dirty superconductors. In the most general case this action is
a functional of the 838 matrix Q(t,t8) which depends on two time variables, and on the fluctuating order
parameter field and electric potential. We show that this approach reproduces, without the use of the replica
trick, the well-known result for the Coulomb-induced renormalization of the electron-electron coupling con-
stant in the Cooper channel. Turning to the results, we calculate the effects of the Coulomb interaction upon~i!
the subgap Andreev conductance between the superconductor and the two-dimensional dirty normal metal, and
~ii ! the Josephson proximity coupling between superconductive islands via such a metal. These quantities are
shown to be strongly suppressed by the Coulomb interaction at sufficiently low temperatures due toboth
zero-bias anomaly in the density of states and disorder-enhanced repulsion in the Cooper channel.
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I. INTRODUCTION

Electron transport in hybrid superconductive-normal s
tems at low temperatures is governed by the Andreev refl
tion. Both finite-voltage conductanceGA between supercon
ductive and normal electrodes, and Josephson critical cur
I c between two superconductive banks, separated by the
mal region, are determined by the Cooper pair propagatio
the normal metal. The theory of the Andreev conducta
~without Coulomb effects! was developed in, e.g., Refs. 1–
whereas the Josephson coupling was calculated~with the ac-
count of short-range electron interaction! in Ref. 4. When the
normal conducting region is made of a dirty metal film,
two-dimensional~2D! electron gas with a low density o
electrons, Coulomb interaction in the normal region m
lead to strong quantum fluctuations which suppress both
Andreev conductance and the Josephson proximity eff
Several different kinds of quantum effects are known to
relevant in low-dimensional conductors at low temperatur
Quantum corrections to the conductivity of two-dimension
dirty conductors grow logarithmically as temperatureT de-
creases and become large at ln(1/Tt);g ~where g
5(\/e2)s is the dimensionless conductance,s is the con-
ductance per square, andt is the elastic scattering time!.
There are two main types of these effects: weak localiza
corrections,5,6 and interaction-induced corrections.7 Other
important quantum effects include interaction-induced s
pression of the tunneling conductance~‘‘zero-bias
anomaly’’7,8!, and disorder-induced suppression9–13of super-
conductive transition temperatureTc . These effects are o
the relative order ofg21 ln2 (1/Tt), i.e., much stronger than
the weak localization and interaction effects. Earlier stud
of all those effects6,7,9,10 employed perturbative diagram
PRB 610163-1829/2000/61~18!/12361~28!/$15.00
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technique based on the expansion over the semiclassica
rameter (EFt)21;g21. This method has an obvious draw
back: the number and complexity of diagrams grows f
with the order of perturbation theory, which makes its u
very difficult in the lowest-temperature region where effe
are strong. Some combination of the perturbative diagr
technique and functional methods was used in an ea
paper,14 where an attempt to calculate the effect of lon
range Coulomb interaction uponTc was made. More ad-
vanced functional methods were then developed in the w
localization theory,15,16which made it possible to average th
fermionic functional integral over disorder, and reduce it
an ‘‘effective’’ form which contains slowly varying diffusive
modes only. Those approaches have used either the re
trick15 or the method of supersymmetry.16 Whereas the su-
persymmetry method was found to be very powerful a
convenient for the study of single-electron effects, it can
be used in the cases where quantum corrections du
electron-electron interactions are important. The repl
method was generalized for the interacting systems
Finkelstein~cf. Ref. 12 for the review!; in particular, he has
shown that in dirty films the superconductiveTc vanishes at
g; ln2(1/Tc0t) @hereTc0 is the bare~BCS! transition tem-
perature#. The drawback of the replica method is that it co
tains an unphysical procedure of analytic continuation o
the number of replicasn→0, and, also, it is difficult to use
for the study of nonequilibrium phenomena.

A long time ago Keldysh17 proposed an approach whic
allows one to treat kinetic phenomena in metals with the u
both, of the Green’s-function technique, and of the kine
equation for the distribution function. This approach w
found to be especially fruitful in the theory of supercondu
tivity, where dynamic equations for the Green’s functio
12 361 ©2000 The American Physical Society
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were derived in the dirty limit18 ~cf. also review articles,
Refs. 19,20!. In the static limit, these equations coincide wi
the Usadel equations.21 The Keldysh approach often wa
found to be the most simple and transparent, even for
treatment of linear-response problems, since it does no
volve tedious analytic continuation procedures. It is also
only known method for the treatment of nonlinear and
nonequilibrium problems. In some cases nonlinearities w
respect to both external andfluctuatingfields are important,
so one needs either to sum up very large number of
grams, or to develop some effective action formalism with
the Keldysh approach. Such an approach was recently de
oped, for normal metals, by Kamenev and Andreev.22 In
many respects we will follow this seminal paper in o
analysis. A similar approach was also recently develope
Ref. 23, where Finkelstein’s renormalization group equati
for dirty metals were rederived for the case of short-ran
electron-electron interaction. For the earlier approache
develop functional integral methods in the Keldysh repres
tation see Refs. 24–27.

In the present paper we will develop the Keldysh fun
tional approach for dirty superconductors, and will use it
the study of the Coulomb-interaction effects in the lo
temperature Andreev conductanceGA between supercon
ductor and normal metal and in the Josephson proximity c
pling EJ via dirty 2D metal. It will be shown that both of th
above-mentioned effects, interaction-induced suppressio
the tunneling density of states~DOS!, and renormalization of
the Cooper-channel interaction, contribute considerably
the suppression ofGA andEJ in the low-energy limit. These
two effects differ in the following sense: the specific form
the DOS suppression depends crucially on the long-ra
behavior of the Coulomb potential~and thus can be varie
externally by changing electromagnetic environmen!,
whereas renormalization of the Cooper-channel interac
depends on the short-distance Coulomb amplitude only
long-range Coulomb forces are suppressed~i.e., by placing a
nearby screening electrode!, the DOS suppression effect ma
become weak. In this case the main effect comes from
presence of short-range repulsion in the Cooper channel;
result, both the Andreev conductanceGA(v) and the Joseph
son proximity couplingEJ(r ) exhibit anomalous power-law
suppression in the infrared limit, with exponents of the ord
of g21/2. In the case of no static Coulomb screening,
DOS suppression effect is the strongest one in the asymp
infrared limit, and it leads to the ‘‘log-normal’’ suppressio
of GA(v) andEJ(r ) as (v,D/r 2)→0. The influence of long-
range Coulomb interaction on the Andreev conductance
treated previously28 in a kind of phenomenological circui
theory. In the asymptotic limit (1/g)ln2(1/vt)@1 our results
are in agreement with those of Ref. 28 and provide a mic
scopic derivation for the effective impedance function us
there phenomenologically; in the intermediate reg
(1/g)ln2(1/vt);1 an additional contribution due to th
Cooper-channel repulsion~not treated in Ref. 28! is shown to
be equally important.

The rest of the paper is organized as follows: in Sec. II
describe the formalism of the Keldysh-type functional in
gral and derive an effective action resulting from disord
averaging; in Sec. III we determine the saddle manifold
the above action and derive a kind of a nonlinears-model
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action formulated in terms of an 838 matrix Q which de-
pends on two times and one spacial coordinate, and of fl
tuating order parameter and electromagnetic fields. In S
IV the basics of perturbation theory and diagram techniq
for the deriveds model are presented. In Sec. V, in order
demonstrate the technique developed, we rederive Fin
stein’s renormalization-group equations and calculateTc
suppression for dirty superconductive films. Section VI
devoted to the calculation of the Andreev conductance a
function of frequency and/or temperature in the presence
the Coulomb effects; we consider two different geometr
of normal-metal–superconductor~N-S! contact both in the
presence and absence of the DOS suppression effect. In
VII we switch to the calculation of the Josephson proxim
coupling, for the same two geometrical configurations. S
tion VIII contains discussion and conclusions. Finally, som
technical details are presented in two Appendixes.

II. DERIVATION OF THE EFFECTIVE ACTION
IN THE KELDYSH FORM

The Lagrangian of the electron system interacting
electromagnetic field and subject to disorder potential can
written as

L5L e1L f , ~2.1!

where

L e5E S ca* F i
]

]t
1

~¹2 ia!2

2m
1m2Udis~r !1fGca

1Dc↑* c↓* 1D* c↓c↑Ddr ~2.2!

and

L f5E E22H2

8pe2
d3r1

n

lE D* Ddr ~2.3!

describe electron and field contributions, respectively. H
ca(r ,t) is a Grassmann spinor field (a5↑,↓), f(r ,t) and
a(r ,t) are the electromagnetic potentials. Space integral
Eq. ~2.2! and in the second term of Eq.~2.3! are taken over
the system considered, while the free electromagnetic
grangian given by the first term of Eq.~2.3! contains integra-
tion over the whole three-dimensional space.m is the chemi-
cal potential, andn is the density of states per one sp
projection at the Fermi level. A short-range interaction in t
Cooper channel mediated by electron-electron and elect
phonon interactions with momentum transfer of the order
pF is decoupled in the standard way29 by the D field. Our
superconductive coupling constantl coincides with the
Finkelstein’s definition12 of Gc . Generally speaking, one
should also introduce singlet and triplet coupling constan
G andG2 in Finkelstein’s notations, in the diffusion channe
In two-dimensional systems, the correction to them has
relative order of the weak localization effect,g21ln(1/Vt),
with V being the relevant energy scale. Therefore, for
study of the Coulomb effects in the Cooper channel and
the tunneling density of states, they may be considered c
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PRB 61 12 363KELDYSH ACTION FOR DISORDERED SUPERCONDUCTORS
stant and can be incorporated into the Fermi-liquid renorm
ization of the parameters of the Lagrangian~2.2!. Through-
out the paper\5c51.

We are going to construct an effective theory of s
modes in the problem. For this purpose one has to be ab
take all possible channels into account that is accomplish16

by introducing a bispinorC51/A2(c↑ ,c↓ ,c↓* ,2c↑* )T. C
is a vector in the four-dimensional spaceV which can be
considered as the direct productS^ T of the spin (c↑ ,c↓)
and time-reversal (c,c* ) spaces. The correlations betwe
different time-reversal components ofC are responsible for
the quantum correction to the conductivity in the orthogo
case6 when the Hamiltonian possesses time-reversal sym
try. On the other hand, in studying superconducting phen
ena, it is convenient to rearrange components of the bisp
in a different manner, separating explicitly th
Gor’kov-Nambu30,31 (c↑ ,c↓* ) and spin spaces. Finally, on
can think ofC as acting in the direct product of the Namb
~N! and time-reversal spaces. These three representation
equivalent,V.S^ T.N^ S.N^ T; we will not specify a
certain one and will change between them depending on
problem at hand. For later reference, we define the P
matrices in the spin, time-reversal, and Nambu spaces asi ,
t i , t i , respectively (i 50,1,2,3). The action of these matrice
on the bispinorC is equivalent to multiplication by 434
matrices; a few examples of them are listed below:

sx.S 0 1 0 0

1 0 0 0

0 0 0 21

0 0 21 0

D ,

tx.S 0 0 1 0

0 0 0 21

1 0 0 0

0 21 0 0

D ,

ty.S 0 0 0 i

0 0 2 i 0

0 i 0 0

2 i 0 0 0

D . ~2.4!

Below we will use the vectorC together with its conjugate
vectorC1. These vectors are linearly dependent and rela
by C15(CC)T51/A2(c↑* ,c↓* ,2c↓ ,c↑), where the
charge-conjugation matrixC5 i t y^ s0[ i ty^ sx . In terms of
the C field, the electron LagrangianL e can be rewritten as

L e5E drC1F iJ
]

]t
1

~J¹2 ia!2

2m

1m2Udis~r !1f1D̂GC. ~2.5!

Here D̂5 i ty ReD1 i tx Im D5t1D2t2D* 5uDu@t1eiu

2t2e2 iu#, u is the phase of the order parameter,t65(tx
6 i ty)/2, and the 434 matrix J is given by
l-

t
to

l
e-
-

or

are

he
li

d

J5tz^ s0[tz^ s0 . ~2.6!

Within the Keldysh approach the time evolution of th
system is considered along the Keldysh contourC going
from t52` to t51` and then back to2`. At the initial
time, t52`, the system is supposed to be in the therm
equilibrium, with the interaction and disorder potential bei
turned off. The latter are switched on adiabatically during
time evolution. The electromagnetic potentialsf and a en-
tering the action~2.8! consist of fluctuating and externa
~source! parts:f5f f l1fs , a5af l1as . The partition func-
tion describing the evolution along the contour can be w
ten in terms of the functional integral over fermionic fieldsc
andc* and fluctuating electromagnetic field potentialsf f l ,
af l as

Z5E D$c* ,c%D$f f l ,af l%D$D%eiS, ~2.7!

where the action is given by

S5E
C
Ldt. ~2.8!

External fields~introduced through thesource termsin the
action! should not be integrated out in the functional integ
~2.7!. If all external fields areclassical, i.e., identical for the
forward and backward propagation, then the evolution alo
the Keldysh contour brings the system back to the ini
state. In this case the partition function is automatically n
malized to unity,Z51. To get a nontrivial result for physica
quantities one has to consider the generating functional
the source fields havingquantumcomponents which are dif
ferent on the upper and lower parts of the contour. We w
discuss the role of the source terms in Sec. VI B and w
operate meanwhile with the partition function given by E
~2.7!.

Next we divide each dynamical field into two parts res
ing on the forward and backward branches of the contour
labeled by the indices 1 and 2, respectively, and comb
them into two vectors in the Keldysh space:

CW 5S C1

C2
D , fW 5S f1

f2
D , a¢5S a1

a2
D ,

DW 5S D1

D2
D , uW 5S u1

u2
D . ~2.9!

Then the action can be written asS5*2`
` Ldt with the La-

grangian given by L5L12L2, where Li

[L@c i* ,c i ,f i ,ai ,D i #. It is convenient to arrange the com

ponents of the Bose fieldsfW , a¢, DW , anduW in the matrix form:

fJ5S f1 0

0 f2
D , aI5S a1 0

0 a2
D ,

DI5S D̂1 0

0 D̂2
D , uJ5S û1 0

0 û2
D . ~2.10!
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Making use of the Keldysh-space matrices~2.10! we can
rewrite the electron and field parts of the Lagrangian in
following concise form:

Le5E drCW 1F iJ
]

]t
1

~J¹2 iaI!2

2m

1m2Udis~r !1fJ1DIGszCW , ~2.11!

L f5E E¢ TszE¢ 2H¢ TszH¢

8pe2
d3r1

n

lE DW 1szDW dr , ~2.12!

where E¢ and H¢ are expressed in terms offW and a¢ in the
standard way, ands i denote the Pauli matrices in th
Keldysh space.

Now we are in a position to perform disorder averagin
The Keldysh formalism allows us to average the partit
function directly utilizing its independence of realization
disorder potential. For the latter we will assume the mode
a Gaussiand-correlated white noise with the variance

^Udis~r !Udis~r 8!&5
d~r2r 8!

2pnt
. ~2.13!

Integrating out disorder potential generates a four-ferm
term in the action:

Sdis5
i

4pntE drdtdt8@CW 1~r ,t !szCW ~r ,t !#

3@CW 1~r ,t8!szCW ~r ,t8!#. ~2.14!

The slow part of the resulting nonlocal in time action can
decoupled in the standard way~cf. Ref. 16! by the Hubbard-
Stratonovich matrix fieldQ̌:

eiSdis5E DQ̌ expH 2
1

2tE drdtdt8CW 1~r ,t !

3Q̌~r ,t,t8!szCW ~r ,t8!2
pn

8t E drdtdt8tr

3Q̌~r ,t,t8!Q̌~r ,t8,t !J . ~2.15!

In the Keldysh formalism,Q̌(r ,t,t8) is a matrix in the time
space as well as an 838 matrix in theK ^ V space; it is
local in the coordinate space once thed-correlated random
potential is considered. Here and in what follows tr(•••)
stands for the trace in theK ^ V space whereas the comple
operator trace involving integration over space and time
dices will be denoted by Tr(•••).

After the Hubbard-Stratonovich transformation~2.15!, the
fermionic part of the action becomes quadratic and can
written asSe5Tr CW 1G21CW , where the inverse Green func
tion is defined as

G215F iJ
]

]t
1

~J¹2 i aI!2

2m
1m1

i

2t
Q̌1fJ1DIGsz .

~2.16!
e

.

f

n

e

-

e

The field part of the action takes the form

Sf5Tr
E¢ TszE¢ 2H¢ TszH¢

8pe2
1

n

l
TrDW 1szDW 1

ipn

8t
Tr Q̌2.

~2.17!

As mentioned above, the trace operator Tr(•••) includes in-
tegration over space coordinates; in the first term of E
~2.17! this integral goes over the whole three-dimensio
space, whereas in the other terms the integral is taken
the volume of the system considered. In the present pape
will consider thin metallic films only, so the integral in th
second and third terms will be effectively two-dimension
Gaussian integration overCW can easily be performed resul
ing in

Se52
i

2
Tr ln G21. ~2.18!

Among four Keldysh subblocks of the Green functio
~2.16! only three appear to be linearly independent17. To
simplify its structure, it is convenient to pass to the rotat
basis:18

G85LszGL21, L5
1

A2
S 1 21

1 1 D . ~2.19!

After such a rotationG8 acquires a triangular form~provided
that source terms have no quantum component!:

G85S GR GK

0 GAD , ~2.20!

whereGR(A)(t,t8)50 for t<t8 (t>t8).
Apart from the Green function, it is also convenient

make a similar transformation forQ:

Q̌85LQ̌L21, ~2.21!

and to rotate all two vectors defined in Eq.~2.9! according to

fW 8[S f18

f28
D 5

1

2 S f11f2

f12f2
D , ~2.22!

and analogously fora¢, DW , anduW . For the reasons discusse
above,f18 and f28 will be referred to as the classical an
quantum components of the field. The matrices~2.10! will
transform according to

fJ 85LfJL215S f18 f28

f28 f18
D[f i8g

i ~2.23!

~and analogously foraI, DI, anduJ), where, following Kame-
nev and Andreev,22 we introduced two vertex matrices

g1[s0 , g2[sx . ~2.24!

In some cases~e.g., when one considers a uniform supe
conductor on time scales much longer than the inverse g!
it is sufficient to treat the absolute valueuDu of the supercon-
ductive order parameter as a constant, while taking into
count fluctuations of its phase. Then, in the rotated basis,
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expression for DI8 can be written asDI85uDu@t1ei uJ8

2t2e2 i uJ8#, or, in terms of the classical,u18 , and quantum,
u28 , components:

D̂185uDu@t1eiu182t2e2 iu18#cosu28 , ~2.25a!

D̂285uDu@t1eiu181t2e2 iu18# i sinu28 . ~2.25b!

As a result, the Green function can be written as

G8215 iJ
]

]t
1

~J¹2 i aI8!2

2m
1m1

i

2t
Q̌81fJ 81DI8,

~2.26!

and the action takes the form

S52
i

2
Tr ln G8211Tr

E¢ 8TsxE¢ 82H¢ 8TsxH¢ 8

4pe2

1
2n

l
TrDW 81sxDW 81 i

pn

8t
TrQ̌82. ~2.27!

The factor of 2 difference between the coefficients in
terms containingE¢ , H¢ , andDW in Eqs.~2.17! and~2.27! is due
to the Jacobian of the transformation~2.22!. In what follows
we will omit the prime at the designation of the Keldys
rotated fields. This cannot lead to an ambiguity since
original basis will not be used in the subsequent analysis

III. s MODEL

In this section we will construct an effective theory whic
describes low-energy physics of the action~2.27!. To start,
we subject the action to the stationary phase analysis. It
functional of the matrix fieldQ̌ and the bosonic fieldsfW , a¢,
DW , and one has to vary the action with respect to all of th
in order to get a set of the saddle-point equations. First o
we note that quantum components of the bosonic fields
equal to zero in the mean-field approximation. Thus, in t
section, we will designate their classical components with
the subscript ‘‘1’’ for brevity~i.e., f[f1, etc.!. Below we
will use Q̌ matrices defined in the energy domain accord
to the relation

Q̌ee85EE dtdt8ei et2 i e8t8Q̌tt8 . ~3.1!

Varying with respect toQ̌ yields the saddle-point equation

Q̌~r !5
i

pn
G~r ,r !. ~3.2!

In the absence of quantum components, the Green func
has a triangular form~2.20! and so doesQ̌:

Q̌5S QR QK

0 QAD
K

, ~3.3!

whereQR, QA, andQK are matrices in the spaceV. In the
stationary case, the solutionQ̌tt8 depends on the time differ
ence t2t8 only, i.e., in the energy domain we haveQ̌e,e8
e

e

a

ll
re
s
t

g

on

52pd(e2e8)Q̌(e). Varying the action with respect to th
quantum componentsf2 anda2 and setting them to zero on
obtains the Maxwell equations. In the absence of an exte
magnetic field and/or voltage drops, the mean-field elec
magnetic field vanishes,f5a50. In order to have a closed
system of equations, one has to supply Eq.~3.2! with the gap
equation. Varying the action~2.27! with respect toD2* and
using Eq.~3.2! we get the self-consistency equation for t
order parameter:

D52
pl

4 E de

2p
trV QK~e!t2 , ~3.4!

where the four-dimensional spaceV is defined in Sec. II.
To clarify the structure of the saddle point given by Eq

~3.2! and~3.4!, consider first the case of nonsuperconduct
(D50) metal. Then it is easy to check that a diagonal in
energy space matrix

L~e!5L0~e!J, ~3.5!

where

L0~e!5S 1 2F~e!

0 21 D
K

, ~3.6!

is a solution of Eq.~3.2!. The 434 matrix functionF(e)
introduced in Eq.~3.6! has the meaning of a generalize
distribution function. In the steady state it reduces to
single scalar functionF(e)5122 f (e) where f (e) is the
usual Fermi distribution function. The form off (e) is not
fixed by the saddle-point equation sinceL(e) with arbitrary
F(e) satisfies Eq.~3.2!. The reason for this ambiguity is tha
any distribution function is allowed in the absence of inte
action. To bring the system into the equilibrium with

Feq~e!5tanh
e

2T
, ~3.7!

either electron-electron or electron-phonon inelastic inter
tions must be taken into account. The Keldysh formalism
suitable for the study of nonequilibrium problems as well.
this case there is an externally controlled difference of te
perature and/or chemical potential across the system, and
function F(e,r ) should be obtained from Eq.~3.2! with the
proper boundary conditions.

The solution~3.5! captures the eigenvalue structure of
generic saddle point. All fluctuations ofQ̌ that alter the ei-
genvalues61 are massive. The massless modes share
eigenvalue structure ofL and can be obtained from it by th
following transformation:

Q̌5U21LU, ~3.8!

where U is some rotation matrix which acts in the 838
spaceK ^ V as well as in the time domain. According to E
~3.8!, the fieldQ̌ satisfies the nonlinear constraint

Q̌251

at the saddle-point manifold~SPM!. Together with Eq.~3.3!,
this suggests the following parametrization of the Keldy
block:



on

n
o

in

-
b

f
M

en
d

ll
r

tri
ge

liq-
u-

ec.

in

ult,

an

l

a-
.
th

ze

12 366 PRB 61M. V. FEIGEL’MAN, A. I. LARKIN, AND M. A. SKVORTSOV
QK5QRF2FQA, ~3.9!

where, again,F has the meaning of a generalized distributi
function.

Now let us turn to the case of a uniform bulk superco
ductivity. Here it is convenient to chose a representation
the spaceV as a direct product of the Nambu and sp
spaces,V5N^ S; in this notationsJ5tz . The supercon-
ducting saddle-point solution,Q̌S , has the form~3.3! with18

QS
R,A~e!56

1

A~e6 i0!22uDu2
S e D

2D* 2e D
N

.

~3.10!

Taken at the saddle-point manifold, the matrixQ̌ is equiva-
lent to the Larkin-Ovchinnikov18 quasiclassical Green func
tion ǧ. The mean-field value of the order parameter can
obtained from Eq.~3.4!. SubstitutingQK from Eqs.~3.9! and
~3.10! we obtain the standard BCS gap equation~negativel
corresponds to attraction between electrons!

D52lDE
uDu

vD de

Ae22uDu2
tanh

e

2T
. ~3.11!

The superconducting saddle point,Q̌S , belongs to the me-
tallic SPM given by Eq.~3.8!. However, in the presence o
superconductivity, some excitations on the metallic SP
having been massless, acquire a gap proportional toD. A
detailed discussion of the hierarchy of gaps in thes model
for N-S systems can be found in Ref. 32.

The next step in the derivation of thes model is to con-
sider fluctuations of the SPM and to perform the gradi
expansion of the action~2.27!. Such a procedure is justifie
in the dirty limit, Dt!1, which will be implied from now
on. It is equivalent to the replacement of the fu
Eilenberger33 equations in the conventional theory of supe
conductivity to their approximation proposed by Usadel.21

As was recently suggested in Ref. 22, in studying elec
field fluctuations it is convenient to single out the gau
degrees of freedom inQ̌ by the transformation

Q̌tt85eiKJ (t)JQtt8e
2 iKJ (t8)J, ~3.12!

where KJ5Kig
i is related to the doubletKW 5(K1 ,K2)T, in

analogy with the fieldfW . After the transformation~3.12!, the
action can still be written in the form~2.27!, with the Green
function being substituted by

G215 iJ
]

]t
1

~J¹2 iAI !2

2m
1

i

2t
Q1FI1DIK , ~3.13!

with

AI[aI2¹KJ , ~3.14a!

FI[fJ2] tKJ , ~3.14b!

DIK[e2 iKJJDIeiKJJ. ~3.14c!

Expanding Tr lnG21 in the standard way,16,22 we obtain
the following effective action:
-
f

e

,

t

-

c

S5Ss12n Tr FW TsxFW 1Tr
E¢ TsxE¢ 2H¢ TsxH¢

4pe2

1
2n

l
Tr DW 1sxDW , ~3.15!

whereSs is thes-model action for the matrix fieldQ,

Ss5
ipn

8
Tr@D~­Q!214i ~ iJ] t1FI1DIK!Q#. ~3.16!

Here D is the diffusion coefficient and­ denotes a long
covariant derivative,

­X[¹X2 i @JAI,X#. ~3.17!

Derivation of the effective action~3.15! that describes
interacting disordered normal/superconducting electron
uid is the main result of this section. The model is form
lated in terms of the interacting matter fieldQ subject to the
nonlinear constraintQ251, electromagnetic fieldsfW , a¢, and
the pairing potentialDW . At the present stage, the phaseKW
introduced in Eq.~3.12! is left unspecified. It will be ex-
pressed in terms of the electromagnetic potentials in S
IV C.

In Eq. ~3.16!, Q is an 838 matrix in theK ^ V space. In
what follows we will assume that all interactions are sp
independent. ThenQ is proportional to the unit matrix in the
spin space, and the four-dimensional spaceV5N^ S col-
lapses into the two-dimensional Nambu space. As a res
the theory will be formulated in terms of the 434 matrices
Qtt8 acting in theK ^ N space. The corresponding action c
be obtained from Eq.~3.16! by taking the trace over the
redundant spin space:

Ss5
ipn

4
Tr@D~­Q!214i ~ i tz] t1FI1DIK!Q#, ~3.18!

where the operator­ is given by Eq.~3.17! with J5tz .
Varying the action Eq.~3.18! with respect toQ with the

constraintQ251 yields the equation

D­~Q­Q!1 i @ i tz] t1FI1DIK ,Q#50, ~3.19!

which ~for KJ50) coincides with the dynamical Usade
equation.18 In the absence of superconductive coupling,DW
50, Q is proportional totz : Q5QKAtz , and our action
~3.18! reduces to the Kamenev-Andreev action22 for the field
QKA .

IV. PERTURBATION THEORY

A. Free metallic diffusons and Cooperons

In this section we will show how a systematic perturb
tive expansion of thes model ~3.15! can be developed
Keeping in mind further application to N-S devices wi
relatively weak proximity-induced coupling~Secs. VI and
VII !, we will consider fluctuations near themetallic saddle
point ~3.5!. For this purpose, it is convenient to parametri
the rotation matrixU in Eq. ~3.8! in terms of another matrix
W subject to the linear constraint
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WL1LW50. ~4.1!

Such a parametrization is not unique and a number of th
are widely used in literature~see, e.g., Ref. 16!.

In the Keldysh formalism, the saddle point~3.3! is not
diagonal and, consequently, the solution of Eq.~4.1! for W
explicitly depends on the distribution functionF(e). As a
result, even for a noninteracting system, intermediate exp
sions for the Cooperon and diffuson propagators would
pend on the particle distribution. To surmount such an
physical complication, we note that at the saddle point~3.3!,
Q can be diagonalized in the Keldysh space by a nonuni
232 matrix

u5u215S 1 F

0 21D
K

, ~4.2!

that separates the distribution functionF from the retarded
and advanced blocks which are determined by the spe
properties only:

Q5uS QR 0

0 QAD u. ~4.3!

The functionF in Eq. ~4.2! is the stationary fermionic distri
bution function and we will assume that the system is
thermal equilibrium, so thatF(e) is given by Eq.~3.7!.

The decomposition~4.3! suggests to pass from the initia
Q representation to a new variableQ defined as

Q5uQu. ~4.4!

In terms of the new variableQ, the s-model action~3.15!
acquires the form

Ss5
ipn

4
TrFD~­Q!214i S i tz

]

]t
1uFIu1uDIKuDQG ,

~4.5!

with the modified definition of the long derivative:

­X[¹X2 i @tzuAIu,X#. ~4.6!

Note that the matrixu couples to the interaction terms onl
For the noninteracting case, the distribution function dro
from theQ action.

At the metallic saddle point for the action~4.5!, FW 5A¢

5DW 50 and Q is diagonal, Q5uL0tzu5sztz . Gapless
fluctuations ofQ can then be parametrized as

Q5U 21sztzU, ~4.7!

whereU is a unitary matrix, for which we adopt the expo
nential parametrization,U5eW/2, in terms of the matrixW
which anticommutes withsztz ,

$W,sztz%50. ~4.8!

An explicit expression forQ in terms ofW reads
m

s-
-
-

ry

ral

s

Q5e2W/2sztze
W/25sztz~11W1W 2/21••• !.

~4.9!

The linear matrix constraint~4.8! can be resolved by in-
troducing eight scalar variables,wi and w̄i with i 50,x,y,z,
as

W5S wxtx1wyty w01wztz

w̄01w̄ztz w̄xtx1w̄yty
D

K

. ~4.10!

The diagonal~off-diagonal! in the Nambu space excitations
wi and w̄i with i 50,z ( i 5x,y), correspond to diffusion
~Cooper! modes. Extracting the quadratic inW part from the
s-model action~4.5!,

iS(2)@W#5
pn

4
Tr@~Dq222iszE!W~q!W~2q!#,

~4.11!

we obtain the following correlators for diffusons (i 50,z):

^wi~q;e1 ,e2!w̄i~2q;e3 ,e4!&

52
1

pn

~2p!2d~e12e4!d~e22e3!

Dq22 i ~e12e2!
, ~4.12!

and Cooperons (i 5x,y):

^wi~q;e1 ,e2!wi~2q;e3 ,e4!&

52
1

pn

~2p!2d~e12e4!d~e22e3!

Dq22 i ~e11e2!
,

^w̄i~q;e1 ,e2!w̄i~2q;e3 ,e4!&

52
1

pn

~2p!2d~e12e4!d~e22e3!

Dq21 i ~e11e2!
. ~4.13!

B. Diagrammatic technique

Expression~4.9! provides a regular way for perturbativ
expansion near the metallic saddle point,Q5sztz . Its basic

FIG. 1. Basic elements of the diagrammatic technique:~a!
diffusion-Cooper propagator;~b! Q – D interaction vertex;~c! ef-
fective interactionSl@Q# after eliminating theD field.
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elements are given by the free correlators~4.12! and ~4.13!
corresponding to soft diffusion and Cooper modes. Si
Wee8 is a matrix in the energy space, its correlators are r
resented diagrammatically by two parallel lines, each
them carrying one energy index, see Fig. 1~a!. Expanding the
action ~4.5! over W generates nonlinear vertices describi
interaction between diffusion and Cooper modes. The res
ing diagrammatics looks very similar to the standard cr
technique for dirty metals34 where soft modes are con
structed from two Greens functions averaged over disor
Note however that in the present case both diffusons
Cooperons are depicted in the same manner, with arr
pointing in the opposite directions on two lines of the prop
gator. Such a convention, though being unusual for Coo
a
th
ha
f

r
tr

rm

oi

on
tio
e
-
f

lt-
s

r.
d
s

-
r-

ons, is consistent with the definition of the Fourie
transformed variables~3.1!. Diffusons and Cooperons can b
distinguished by their structure in the Nambu~and Keldysh!
space.

The normalization of the functional integral,Z51, mani-
fests itself in cancellation of closed loops in the perturbat
theory. In the Keldysh formalism, such a cancellation is
lated to the integral over the internal energy~let it beE) of a
closed loop. Indeed, all propagators along the loop h
poles in one~upper or lower! half-plane of the complex vari-
ableE. Therefore, integrating overE yields to cancellation of
the corresponding diagram.

For future reference we present here the contraction
for averaging overW:
^Tr AW•Tr BW&52
1

2pnE dqde1de2

~2p!d12 H tr~AB2AszBsz1AtzBtz2AsztzBsztz!~Dq21 i ~e12e2!sz!

~Dq2!21~e12e2!2

1
tr~AB1AszBsz2AtzBtz2AsztzBsztz!~Dq21 i ~e11e2!sz!

~Dq2!21~e11e2!2 J , ~4.14!
lu-
tur-

ules
the
ns
or-
v,

y.
on-

for

-

-
-
of
whereA5A(q,e1 ,e2) andB5B(2q,e2 ,e1). The first~sec-
ond! term corresponds to diffusons~Cooperons!. For Dq2

@e1 ,e2, this expression can be simplified as

^Tr AW•Tr BW&

52
1

pnE dqde1de2

~2p!d12

tr~AB2AsztzBsztz!

Dq2
.

~4.15!

Apart from the matter fieldQ ~or, equivalently,W), the
s-model action~3.15! with Ss given by Eq.~3.18! contains
the electromagnetic potentials and the fieldDW . The former
will be considered in the next subsection, while the latter c
be easily eliminated by Gaussian integration. Note that
resulting expression does not depend on the Coulomb p
KW enteringDIK since it can be ‘‘gauged away’’ by the shift o
the phase of the integration variableDW . In other words,DIK in
Eq. ~3.18! can be substituted byDI provided that the orde
parameter field is to be integrated out. The resulting con
bution to the action reads

Sl5
p2nl

4 E drdt (
i 5x,y

tr t iQtt•tr t isxQtt

5
p2nl

4 E drdt tr sx@Q22~tzQ!2#, ~4.16!

and is shown diagrammatically in Fig. 1c. Note that this te
is conveniently expressed in the originalQ representation.

The perturbative expansion near the metallic saddle p
is justified in the case of repulsive (l.0) interaction in the
Cooper channel or when the proximity-induced superc
ducting coherence is weak enough. Otherwise, devia
n
e
se

i-

nt

-
n

from the metallic point is large and one should use the so
tion to the Usadel equation as a starting point for the per
bative analysis~cf. a detailed discussion in Ref. 32!.

C. Electromagnetic field fluctuations

In the previous section we have sketched the basic r
of the diagrammatic perturbation theory in the absence of
Coulomb interaction. Here we will discuss how fluctuatio
of the electromagnetic field can be incorporated into the f
malism. As was shown recently by Kamenev and Andree22

a certain choice of the Coulomb phaseKW introduced in Eq.
~3.12! results in a significant simplification of the theor
Such a choice essentially depends on the position of the n
interacting saddle point on the SPM and is quite different
the metallic~3.5! and superconductive~3.10! saddle points.
For the metallic~nonsuperconductive! case, we choose, fol
lowing Ref. 22,KW to be a linear functional offW anda¢ and
require the vanishing of the term linear both inW andFW , A¢
in the Usadel equation~3.19!, or, equivalently, in the
s-model action~3.18!. The resulting equation reads

D~¹AI2L0¹AIL0!1@FI ,L0#50, ~4.17!

where the matrixL0 is introduced in Eq.~3.6!. Equation
~4.17! is to be used to expressKW in terms of the electromag
netic field potentialsfW anda¢, the corresponding relation hav
ing the form ~in this section we share most of notations
Ref. 22!

D 21~v,q!KW ~q,v!5Pv
21fW ~q,v!1 iDsxqa¢~q,v!.

~4.18!

Here
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D 21~v,q!5S 0 Dq21 iv

Dq22 iv 22ivBv
D , ~4.19!

Pv
215S 0 21

1 2Bv
D , ~4.20!

and

Bv5coth
v

2T
~4.21!

is the equilibrium bosonic distribution function.
So far our analysis holds for any gauge and any geom

of the sample. From now on we chose the gaugea¢50 ne-
glecting relativistic effects due to the magnetic-field fluctu
tions. Also we restrict ourselves to the consideration of tw
dimensional systems. Then one has to integrate out-of-p
degrees of freedom in the electromagnetic field actionSem

5Tr E¢ TsxE¢ /(4pe2). The result depends on the presence
absence of conducting electrodes that screen the long-r
Coulomb interaction~for the sake of simplicity, we set th
dielectric permeability of the medium to unity!. For a single
plane, one obtains

Sem5E dtE dq

~2p!2
tr fW T~2q!sxV0

21~q!fW ~q!,

~4.22!

whereV0(q) is the 2D Coulomb interaction potential,

V0~q!5E dkz

2p

4pe2

q21kz
2

5
2pe2

q
. ~4.23!

If, for example, there is a metallic gate at a distanceb from
the 2D plane, thenV0(q) is screened in the long-waveleng
limit and we have instead

V0
scr~q!5

2pe2

q
~12e22bq!. ~4.24!

Collecting the terms in the action bilinear infW andKW and
making use of the relation~4.18! we get an effective action
for the electromagnetic field propagation in the disorde
metal:22

Sem
eff 5TrfW TV21fW , ~4.25!

where V has the meaning of a dynamically screened C
lomb interaction in the random-phase approximation,

V~q,v!5@sxV0
21~q!1P0~q,v!#21, ~4.26!

where P0(q,v) is the bare density-density correlator. Th
matrix V(q,v) has the structure of a bosonic propagator
the Keldysh space:22

V~q,v!5S VK~q,v! VR~q,v!

VA~q,v! 0 D , ~4.27!

with
ry

-
-
ne

r
ge

d

-

VR,A~q,v!5S V0
21~q!1

2nDq2

Dq27 iv
D 21

, ~4.28a!

VK~q,v!5Bv@VR~q,v!2VA~q,v!#. ~4.28b!

An additional factor 2 in Eq.~4.28a! compared to that in the
Kamenev-Andreev paper22 is related to the fact that the
considered spinless electrons.

Equation ~4.25! determines the bare propagator of t
electromagnetic field:

^f i~q,v!f j~2q,2v!&5
i

2
Vi j ~q,v!. ~4.29!

The propagator of the fieldKW can be obtained from Eq
~4.29! with the help of the relation~4.18! and has the form

^Ki~q,v!K j~2q,2v!&5
i

2
Vi j ~q,v!, ~4.30!

where the matrixV has the same structure asV, Eq. ~4.27!,
with

V R,A~q,v!52
1

~Dq27 iv!2 S V0
21~q!1

2nDq2

Dq27 iv
D 21

,

~4.31a!

V K~q,v!5Bv@V R~q,v!2V A~q,v!#. ~4.31b!

We should note that in Eqs.~4.28a!, ~4.31a! a possible influ-
ence of superconductive pairing upon the dynamic screen
of the Coulomb interaction is neglected; this is safe since
will consider N-S systems in the limit of weak tunnelin
only, so the 2D metal is slightly perturbed by supercond
tivity.

In a superconductor, the choice of an optimal Coulom
phaseKW valid in the whole energy range is a complicat
task. However, it had been shown in Ref. 35 that in the d
subgap limit (e!D) the effect of the electric potential on th
quasiclassical Green functionQ is small in the paramete
e/D and henceKW 50. This result will be used below.

V. RENORMALIZATION OF THE INTERACTION
IN THE COOPER CHANNEL

A. Renormalization-group procedure

In this section we will show how to construct a procedu
of successively eliminating high-frequency and hig
momentum fluctuations of all interaction modes in the pro
lem: the matrix fieldQ(q,e,e8), the order parameter field
D(q,v), and the electric potentialf(q,v). Elimination of
high-energy modes in a dirty 2D metal results in logarithm
corrections to the parameters entering the action and gov
ing dynamics of the retained slow modes. This procedur
known as the renormalization-group~RG! method. We will
closely follow Finkelstein’s approach to RG construction11

with the necessary modifications due to the presence of
Keldysh space instead of replicas.

Each elementary RG step consists in the elimination
degrees of freedom in the energy shell fromV* to V, where
V is the current value of the running ultraviolet cutoff in th
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problem. Correspondingly, all fluctuating fields are deco
posed into fast~denoted by a prime! and slow~denoted by a
tilde! parts. For the fieldsDW , fW , andKW such a representatio

is trivial: DW 5D̃W 1DW 8, etc., while for the fieldQ it must be
consistent with the constraintQ 251. To achieve this, we
decompose the rotation matrixU in Eq. ~4.7! into the product
of a fast,U85exp(W8/2), and a slow,Ũ, part, so that

Q5Ũ21Q8Ũ, ~5.1!

where the fastQ8 is expressed in terms ofW8 according to
Eq. ~4.9!.

The fast matrixW̃8 is nonzero under the following con
ditions:

W~q, e, e8!Þ0, if V* ,$Dq2 or ue2e8u%,V ~5.2!

~for diffusions!, or

W~q, e, e8!Þ0, if V* ,$Dq2 or ue1e8u%,V ~5.3!

~for Cooperons!. The corresponding fast degrees of freedo
are excluded from the slow matrixŨ. After integration over
fast variables,V* becomes a new cutoff and the whole pr
cedure should be successively repeated.

In a 2D dirty metal, integrating out fast degrees of fre
dom results in a relative correction} ln(V/V* )5z*2z to the
parameters of the effective action~3.15!, wherez is a loga-
rithmic variable defined as

z5 ln
1

Vt
. ~5.4!

The RG near the metallic saddle pointsztz is justified pro-
vided that the Cooper-channel coupling constantl!1 while
the dimensionless conductance of the metalg@1. The latter
is defined as

g52nD5
s

e2
, ~5.5!

with s5R h
21 being the conductance per square@in conven-

tional units, s5(e2/\)g#. Logarithmic corrections to the
conductance become large at the localization scalez;g. The
same is true for the coupling constantsG andG2 omitted in
the derivation of the action~3.15!, cf. discussion in Sec. II
On the contrary, corrections tol become of the relative or
der of unity at much shorter scale, atz;Ag. Therefore, it is
possible, at largeg, to neglect renormalization of the condu
tance and considerg as a constant.

B. BCS correction to l

First of all we show how to obtain the standard BC
renormalization of the Cooper-channel interaction constanl
in the present formalism. The correction originates from
term SDQ52pn Tr DIQ in the s-model action~3.18! after
eliminating high-frequency fluctuations of the fieldQ ~here
we substituteDIK by DI as was explained in Sec. IV B!. Pass-
ing to the rotatedQ representation~4.4!, expanding to the
first power in W8 according to Eq.~4.9! and settingŨ to
unity, one obtains the relevant interaction vertex
-

-

e

Sint52pn Tr uD̃JusztzW8. ~5.6!

After averaging over the fastW8, this term will generate the
following correction to the action:

DS5
i

2
^Sint

2 &. ~5.7!

The corresponding diagram is shown in Fig. 2. The o
fast variable is the internal energy of the^W8W8& propaga-
tor. Employing then the contraction rule~4.14! and the rela-
tion $D̂,tz%50, we conclude that the diffuson contributio
vanishes identically while the Cooperon pairing yields~to
logarithmic accuracy!

DS52
pn

2 E dqdvde

~2p!4

1

e
tr D̃J ~q,v!D̃J ~2q,2v!L0~e!,

~5.8!

where thee integration is performed over the energy sh
V* ,ueu,V, while q and v are restricted to the domai
Dq2,uvu,V* . On deriving Eq.~5.8! we have used the re
lation L05uszu. Now using the definition of the matricesDI

andL0 and omitting the tilde sign over the designation of t
slow component ofDW , we transform the trace in the abov
equation to the form

tr~t1D i2t2D i* !~t1D j2t2D j* !g ig jL0~e!

524F~e!~D1* D21D1D2* !. ~5.9!

As a result, Eq.~5.8! can be represented as

DS52n Tr DW 1sxDW •E
V

*

V de

e
tanh

e

2T
. ~5.10!

The temperatureT thus determines the infrared cutoff of th
RG procedure. At larger scales,V@T, one has

DS52n ln
V

V*
Tr DW 1sxDW . ~5.11!

Comparing with the last term in the action~3.15!, we
conclude that the correction~5.11! renormalizes 1/l:

]~1/l!

]z
51. ~5.12!

For a superfluid Fermi liquid, the RG equation~5.12! was
derived in Ref. 36; in that case only the Cooper channel w
relevant, therefore the RG approach was equivalent t
simple summation of the standard BCS-theory ladder.

Coulomb interaction in dirty superconductors contribu
both to the Cooper and to the density-density channels.
consider here the range of parameters where ln(1/Vt)!g
that makes it possible to neglect the effect of the Coo
channel upon the conductanceg; however, the effect of the
density-density channel upon the Cooper one has the rela
order of g21ln2(1/Vt) and thus should be taken into a

FIG. 2. BCS correction tol.
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count. This effect can be described in the form of an integ
equation for the energy-dependent Cooper attractionl(E),
as was done by Aleiner and Altshuler37 ~the same kind of
equation was derived in Ref. 38 for another but similar pro
lem!. For our purpose it will be more convenient to treat t
same effect within the RG procedure, as described in
next subsection.

C. Coulomb correction to the Cooper-channel interaction

In this subsection we calculate the Coulomb-induced c
rection to the coupling constantl. It appears as a result o
eliminating high-momentum fluctuations of the electric fie
According to Eq.~4.5!, the electric field couples to the matte
field Q by the following terms:

Sint52pn TrFu~fJ2] tKJ !uQ1
1

2
Dtzu¹KJu@Q,¹Q#

1
i

4
D@tzu¹KJu,Q#G2

[Sint
a 1Sint

b 1Sint
c . ~5.13!

Here we utilize the relation~4.18! connecting the phaseKW to
the fieldfW . The interaction verticesSint

a andSint
b are linear in

fW , while the vertexSint
c is quadratic. Then the result of ave

aging over fast variables can be written as

DS5
i

2
^@Sint

a 1Sint
b #2&1^Sint

c &. ~5.14!

Consider first the averagê(Sint
a )2&. The relevant~i.e.,

logarithmic! contribution can be written in the form

^~Sint
a !2&5p2n2^@Tr Ũ u~fJ 82] tKJ 8!uŨ21sztzW8#2&,

~5.15!

where the pairings are shown in Fig. 3~a!. According to this
diagram, all energies are coupled to slow variables, and t
is only one fast variable, the internal momentumq running
over ^f8f8& and ^W8W8&. Therefore, to logarithmic accu
racy we may considerDq2@v. In this limit, one can neglec
the termivKJ compared tofJ as follows from Eq.~4.18! and
use the universal large-q asymptotics of the screened Co
lomb interaction ~4.27!, ^f i(q,v)f j (2q,2v)&
.( i /4n)sx , which is independent of the details of the ba
potentialV0(q). The averaging overW8 can be performed

FIG. 3. Diagrams for the Coulomb correction tol: ~a! ^(Sint
a )2&,

wavy line denotes the correlator̂ f i(q,v)f j (2q,2v)&;
~b! ^(Sint

b )2&, zigzag line stands for the correlato
^Ki(q,v)K j (2q,2v)&; ~c! ^Sint

c &.
l

-

e

r-

.

re

with the help of Eq.~4.15!, making use of the inequality
Dq2@e1 , e3. As a result, one obtains

^~Sint
a !2&52

ip

4 E drde1de2de3de4dvdq

~2p!7

1

Dq2

3(
iÞ j

tr~AiBj2AisztzBjsztz!, ~5.16!

where theq integration is taken over the fast energy sh
V* ,Dq2,V, the matricesAi andBj are given by

Ai5Ũe1e2
ue2

g iue22vŨe22v,e3

21 sztz , ~5.17a!

Bj5Ũe3 ,e4
ue4

g jue41vŨe41v,e1

21 sztz , ~5.17b!

and all slow matricesU are taken at a coincident spaci
point r . Performing integration overe1 and e3 in the first
term under the trace in Eq.~5.16!, we obtain

E de1de3

~2p!2 (
iÞ j

tr AiBj52 trsx~uQ̃u!e22v,e4
~uQ̃u!e41v,e2

,

~5.18!

where a slowQ̃ is defined asQ̃5Ũ21sztzŨ. In the second
term under the trace in Eq.~5.16!, the matricessztz cancel
with those in Eq.~5.17!, integration overe1 ande3 is equiva-
lent to multiplication ofU 21 andU that gives the unit ma-
trix, and tracing withsx yields zero.

The resulting expression takes a simple form in the ini
Q representation in the time domain. Integrating overq, one
obtains~omitting the tilde sign!

^~Sint
a !2&52

in

4g
ln

V

V*
E drdt tr sxQtt

2 ~r !. ~5.19!

The correction to the action (i /2)^(Sint
a )2& is the only one in

the standard gauge withKW 50. Physical quantities should no
depend on the choice ofKW , which is a kind of a gauge trans
formation upon the matrixQ @cf. Eq. ~3.12!#. For this reason,
it would be enough to use Eq.~5.19! to find the renormaliza-
tion of the coupling constants in the effective action. Belo
we present, however, the calculation of other terms in
~5.14! related toKW , in order to show that they really cance
each other.

The diagram for

^~Sint
b !2&5p2n2D2^@Tr Ũtzu¹KJ 8uŨ21¹W8#2&

~5.20!

is shown in Fig. 3~b!. It looks similar to the one in Fig. 3~a!,
with the wavy line being replaced by the zigzag line den
ing ^K8K8& correlator. Repeating the steps that lead to E
~5.16! and using the large-q asymptotics of Eq.~4.31! we
obtain

^~Sint
b !2&5

ip

4 E drde1de2de3de4dvdq

~2p!7

1

Dq2

3(
iÞ j

tr~MiNj2MisztzNjsztz!, ~5.21!

with
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Mi5Ũe1e2
tzue2

g iue22vŨe22v,e3

21 ,

Nj5Ũe3 ,e4
tzue4

g jue41vŨe41v,e1

21 .

Integrating overq, e1 ande3 as described above, we get

^~Sint
b !2&52

in

4g
ln

V

V*
E drdt tr sx„tzQtt~r !…2.

~5.22!

In the same manner it can be shown that the aver
^Sint

a Sint
b &50 vanishes.

In calculating the averagêSint
c & shown diagrammatically

in Fig. 3~c!, all Q’s may be considered slow. The analytic
expression reads

^Sint
c &52

ipnD

2
^Tr~tzQ̃¹KJ 8!2&, ~5.23!

where the fast momentum runs over the^K8K8& propagator.
Calculating the corresponding logarithmic integral, one o
tains

^Sint
c &52

n

8g
ln

V

V*
E drdt tr sx„tzQtt~r !…2. ~5.24!

Substituting Eqs.~5.19!, ~5.22!, and~5.24! into Eq.~5.14!,
we see that the contributions from the vertices describ
interaction with the fieldKW cancel each other, and the resu
ing expression is given by

DS5
n

8g
ln

V

V*
E drdt tr sxQtt

2 ~r !

5
n

16g
ln

V

V*
E drdt(

j 50

3

tr sxt jQtt~r !•t jQtt~r !.

~5.25!

Comparing with Eq.~4.16!, we see that the terms withj
5x,y renormalize the Cooper channel couplingl, whereas
the terms withj 50,z contribute to the couplings in the dif
fusion channel. The latter,G andG2, are not taken into ac
count since corrections to them are of the relative orde
g21ln(1/Vt). As a result, we get the Coulomb contributio
to the RG equation forl:

]l

]z
5

1

4p2g
, ~5.26!

which coincides with Finkelstein’s result11,12 in the limit G,
G2→0.

D. Solution of the RG equation for l and shift of Tc

Combining Eqs.~5.12! and ~5.26!, we arrive at the com-
plete renormalization-group equation for the Cooper-chan
interaction constant:

]l

]z
52l21

1

4p2g
. ~5.27!
e

-

g

f

el

In the high-energy range 1/t<E<EF the second term of Eq
~5.27! is absent. We will use the solution of Eq.~5.12! at
E't21 as an initial condition for the full equation~5.27!.

The renormalization-group equation~5.27! possesses two
fixed points,6lg , where

lg5
1

2pAg
. ~5.28!

The stable fixed point,1lg , is the limiting point of the RG
flow in the metallic region. A trajectory reaches i
asymptotic valuelg at the scalez;Ag. The unstable fixed
point, 2lg , separates the regions of metallic (l.2lg) and
superconducting (l,2lg) states. The solution of Eq.~5.27!
is given by

l~z!5
l01lg tanhlgz

11
l0

lg
tanhlgz

, ~5.29!

wherel0 is the bare value of the interaction constant in t
Cooper channel defined at the energy scalet21.

To study the superconductor-metal transition we will co
sider here the case of an attractive interaction,l0,0. The
superconducting transition temperatureTc is determined by
the position of the pole inl(z), with z5 ln(1/Tct). In the
clean system (g→`),

Tc0t5expS 2
1

ul0u D . ~5.30!

For a finitelg , the critical value ofz can be easily obtained
from Eq. ~5.29! and is given by

zc5
1

2lg
ln

ul0u1lg

ul0u2lg
. ~5.31!

Consequently, we get forTc :

Tct5S ul0u2lg

ul0u1lg
D 1/2lg

.

Substitution ofl in terms ofTc0 with the help of Eq.~5.30!
leads to the final result forTc suppression by disorder, whic
coincides~within our accuracy! with that of Ref. 11:

Tct5S 12
1

2pAg
ln

1

Tc0t

11
1

2pAg
ln

1

Tc0t
D pAg

. ~5.32!

Evaluating expression~5.32! for g@1, we obtain a perturba
tive reduction of the transition temperature:9,10

ln
Tc

Tc0
52

1

12p2g
ln3

1

Tc0t
, ~5.33!

valid at large conductances. The critical temperature
comes zero and the superconducting transition disappea
the critical value of the dimensionless conductance
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gc5S 1

2p
ln

1

Tc0t D 2

. ~5.34!

Note once again, that the result~5.32! for Tc(g) depen-
dence is obtained neglecting weak-localization correction
the conductanceg, as well as thermal, quantum, and meso
copic fluctuations. This is correct provided that the renorm
ized conductance at the scaleTc is still greater than unity:
g* 5g2(a/p2)ln(1/Tct)@1, where the constanta is given
by the sum of the usual weak localization and interact
corrections, and is equal either to 1 or 1/4, depending on
absence or presence of the spin-orbit interaction.

In the above derivation we neglected spin-dependent
teractions (G2 in the notations of Ref. 12! which may change
the numerical coefficient in Eq.~5.26!. On the other hand, i
was explained in Ref. 12 that strong spin-orbit scatter
eliminates possible effect ofG2 uponTc(g) dependence.

VI. ANDREEV CONDUCTANCE

A. Tunneling term in the action

In the previous sections, we considered a uniform 2D s
tem. In principle, spacial inhomogeneities in the local s
tem’s characteristics such as the conductance and/or the
per channel interactionl can be easily incorporated into th
s-model action~3.15! by a spacial dependence of the para
eters of thes model. Thus, the action~3.15! is suitable for a
description of N-S interfaces or interfaces between me
with different conductances. However since the solutions
the Usadel equation~3.19! are continuous, only interface
with perfect transmissionT51 can be described in such
manner. In order to be able to deal with the interfaces
arbitrary transparencies, one has to introduce a boun
term into the action. Below in this paper we consider t
case of low-transparent interfaces which can be describe
means of the tunneling Hamiltonian approximation. Then
boundary term in the action can be derived in the sec
order over the tunneling Hamiltonian and reads

Sg52
ip

4
g TrGQ̌(1)Q̌(2). ~6.1!

Here Q̌(1) and Q̌(2) refer to different sides of the interfac
boundaryG; the notation TrG means that the space integral
taken over the interface surface, andg is the~dimensionless!
normal-state tunneling conductance per unit area of
boundary. In the expression~6.1! the trace over the spin
space has already been performed.

Variation of the total actionStot5Ss1Sg , with Ss given
by Eq. ~3.18!, with respect toQ̌, reproduces the matrix Us
adel equations forQ̌(1) and Q̌(2) together with the corre-
sponding boundary conditions39,32 ~cf. similar derivation in
Ref. 40!:

g1Q̌(1)¹'Q̌(1)5g2Q̌(2)¹'Q̌(2)5
g

2
@Q̌(1),Q̌(2)#, ~6.2!

where ¹' stands for the gradient along the normal to t
interface directed from the medium~1! to the medium~2!
@Eq. ~6.2! is written in the form assuming the absence
magnetic field#. It amounts to a straightforward calculation
to
-
l-

n
e

n-

g

s-
-
oo-

-

ls
f

f
ry

e
by
e
d

e

f

show that the action~6.1! leads to the following expressio
for the bare normal-state tunneling conductancesT :

sT5
e2

\
Ag, ~6.3!

where A is the area of the tunnel junction. We omit he
such a calculation since it is fairly similar to the calculatio
of the Andreev subgap conductance presented in the
subsection. Similarly, we will not dwell upon Coulom
interaction-induced corrections to the tunnelin
conductance,7,41 which can be derived from the action~6.1!
by taking into account fluctuations of the fieldsQ, f, andK
~cf. Ref. 22!. An analogous calculation of the interactio
effects in the Andreev conductance is one of our main s
jects below.

B. Andreev conductance in the effective action formalism

In this subsection we rederive, within the effective acti
formalism, the well-known results for the subgap Andre
conductanceGA between a superconductor and a dirty no
mal metal ~cf., e.g. Ref. 42!. We start from the simples
situation whenGA does not depend on voltage and/or fr
quency. First of all we show that if the effective action co
tains the following term:

SA5
ip

16
GATr~QSL!2, ~6.4!

thenGA is indeed the dimensionless subgap conductance
the second step, we prove that the term of the form~6.4! is
generated in the second order of expansion overSg .

To begin with, we note that at low energies,e!D, the
superconductive matrix Greens functionQS does not depend
on e and reduces purely to phase rotations:

QS5
DI

i uDu
, ~6.5!

whereDI can be obtained from Eq.~2.25!. Therefore, we can
perform the trace in Eq.~6.4! over energy variables and th
Keldysh matrix space, using Eq.~6.5! and the formula22

E dE trK@g ig j2g iL0~E1v/2!g jL0~E2v/2!#

54v~Pv
21! i j , ~6.6!

where the matrixPv
21 is defined in Eq.~4.20!. As a result,

we obtain the effective action as a functional of the ord
parameter:

SA52
iGA

8uDu2
tr
N
E dv

2p
DW T~2v!vPv

21DW ~v!, ~6.7!

whereD i51/2 trK DIg i . On deriving this equation we adde
the constant termQS

251 under the trace in Eq.~6.4!. Em-
ploying Eq.~2.25!, one can rewrite Eq.~6.7! in terms of the
phase variablesu as
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SA@u i #5
iGA

4 E dv

2p H iv@~eiu1 cosu2!2v~e2 iu1sinu2!v

2~e2 iu1cosu2!2v~eiu1sinu2!v#

12v coth
v

2T
~eiu1sinu2!2v~e2 iu1sinu2!vJ .

~6.8!

Expression~6.8! for the action makes it possible to relate t
coefficientGA in Eq. ~6.4! with the Andreev conductance o
the N-S interface. For this purpose let us suppose that
superconducting island is biased at some voltageV(t). Then
the phase of the island will rotate with the speed 2eV. In the
Keldysh formalism this corresponds to the rotation of
classical component,

du1

dt
52eV. ~6.9!

To find the Andreev current,I 52e(dn/dt), wheren is the
number of the Cooper pairs on the island, one may use
fact thatn and u are canonically conjugated variables, a
thus, Î 52ie(d/du). Translating this into the Keldysh for
malism, we have, similar to Ref. 22,

^I ~ t !&5 ie
d ln Z

du2~ t ! U
u250

5 ie
dZ

du2~ t !U
u250

, ~6.10!

where the last equation follows from the normalization co
dition Z51 in the absence of quantum sources.

Transforming Eq.~6.8! with the help of Eq.~6.9!, we get

SA52eGAE V~ t !u2~ t !dt1o@u2#. ~6.11!

Substituting this action into Eq.~6.10! and taking the func-
tional derivative, we obtain̂ I (t)&5e2GAV(t). Hence, the
Andreev conductance of the N-S interface in conventio
units is equal to

sA5
e2

\
GA . ~6.12!

This completes the proof of the physical meaning of the te
SA , Eq. ~6.4!, in the action. An alternative proof is present
in Appendix A, where we calculate the voltage noise at
N-S barrier ~related to the conductancesA due to the
fluctuation-dissipation relation!. Now we turn to the deriva-
tion of such a term in the simplest geometry of N-S conta

C. Rectangular N-S contact

1. Semiclassical solution within the effective action method

The simplest example of N-S contact is shown in Fig.
Superconductor~S! is connected to a normal reservoir~R!
via a thin film of dirty metal~N! of lengthLx and widthLy .
The relevant energy scale in the N region is determined
the Thouless energyETh5D/Lx

2 . As long as temperature
voltage, and frequency of measurement are all small eno
max(eV,T,v)!ETh, the Andreev conductance is just a co
stant:sA5sT

2RD , whereRD5s21Lx /Ly is the resistance o
he

he

-

l

e

t.

.

y

h,

the N region2. Below we first show how to get such a resu
@described by the term~6.4! in the action# within the effec-
tive action method, and later on we turn to its generali
tions, taking into account finite-energy effects as well as
fects due to the interaction in the Cooper channel and du
the zero-bias anomaly.

Consider the boundary actionSg defined in Eq.~6.1! in
the case whenQ(1)5QS , Q(2)5Q. In the present geometry
it is convenient to treat the boundary as aline between N and
S films, theng becomes the tunneling conductanceper unit
length. To obtain the Andreev termSA , we need to expand
the functional integral forZ up to the second order overSg
and average over fluctuations of the normal-metal matrixQ,
i.e., over Cooperon modes:

SA5
i

2
^Sg

2&52
ip2g2

32 K S E
0

Ly
dy tr QSQ~0,y! D 2L

~6.13!

52
ip2g2

32 E
0

Ly
dy1E

0

Ly
dy2

3^tr QSsztzW~0,y1!•tr QSsztzW~0,y2!& ~6.14!

Proceeding from Eq.~6.13! to Eq. ~6.14! we switched to the
‘‘rotated’’ representation of theQ matrices defined in Eq
~4.4! and used the representation ofQ in terms of the gen-
eratorsW as defined in Eq.~4.9!. Note that we neglect here
any possible fluctuations of the superconductive matrix fi
QS . The next step is to expand the fieldW(x,y) over the
eigenfunctionscmn(x,y) of the diffusion equation:

W~x,y!5(
m,n

Wmncmn~x,y!. ~6.15!

The choice of the eigenfunctions is determined by the bou
ary conditions, which are vanishing of current at the edg
y50, y5Ly and at the N-S boundaryx50 ~the last condi-
tion is an approximation valid due to smallness ofGTRD),
and vanishing of the Cooperon amplitude at the bound
with the normal reservoir. These conditions result in the f
lowing set of eigenfunctions:

cmn~x,y!5
2 cosqmx coskny

A~11dn,0!LxLy

, qm5
p

Lx
S m1

1

2D ,

kn5
p

Ly
n, m,n50,1, . . . . ~6.16!

FIG. 4. Rectangular N-S contract. Superconductor~S! is con-
nected to a normal reservoir~R! via a dirty metal film~N! of length
Lx and widthLy .
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After the integration overy in Eq. ~6.14!, only zero moden50 survives. Using Eq.~4.14! for the contraction rule and the fac
that $QS ,tz%50, we conclude that the diffusion pairing in Eq.~4.15! does not contribute, whereas the Cooperon one doe
we get

SA5
ip~gLy!2

16nLxLy
E de1de2

~2p!2 (
m

tr@QS~e1 ,e2!sztzQS~e2 ,e1!sztz2QS~e1 ,e2!QS~e2 ,e1!#@Dqm
2 1 i ~e11e2!sz#

~Dqm
2 !21~e11e2!2

5
ip~gLy!2

16nLxLy
E dEdv

~2p!2 (
m

tr@QS~v!L~E2!QS~2v!L~E1!2QS~v!QS~2v!#@Dqm
2 12iEL0~E1!#

~Dqm
2 !214E2

, ~6.17!
c-
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d
the
where E65E6v/2. Using the propertyQS
251 one can

verify that the contribution of the term withiEL0(E1) in the
numerator behaves asv2 for small v. For this reason it can
be neglected compared to thev-proportional kernel in Eq.
~6.7!. However, we will see below that the term of this stru
ture determines the amplitude of the Josephson proxim
coupling. Then, the term withDqm

2 QS(v)QS(2v), being
integrated overv, produces an unimportant constant that c
be omitted. As a result, one has

SA5
ip~gLy!2

16nLxLy
E dEdv

~2p!2

3(
m

Dqm
2 tr@QS~v!L~E2!QS~2v!L~E1!#

~Dqm
2 !214E2

.

~6.18!

In the limit E!ETh5D/Lx
2 the sum overm can be easily

calculated:(m1/qm
2 5Lx

2/2. The region of energiesE which
are relevant for the integral in Eq.~6.17! is given by E
;max(v,T). Thus, as long as the condition max(v,T)
!ETh is fulfilled, we convert Eq.~6.17! into the foreseen
expression of the form~6.4!:

S5
ip

16

GT
2

g

Lx

Ly
Tr~QSL!2, ~6.19!

whereGT5gLy is the total normal-state conductance of t
interface, according to Eq.~6.3!. Now, comparing with Eq.
~6.4!, one finds for the dimensionless Andreev conductan

GA
(0)5

GT
2

g

Lx

Ly
. ~6.20!

The above relation coincides with the known2 relation sA

5sT
2RD , since in the present geometryRD5s21Lx /Ly .

At higher temperatures or frequencies theE dependence
of the denominator in Eq.~6.17! becomes important and th
simple invariant representation~6.4! is not valid anymore.
However, one can still present the Andreev term in the ac
as a slight modification of Eq.~6.7!:

SA52
i

8uDu2
tr
N
E dv

2p
GA~v!DW T~2v!vPv

21DW ~v!.

~6.21!

The functionGA(v) is given by
ty

n

e

n

GA
(0)~v!5

GT
2

g

Leff~Lx ,v,T!

Ly
, ~6.22!

where

Leff~Lx ,v,T!5
2D

Lxv
E

0

`

dEF tanh
E1

2T
2tanh

E2

2T G
3(

m

Dqm
2

~Dqm
2 !214E2

. ~6.23!

In the limit max(v,T)!ETh the resultLeff5Lx is uncovered,
whereas in the opposite case, max(v,T)@ETh, one gets

Leff~v,T!5
AD

2v E
0

`F tanh
E1

2T
2tanh

E2

2T GdE

AE

5HA2D/uvu, if T!v;

0.95AD/2T, if v!T.
~6.24!

The number 0.95 in the above equation is the approxim
value for (12223/2)p21/2z(3/2).

Representation~6.21! can also be used in order to deriv
an expression for thenonlinearAndreev currentI A(V). We
present this derivation in Appendix B, the result is that
subgap currentI A(V)5VGA(2eV), where the function
GA(v) is defined in Eq. ~6.22!. This relation between
frequency-dependent linear response and static nonlinea
sponse is due to the fact that static voltageV applied to the
superconductor leads to the oscillation of its order param
uDueiu with the frequency 2eV.

To summarize this subsubsection, we emphasize
within the usual semiclassical approximation the term
scribing Andreev conductance is seen as a result of Gaus
integration over noninteracting Cooperon modes in the
metal. Below we will take into account Cooperon nonlinea
ties which are due to interactions in the Cooper and dir
Coulomb channels. Basically, there are two different kin
of the interaction effects: the first one is due to the prese
of the electron-electron interaction in the Cooper chan
~which is itself renormalized in a way dependent on the
gree of disorder, as shown by Finkelstein!, whereas the sec
ond one is of the same nature as the zero-bias anomaly in
usual tunneling conductance.7 These two effects are intrinsi
cally different, as the first one is determined by diffusio
modes with low frequenciesv!Dq2 and does not depen
on the long-range tail of the Coulomb potential, whereas
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second one comes from relatively high-frequency fluct
tions with v@Dq2 anddoes dependon the actual behavio
of the Coulomb potential at large space scales~and thus it
depends on the sample geometry as well!. Below we start
from the study of the first~‘‘Finkelstein’s’’ ! effect and later
on will include the effect of the zero-bias anomaly. The lat
effects may indeed be strongly suppressed if a good con
tor is placed near a dirty metal film, so that the Coulom
interaction in the film becomes screened on a relatively s
distance@cf. Eq. ~4.24! and Refs. 7,41#.

2. The effect of interactions in the Cooper channel

In this subsection we will show that the Cooper-chan
interaction in the normal metal leads to a logarithmic~or
weak power-law! dependence of the Andreev conductan
on frequency. To take it into account, one has to sum all
inclusions of the vertexSl into the Cooperon propagato
Such a summation can be effectively expressed as a re
malization of the tunneling action~6.1! due to the presenc
of the Cooper repulsionl. As a result, the tunneling conduc
tanceg gets renormalized down tog(z) which should then
be substituted into Eq.~6.22! for GA .

Logarithmic corrections to the boundary term~6.1! origi-
nate from pairing with the Cooper nonlinearity vertexSl

given by Eq.~4.16!:

DSg5 i ^SgSl&. ~6.25!

The diagram is shown in Fig. 5, and contains one fast Co
eron mode connectingSg andSl :

^SgSl&52
ip3ngl

16
^TrG Q̃SsztzW8

3Tr$sx ,Q̃%usz@tz ,W8#u&, ~6.26!

whereQS5uQSu, according to the general rule~4.4!.
Consider first the spacial structure of Eq.~6.26!. The first

trace corresponding toSg is taken along the N-S interfaceG,
whereas the second one corresponding toSl is taken in the
bulk of the N region at a distance not larger thanAD/V*
from the interface. That is, from the point of view of slo
variables, bothSg andSl are taken at the same point on th
boundaryG. In virtue of the coordinate integration inSl , the
correlator̂ W8W8& must be taken at zero momentum, so th
the energyE becomes the only fast variable involved. Fu
thermore, due to the presence of the commutator ofW8 with
tz under the second trace in Eq.~6.26!, only Cooperon
modes give a nonzero contribution@cf. Eq. ~4.10!#. Then,
from the first trace one concludes that the whole aver
~6.26! does not vanish only in the subgap region,V,D. In
other words, this reflects the trivial fact that the metal
tunneling conductance is not renormalized by interact
with Cooperons. In the deep subgap limit, the supercond

FIG. 5. Correction to the interface transparencyg due to inter-
action in the Cooper channel.
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tive QS is given by Eq. ~6.5!, it is independent of the
‘‘center-of-mass’’ energyE and depends onv through the
rotating phaseu(t).

Employing the Cooperon-related part of the contract
rule ~4.14!, one obtains

^SgSl&52
p2gl

32 E
G
drE dvdEdE8

~2p!3

1

E

3tr~AB1AszBsz2AtzBtz2AsztzBsztz!sz ,

~6.27!

whereV* ,E,V, whereasv, E8,V* , and the matrices

A5uEQS~v!uEsztz ,

B5uE$sx ,QE82v/2,E81v/2%uEsztz

are taken at the same point at the interface~to logarithmic
accuracy, all fast energies are equal toE!.

Using the property$QS ,tz%50 and the relationL0
5uszu, we transform Eq.~6.27! as

^SgSl&5
p2gl

16 E
G
drE dvdEdE8

~2p!3

1

E
tr$QS ,$sx ,Q%%L0~E!.

~6.28!

The matrix L0(E) in Eq. ~6.28! can be replaced by
2s1tanh(E/2T), since contributions of its other componen
vanish by parity after integration overE. Employing the re-
lationsQS}1K and$s1 ,sx%51, one arrives at

^SgSl&5
pgl

4
ln

V

V*
TrG QSQ. ~6.29!

This term effectively renormalizes the interface transp
ency; substituting Eq.~6.29! into Eq. ~6.25!, we obtain the
RG equation forg:

]g

]z
52gl. ~6.30!

A few comments are in order concerning this equatio
First of all, we remind the reader that it is valid in the subg
regionz.zD , wherezD5 ln 1/Dt; for higher energiesg re-
mains unaffected. In the derivation we assumed that botv
andT are small compared to the running cutoffV, otherwise
the RG should stop at the scale max(v,T).

Equation ~6.30! contains the running coupling consta
l(z) which is determined by Eq.~5.29! with l0,0 replaced
by ln.2lg , a Cooper-channel repulsion in the N met
defined at the energy scaleD. Looking at Eq.~6.30! one can
think that it is valid for any geometry of the system since
arises as a result of integration over energy. This is, howe
not the case and the RG exists in 2D only. The point is t
the coupling constantl(z) logarithmically depends on the
scale in 2D case only~cf. Sec. V C!. Recently a method to
treatTc suppression for dirty superconducting~SC! films in
the 1D–2D crossover region was developed,43 which does
not employ the existence of logarithmic RG equations.

Substitutingl(z) from Eq. ~5.27!, we write down the
solution of Eq.~6.30! with the boundary conditiong(zD)
5g0:
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g~z!5
g0

S 11
ln

lg
tanhlg~z2zD! D coshlg~z2zD!

.

~6.31!

Now this equation can be used to find the Andreev cond
tance modified by the interaction in the Cooper channel
this regard we note that all integrals in Eq.~6.17! are not
logarithmic. Consequently, with logarithmic accuracy, it
sufficient to use the semiclassical expression forGA , but
with the renormalized barrier transparency:

GA5

g2S ln
1

Vt D
g0

2
GA

(0) , ~6.32!

where the semiclassical value ofGA
(0) is given by Eq.~6.22!

and the low-energy RG cutoffV5max(D/Lx
2 ,v,eV,T,tf

21),
with tf being the electron decoherence time in the N me
~all these quantities are assumed to be much belowD). Sub-
stituting g(z) from Eq. ~6.31! one obtains

GA5
GT

2

g

Leff~Lx ,v,T!

Ly

3
4~V/D!2lg

@~11ln /lg!1~12ln /lg!~V/D!2lg#2
,

~6.33!

where lg is defined in Eq.~5.28!. This equation is valid
provided that the problem is effectively two-dimensional,
discussion after Eq.~6.30!. This condition is satisfied as lon
asLV<Ly , whereLV5AD/V. According to Eq.~6.33!, in
the low-V limit the Andreev conductance acquires
anomalous power-law suppression with an exponent 2lg .
The total power-law exponent, describing the growth
GA(V) with the V decrease, is equal to

xA5
1

2
22lg5

1

2 S 12A4e2

p2\
RhD . ~6.34!

D. Small SC island in contact with 2D film

Here we consider another example of an N-S cont
namely, a contact of a small superconductive island of sizd
with a thin dirty normal film of linear sizeL@d, shown in
Fig. 6. The edge of the film is connected to a normal res
voir. The semiclassical result for the Andreev conductanc
this geometry can be inferred from the general relationsA

cl

5sT
2RD , where the metal resistanceRD is now a ‘‘spread-

ing’’ resistance which grows logarithmically with the film
size: RD5(1/2ps)ln(L/d). If temperature or frequency i
larger than the Thouless energy scaleD/L2, the shortest of
the effective lengthsLT,v5AD/(T,v) should be used in-
stead ofL. Logarithmic growth of the Andreev conductanc
with the space scale implies thatGA itself becomes a running
coupling constant subject to the RG procedure. Below
will derive and solve the RG equation for the Andreev co
ductance in the presence of the Cooper interaction renor
ized by the Coulomb repulsion~still we will not touch here
c-
n

l

.

f

t,

r-
in

e
-
al-

the effect of the tunneling DOS suppression; it will be co
sidered below, in the next subsection!.

Similarly to Eq.~6.13!, the correction to the Andreev term
~6.4! in the action comes from the averaging of two boun
ary verticesSg :

DSA5
i

2
^Sg

2&. ~6.35!

At scales larger than its sized the SC island can be consid
ered as a point object. Then the boundary term~6.1! can be
written in a local form:Sg52( ip/4)GTTrQSQ(0), with
GT5Ag, whereA is the area of the contact between t
island and the film. The relevant pairing in Eq.~6.35!,

^Sg
2&52

p2GT
2

16
^@Tr ŨQSŨ21sztzW8#2&, ~6.36!

is shown diagrammatically in Fig. 7. Here all energies a
coupled to the slow matricesŨ, and the internal Cooperon
momentum is the only fast variable. Integrating out fa
modes with the help of the contraction rule~4.15!, one ob-
tains

^Sg
2&5

pGT
2

16n E de1de2dq

~2p!4

1

Dq2
Tr~AB2AsztzBsztz!,

~6.37!

where~all fields are taken at the pointr50)

A5~ ŨQSŨ21!e1 ,e2
sztz ,

B5~ ŨQSŨ21!e2 ,e1
sztz .

Only the first term under the trace in Eq.~6.37! is important.
Evaluating the logarithmic integral overq, one finds

FIG. 6. Small superconductive island~S! of sized connected to
a reservoir~R! through a dirty normal film~N! of sizeL@d.

FIG. 7. Correction to the Andreev termSA .
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^Sg
2&5

GT
2

8g
ln

V

V*
Tr~QSQ!2. ~6.38!

Equation~6.38! is valid at space scalesL larger than the size
of the islandd, i.e., for energiesV<vd5D/d2. It shows that
the RG procedure generates the term in the action of
form

SA5
ip

16
GATr~QSQ!2, ~6.39!

which reduces to Eq.~6.4! when all fast modes ofQ are
integrated out andQ is replaced byL. The running constan
GA obeys the following RG equation:

]GA

]z
5

GT
2

4pg
, ~6.40!

valid for z.zd5 ln 1/vdt.
In the semiclassical limit,g[GT /A is constant and inte

grating Eq.~6.40! over z52 ln(L/l) one reveals the above
mentioned result,GA

cl5(GT
2/2pg)ln(L/d). Beyond semiclas-

sics, Eq.~6.40! becomes nontrivial since fluctuations whic
renormalize the tunneling conductanceg(z) must be taken
into account. Below we will assume thatvd;D and thereby
neglect small corrections of the order oflguzD2zdu. Then,
substitutingg(z) from Eq. ~6.31! and integrating Eq.~6.40!
over z betweenzd and ln(1/Vt), we obtain the result for
GA(V):

GA~V!5
GT

2

4pg

12~V/D!2lg

~lg1ln!1~lg2ln!~V/D!2lg
.

~6.41!

A general feature of expression~6.41! is that GA(V) ap-
proaches a constant value,GT

2/4pg(ln1lg), in the low-V
limit. The semiclassical expression42 for the Andreev con-
ductance,GA

cl(V)5(GT
2/4pg)ln(vd /V), predicts growth of

GA(V) with the increase of the relevant space scaleLV

5AD/V, due to the growth of the region where the electr
and Andreev-reflected hole interfere constructively. This
pression forGA

cl(V) follows from Eq.~6.41! in the limit ln

→0 and ln(D/V)!Ag. Our result~6.41! demonstrates tha
~in the present geometry when the current flow is effectiv
two-dimensional! the Cooper-channel repulsion acts as if
imposes an upper limit for the time duration of such a co
structive interference. The same qualitative behavior wo
be seen in the absence of Finkelstein’s corrections as w
taking first the limitg@ ln2(D/V) in Eq. ~6.41!, one would
find GA'GT

2/4pgln as V→0 ~cf. Ref. 44 where a similar
expression was used forGA ; note, however, that a numerica
mistake was made in Ref. 44, which lead to the overesti
tion of GA by a factor of 2!. Below we will see that the effec
of the Coulomb-blockade suppression of tunneling is e
more drastic, as it leads to the decrease of the Andreev
ductance atV→0.
e

-

y

-
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E. Effect of the zero-bias anomaly

1. General treatment

In the preceding consideration of the Andreev conduc
ity we neglected the effect of high-frequency (Dq2!v)
Coulomb fluctuations. They are responsible for the zero-b
anomaly~ZBA! in the usual tunneling conductance~calcu-
lated originally by Altshuler and Aronov7!, which, in 2D,
leads to a suppression of tunneling by the relative orde
g21ln2(1/Vt). Later it was argued by Finkelstein12 and
shown ~within semiclassical approach! by Levitov and
Shytov41 that the first correction must be exponentiated
get a result valid in the low-frequency limit as well. Re
cently, Kamenev and Andreev22 rederived this result micro-
scopically using the Keldyshs-model approach and separa
ing the Coulomb phaseKW according to Eq.~3.12!.

After the gauge transformation~3.12!, the boundary tun-
neling term~6.1! acquires the form

Sg52
ip

4
g TrG eiKJ12tzQ(1)e2 iKJ12tzQ(2), ~6.42!

where KJ 125KJ (1)2KJ (2) is the Coulomb phase differenc
across the interface. In our study of the Andreev cond
tance, we will assume that the superconductor is conne
to a low-impedance external environment which keeps fix
its average electric potential, and neglect the Coulomb ph
KJS in the superconductor for the reasons explained in the
paragraph of Sec. IV C. Hence, the ZBA is determined
the fluctuations of the normal-metal phaseKJ .

On singling out the Coulomb phase by the transformat
~3.12!, the calculation of the ZBA becomes very simple22

one has just to average the phase factorse6 iKJ in the bound-
ary term~6.42! over the Gaussian fluctuations ofKW with the
correlator ~4.30!. Indeed, ^KiK j&, being integrated over
frequency and momentum, yields the aforemention
g21ln2 (1/Vt). On the other hand, since the bulk action~4.5!
depends only on derivatives ofKW , any ^KiK j& pairing in the
bulk contains an additional power of frequency or mome
tum, its contribution is less singular than ln2 (1/Vt) in the
limit V→0, and therefore can be neglected.

From this general observation it follows that in calcula
ing the Andreev conductance the effect of the interaction
the Cooper channel is factorized from the ZBA effect.
other words, the full Cooperon which determines the sub
conductance is a product~in the time domain! of the Coop-
eron without the ZBA~which was studied in Secs. VI C an
VI D ! and the ZBA factorZ2(t) @cf. Eq. ~7.15! below#. Such
a factorization is shown diagrammatically in Fig. 8. Our pr
vious analysis impliedZ(t)51, i.e., weak ZBA at the scale

FIG. 8. An example of factorization of the ZBA-type fluctua
tions for the Andreev conductance. The dashed zigzag line den

the correlator̂ (eiK (t)tz) i(e
iK (t8)tz) j&.
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V;t21e2pAg relevant for the saturation of the RG flow fo
the Cooper repulsion constantl, cf. Eq. ~5.29!. We will use
this factorization property explicitly in the study of the J
sephson proximity coupling in Sec. VII. In the calculation
the Andreev conductivity we will rather follow another a
proach: the effect of the ZBA will be taken into accou
within the RG scheme together with the Cooper chan
renormalization described above.

2. Rectangular N-S contact

High-frequency ZBA-type fluctuations of the Coulom
phaseKW in Eq. ~6.42! lead to an additional suppression of th
effective transparencyg of the interface. This effect is dif-
ferent in the metallic (D,V,t21) and superconducting
(V,D) regions. In the metallic case, the ZBA is govern
by a single-electron tunneling, which is the only source
the transparency suppression, whereas in the supercon
ing case, the reduction ofg becomes more pronounced du
to a coherent tunneling of Cooper pairs, carrying the dou
charge.

The renormalized value ofg can be extracted from th
boundary action~6.42! after averaging over fast fluctuation
of the Coulomb phaseKW 8 in the metal:

^Sg&52
ip

4
g TrG^e2 iK 18(t1)tzQ̃S~ t1 ,t2!eiK 18(t2)tz&Q̃~ t2 ,t1!,

~6.43!

where we neglected the Coulomb phaseKW S in the supercon-
ductor as discussed above and used the fact that only
correlator of classical components of the phaseKW may be
retained with logarithmic accuracy.22 On eliminating fast de-
grees of freedom, the termSg will reproduce itself with the
modified value of the transparencyg ~cf. Ref. 40!. Further
transformation of Eq.~6.43! depends on the structure of th
matrix QS in the Nambu and time spaces and on the geo
etry of the interface.

In the metallic energy range,D,V, the off-diagonal in
the Nambu space components of the superconductiveQS can
be neglected@cf. Eq. ~3.10!#, so that it commutes with the
phase factoreiK 1(t)tz. Then the perturbative correction tog
can be deduced from Eq.~6.43!:

Dg5g@e21/2̂ [K18(t1)2K18(t2)] 2&21#. ~6.44!

The fast phasesK18 are correlated only at small times<V
*
21 ,

while the time difference in Eq.~6.44! is large enough,
ut12t2u>V* , due to an implicite dependence ofQS at the
metallic region. Therefore, the cross average in Eq.~6.44!
can be neglected, and expanding the exponent one arriv

Dg52g^@K18~0!#2&. ~6.45!

The value of the correlator̂@K18(0)#2& is not universal
and depends on the setup considered. For the tunneling
the whole 2D plane~that corresponds to the geometry of
small SC island shown in Fig. 6!, one can employ Eq.~4.30!:
l

f
ct-

le

he

-

at

to

^@K18~0!#2&plane

5E
V

*

V dv

p E dq

~2p!2

3Im
V0~q!

~Dq22 iv!~2nV0~q!Dq21Dq22 iv!
. ~6.46!

The leading double-log contribution to this expression com
from the regionDq2!v!nV0(q)Dq2 where the integrand
is given by 1/(gvq2). Note that in this limit of strong Cou-
lomb interaction, a specific form of the potentialV0(q) drops
from the integrand and enters the result only through
cutoff of logarithmicq integration. For the case of the ba
2D Coulomb potential~4.23!, one obtains

^@K18~0!#2&plane5
1

2p2g
E

V
*

V dv

v E
v/2ps

Av/D dq

q

5
1

8p2g
S ln2

v0

V*
2 ln2

v0

V D , ~6.47!

wherev05(2ps)2/D.
In the rectangular geometry of Fig. 4, a charge tunn

into the edge of the half-plane. A similar problem for th
half-space was considered in Ref. 45. Though a comp
treatment of such problems is involved, a double-log asym
totics can be easily derived. To find it, one should use
fact that in the relevant region,Dq2!v!2psq, the
screened Coulomb interaction is determined solely by
inverse density-density correlator45 whereas the bare Cou
lomb potential drops from equations as we have seen ab
The density-density correlator can be obtained with the h
of the eigenfunctions of the diffusion equation with th
proper boundary conditions. For the rectangular geome
such eigenfunctions are given by Eq.~6.16!. Then the value
of ^@K18(0)#2& can be obtained analogously to Eq.~6.47!; it
depends on the distancer from the edge of the half-plane an
is given by

^@K18~0!#2&half-plane5
1

p2g
E

V
*

V dv

v

3E
v/2ps

Av/D dq

2pq2
cos2~qxr !,

~6.48!

where the infinite half-plane (Lx , Ly→`) is implied. For
larger, the cosine squared in Eq.~6.48! can be substituted by
its average value, 1/2, that leads to the infinite-plane re
~6.47!. For the tunneling directly into the edge (d5r ) the
correlator~6.48! appears to be two times larger.

Hence the RG equation for the transparencyg of a flat
N-S boundary in the metallic energy range (z,zD) reads

]g

]z
52

z2z0

2p2g
g, ~6.49!

where z0 is defined at the scalev0 , z05 ln 1/v0t. Being
integrated overz from 0 to ln(1/Vt), it yields exponential
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reduction of the tunneling conductance~which is two times
stronger than the result12,41,22for the infinite plane!:

g~z!5g0ZM~z!, ~6.50!

where the factorZM(z) is given by

ZM~z!5expS 2
~z2z0!22z0

2

4p2g
D

5expS 2
1

4p2g
ln

1

Vt
• ln

v0
2t

V D . ~6.51!

When the RG cutoffV becomes smaller thanD, the situ-
ation changes. First of all,QS acquires ane-independent
form ~6.5!, i.e., it becomes ad function in the time domain,
t15t2. It also anticommutes witheiK 1(t)tz due to its structure
in the Nambu space. In this limit, the Coulomb phaseKW can
be considered as an additive correction to the SC phaseuW on
the island, with the total effective phaseuW eff5uW 22KW . Then
the effect of the ZBA in the subgap limit can be attributed
the high-frequency fluctuations ofuW eff(t), destroying the
Cooper pair coherence at large time scales. Repeating
steps that lead to Eqs.~6.44! and ~6.45!, one has instead

Dg5g@e21/2^[2K18(t)] 2&21#522g^@K18~0!#2&. ~6.52!

The effect of the ZBA anomaly should be taken into a
count together with the renormalization of the transpare
due to interactions in the Cooper channel, cf. Eq.~6.30!.
Thus, we get the following RG equation forg valid in the
subgap limitz.zD :

]g

]z
52lg2

z2z0

p2g
g. ~6.53!

Solving this equation forz.zD , we obtain a modification of
Eq. ~6.31!:

g~z!5
gDZS~z!

S 11
ln

lg
tanhlg~z2zD! D coshlg~z2zD!

,

~6.54!

wheregD[g(zD)5g0ZM(zD) is the transparency renorma
ized by the ZBA in the metallic energy regionD,V,t21,
and the multiplicative factorZS(z) accounts for the subga
ZBA effect:

ZS~z!5expS 2
~z2z0!22~zD2z0!2

2p2g
D

5expS 2
1

2p2g
ln

D

V
• ln

v0
2

DV D . ~6.55!

So far we considered an infinite half-plane withLx , Ly
→`. In analogy with the treatment in Sec. VI C 2, it mig
be tempting to substitute the renormalized transpare
g„ln(1/Vt)… given by Eq.~6.54! into Eq. ~6.22! to get the
Andreev conductanceGA(V) in the rectangular geometry
he

-
y

y

This, however, would be wrong. The point is that the expr
sion ~6.48! for ^@K8(0)#2& contains two coupled integration
over v and q, with two frequency-dependent length scale
AD/v and 2ps/v. The former is the usual diffusive lengt
that shows how far a charge spreads during timev21. The
latter is associated with the electric field propagation in
conducting medium. One logarithm in the double-log ZB
expression comes from the spacial regionAD/v,R
,2ps/v. However, for small enoughv, the length 2ps/v
becomes larger than the system sizeLx ~it is assumed that
Lx<Ly). This finite-size effect can be accounted for in E
~6.48! by substituting max(v/2ps,1/Lx) as a lower limit ofq
integration. Physically this procedure means that we neg
external impedance of the circuit connected to our dirty fi
in comparison with the effective ‘‘spreading resistance’’
the film @given bypr (z), where functionr (z) is determined
below in Eq.~6.58!#. It is then straightforward to generaliz
the RG equations~6.49! and~6.53! for finite systems. In the
metallic energy region the transparency obeys

]g

]z
52r ~z!g, ~6.56!

while in the subgap limit one has

]g

]z
52lg22r ~z!g. ~6.57!

The functionr (z) is defined as

r ~z!5
1

2p2g
3H z2z0 , if V.vs ;

zTh2z, if vs.V.ETh ;

0, if ETh.V,

~6.58!

wherevs52ps/Lx andzTh5 ln 1/ETht52 ln(Lx /l).
The solutions of Eqs.~6.56!, ~6.57! can also be repre

sented in the form~6.50!, ~6.54! with the modified functions
ZM(z) andZS(z). We will not present here the complete li
of formulas for arbitrary values ofvs /D and vst but will
focus instead onZS(z) in the experimentally relevant case.
Lx is measured inmm then the energyvs ~in Kelvins! is
given by 100g/Lx , which appears to be greater thanD for a
reasonable experimental setup. Hence, in studying the
gap frequency region, the lowerq cutoff is given by the
inverse system size,L21, and any information about the
Coulomb potentialV0(q) drops from the resulting expres
sion. Solving then Eq.~6.57! one obtains

ZS~z!5expS 2
~z2zD!@zTh2~z1zD!/2#

2p2g
D

5expS 2
1

2p2g
ln

D

V
• ln

DV

ETh
2 D . ~6.59!

Note thatV5max(ETh,v,eV,T,tf
21) and cannot be smalle

thenETh .
Using Eq. ~6.59! and substitutingg(z) from Eq. ~6.54!

into Eq. ~6.22!, we obtain the resulting expression:
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GA5
GTD

2

g

Leff~Lx ,v,T!

Ly

3
4~V/D!2lg

@~11ln /lg!1~12ln /lg!~V/D!2lg#2

3expS 2
1

p2g
ln

D

V
• ln

DV

ETh
2 D , ~6.60!

whereGTD[GTZM(zD) stands for the single-particle tunne
ing conductance at the scaleD renormalized by the normal
metal ZBA. Equation~6.60! is one of the main results of thi
paper, it shows that the original growth ofGA(V)}V2xA

with the V decrease@the exponentxA is defined in Eq.
~6.34!# stops at ln(D/V);Ag, and at lowerV the Andreev
conductance decreases due to the zero-bias anomaly. I
intermediate frequency range ln(D/V);Ag both Finkel-
stein’s effect and the ZBA effect are of the same importan
whereas in the infrared limit the ZBA effect is the mo
important one. The influence of the last effect upon the A
dreev conductance was predicted by Huck, Hekking,
Kramer28 on phenomenological grounds. They considere
N-S junction coupled to the model dissipative environm
characterized by some impedanceZ(v). We provide here a
microscopic calculation of this effective impedance:Z(v)
5pr „ln(1/Vt)…, with the functionr (z) defined in Eqs.~6.58!
and ~6.64! below.

Until now we considered the case of unscreened b
Coulomb potentialV0(q)52pe2/q. In the presence of an
additional ~clean! metal gate, the Coulomb potential in th
dirty metal layer changes according to Eq.~4.24!. As a re-
sult,V0

scr(0)54pe2b, which modifies the law of propagatio
of the electric field, which now becomes diffusive with th
effective diffusion coefficientD* 58pne2b•D. The ratio
D* /D52k2b@1, where k254pne2 is the inverse 2D
screening radius. In a finite-size system, Eq.~6.58! should be
modified as

r scr~z!5
1

2p2g
35

ln
D*
D

, if
D

D*
V.ETh ;

zTh2z, if V.ETh.
D

D*
V;

0, if ETh.V.
~6.61!

In an effectively infinite system@for V.(D/D* )ETh , when
the propagating field does not have enough time to reach
edge of the system#, one of the two logarithms entering Eq
~6.47! becomesv independent, cf. Ref. 41. ThenGA is given
by Eq. ~6.60!, provided that the last exponential factor
replaced by the power-law factor

@ZS
scr#25S V

D D xz

, ~6.62!

where

xz5
2

p2g
ln~8pne2b!. ~6.63!
the

e,

-
d
a
t

re

he

3. SC island

Now let us consider ZBA effects in the small island g
ometry shown in Fig. 6. Let us first study the renormalizati
of the junction transparencyg. Depending on the relation
between momentum and the inverse island sized21, the ge-
ometry of the interface can be either flat, forqd@1, or point-
like, for qd!1. Then the renormalization ofg can be de-
rived from Eqs. ~6.45!, ~6.52!, where the correlator
^@K8(0)#2& is given by Eq.~6.48!, with cos2(qxr) being for-
mally replaced by@11u(qd21)#/2. The resulting RG equa
tions can be written in the form~6.56!, ~6.57! with the func-
tion r (z) defined as

r ~z!5
1

4p2g

35
2~z2z0!, if V.2ps/d;

zTh2z0 , if 2ps/d.V.max~vs ,vd!;

z2z0 , if vd.V.vs;

zTh2zd , if vs.V.vd ;

zTh2z, if min~vs ,vd!.V.ETh ;

0, if ETh.V.

~6.64!

The RG equations forg(z) can be easily solved. Again
we will not present here a general solution depending on
relations between various energy scales,ETh(L)5D/L2,
vs52ps/L, vd , V, and 2ps/d. Rather we concentrate o
the solution in the superconducting region,V,D, assuming
that vd;D,vs . It can be written in the form~6.54! with
ZS(z) given by

ZS~z!5expS 2
~z2zD!@zTh2~z1zD!/2#

4p2g
D

5expS 2
1

4p2g
ln

D

V
• ln

DV

ETh
2 ~L !

D . ~6.65!

The difference by 2 compared to Eq.~6.59! accounts for the
difference between spreading over the whole plane and
half-plane.

According to Sec. VI D, in the island geometry,GA en-
tering the action as a parameter in Eq.~6.39! gets renormal-
ized after eliminating fast degrees of freedom. In the abse
of the ZBA, its renormalization comes from the averaging
two verticesSg , cf. Eq. ~6.35!. With the ZBA effect taken
into account, the Andreev actionSA will renormalize itself
similar to the termSg in Sec. VI E 2. The correspondin
expression reads

^SA&5
ip

16
GATr^QS~ t1!e2iK 18(t1)tzQ̃~ t1 ,t2!

3QS~ t2!e2iK 18(t2)tzQ̃~ t2 ,t1!&, ~6.66!

which is written forV,D when QS given by Eq.~6.5! is
local in time. On averaging over fastK18 , one finds for the
correction toGA :
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DGA5GA@e21/2̂ [2K18(t1)22K18(t2)] 2&21#. ~6.67!

Expanding the exponent and omitting the cross averages
arrives at

DGA524GA^@K18~0!#2&. ~6.68!

As a result, we obtain the following modification of the R
equation~6.40!:

]GA

]z
5

A 2g2

4pg
24r ~z!GA . ~6.69!

Takingg(z) from Eq. ~6.54! and integrating this differentia
equation, one obtains the solution for the Andreev cond
tance:

GA~V!5
GTD

2

4pg

12~V/D!2lg

~lg1ln!1~lg2ln!~V/D!2lg

3expS 2
1

2p2g
ln

D

V
• ln

DV

ETh
2 D ~6.70!

whereGTD is the normal-state tunneling conductance at
scaleD renormalized by the ZBA. The coefficient in front o
the double logarithm in the ZBA exponent is four tim
larger than the one for the single electron tunneling, due
the doubled charge of a Cooper pair. Expression~6.70! again
shows that the ZBA effect uponGA is described by the sepa
rate factorZS

2(z) as it should be due to the factorizatio
property discussed above. With the frequency decre
GA(V) first grows logarithmically and then decreases as
the case of the rectangular N-S contact. In the presence
screening metal gate, the ZBA factor@ZS

scr#25(V/D)xz/2 @cf.
Eq. ~6.62!#.

VII. JOSEPHSON PROXIMITY COUPLING

A. General treatment and the RG equation

In this section we first rederive semiclassical expressi
for the proximity coupling between superconductors, se
rated by dirty normal metal, and then generalize them, tak
into account quantum fluctuations, similar to the way it w
done above for the Andreev conductance. The term in
effective action, which is responsible for this coupling, c
be written in the form

SJ5
1

2
EJ Tr~Q̌S

(1)Q̌S
(2)sx!, ~7.1!

where superscripts(1) and (2) refer to two superconductive
banks or islands. Using the low-energy representation~6.5!
for QS , and neglecting the Coulomb phase facto
exp„iKJ (t)tz…, one rewrites Eq.~7.1! as

SJ522EJE sinQ1~ t !sinQ2~ t !dt, ~7.2!

with Q1 and Q2 being the classical and quantum comp
nents of the phase difference between the superconduc
QW 5uW (1)2uW (2). The meaning of the term~7.2! becomes
transparent in the initial basis before the Keldysh rotat
ne

c-

e

to

e,
n
f a

s
-
g
s
e

s

-
rs,

n

~2.22!: it yields the usual expression for the Josephson c
pling energy,2EJ cosQ. Employing Eq.~6.10! one obtains
the standard relation between the Josephson current and~the
classical component of! the phase difference~with dimen-
sional units restored!:

I J5
2eEJ

\
sinQ1 . ~7.3!

The term~7.1! can be derived in a way very similar to th
derivation of the expression~6.4! in Sec. VI B: one should
consider the cross term in the perturbative correction to
action, i /2^(Sg

(1)1Sg
(2))2&, whereSg

( j ) is the boundary action
~6.1! at the interface with the superconductor (j ), and the
average is taken over fluctuations of the normal-metal ma
Q.

The Josephson coupling energyEJ depends on the geom
etry of the system, and below we will findEJ for two geom-
etries shown in Figs. 9 and 10, that are natural counterp
of Figs. 6 and 4 discussed above with respect to the Andr
conductance. In both casesEJ is given by the Fourier trans
form @cf. Eqs.~7.6!, ~7.11!# of the zero-frequency Coopero
amplitude. The latter,C(q,v)[J(z), logarithmically de-
pends on V5max(Dq2,v,T). Within the semiclassica
approximation4 it is given by an integral over the ‘‘center
of-mass’’ Cooperon energy:

J~z!5
GT

2

4n E
0

D@F~E1!1F~E2!#EdE

~Dq2!214E2
5

GT
2

8n
ln

D

V
.

~7.4!

FIG. 9. Two superconductive islands~S! of sized with separa-
tion R@d coupled via a dirty normal film~N! of sizeL.

FIG. 10. Two superconductive terminals~S! coupled via a dirty
normal film ~N! of sizesLx andLy .
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To take into account the effect of interaction in the Coop
channel that makesGT5Ag scale dependent, we replace E
~7.4! by the following differential RG equation:

]J~z!

]z
5A 2

g2~z!

8n
. ~7.5!

This RG equation coincides~up to a numerical factor! with
the RG equation~6.40! for GA in the small island geometry
In the study of the Andreev conductance, such an RG eq
tion appeared as a result of theq integration and thereby
holds only for the geometry of Fig. 6. In the case of t
Josephson coupling, Eq.~7.5! comes from theE integration
and thus is insensitive to a particular geometry holding
both setups shown in Figs. 9 and 10.

Although the RG equations~6.40! and ~7.5! look similar,
the answers forGA and EJ are quite different. The main
difference is thatJ is not a final quantity, it should be Fou
rier transformed to get the Josephson energyEJ . As a result,
only the lowest spacial modes effectively contribute toEJ ,
which appears to be exponentially suppressed4 due to the
loss of coherence if temperature or frequency of phase fl
tuations exceed the Thouless energy. Note, that in the
shown in Fig. 9, the relevant Thouless energy scale is de
mined by the interisland distanceR; we denote this energy a
vR5D/R2 to discern it fromETh(L)5D/L2 which will also
enter results for the ZBA factor for the two-island setu
Below we will assume that bothT and v are much lower
thanETh for the rectangular geometry, and much lower th
vR for the island geometry.

Equation~7.5! is sufficient to find the proximity coupling
energy in the absence of the zero-bias anomaly eff
~which will be incorporated in the next subsection!. We start
from an example of two small SC islands of sized, separated
by the distanceR@d ~see Fig. 9!. In this case

EJ~R!5E dq

~2p!2
eiq•RC~q!5

1

2p E
0

`

qdqJ0~qR!J~zq!,

~7.6!

wherezq5 ln(1/Dq2t), and the use of the continuous Fouri
transform implies that the distance between islands is m
shorter that the total size of the film,L@R. Using the iden-
tity J0(x)5(1/x)(]/]x)@xJ1(x)#, and integrating by parts
we obtain

EJ~R!5
1

pRE0

`

dqJ1~qR!
]J~zq!

]zq
. ~7.7!

SinceJ(zq) is a very slow function ofq ~provided thatg
@1), theq integration converges rapidly nearq;R21. Then
we may takeJ at zq5 ln(R2/Dt) and perform the remaining
integration that yields

EJ~R!5
1

pR2

]J~z!

]z U
z5 ln(R2/Dt)

. ~7.8!

Combining Eqs.~7.8! and ~7.5! with Eq. ~6.31!, we obtain
r
.

a-

r

c-
se
r-

.

n

ts

h

EJ~R!5
GT

2

8pnR2

4~jD /R!4lg

@~11ln /lg!1~12ln /lg!~jD /R!4lg#2
.

~7.9!

Thus, the effect of repulsive interaction in the Cooper ch
nel is to produce an anomalous power-law exponentxJ52
14lg , describing decay of the Josephson coupling at lo
distances:EJ;R2xJ.

Now we proceed to the case of the rectangular geom
shown in Fig. 10. In this case the set of eigenfunctions w
the proper boundary conditions reads@cf. Eq. ~6.16!#

cmn~x,y!5
2 cosqmx coskny

A~11dm,0!~11dn,0!LxLy

, qm5
p

Lx
m,

kn5
p

Ly
n, m,n50,1, . . . . ~7.10!

The difference with the case of two islands is that now o
has to sum over the single componentqm of the wave vector
only ~cf. Sec. VI C!:

EJ~Lx ,Ly!5
1

LxLy
(

m52`

`

~21!mC~qm!. ~7.11!

Equation~7.5! for J5const•GA has been already solved i
Sec. VI D; substituting the solution into Eq.~7.11! and using
the equality(m52`

` (21)m50 we transformEJ to the form

EJ~Lx ,Ly!5
GT

2

4n

1

LxLy

lg

lg2ln

3 (
m52`

`
~21!m

~lg1ln!1~lg2ln!~EThm
2/D!2lg

,

~7.12!

where ETh5D/Lx
2 . Consider this sum and write it a

(m52`
` (21)mf m . For lg!1, f m is a very slow function for

mÞ0 but has a cusp atm50. Then the sum can be we
estimated asf 02 f 1 and is equal to

~lg2ln!~ETh /D!2lg

~lg1ln!@~lg1ln!1~lg2ln!~ETh /D!2lg#
. ~7.13!

As a result, we obtain

EJ~Lx ,Ly!5
GT

2

8n~lg1ln!LxLy

3
2~jD /Lx!

4lg

~11ln /lg!1~12ln /lg!~jD /Lx!
4lg

.

~7.14!

In the above expressionGT is the total normal-state tunne
ing conductance proportional to the widthLy of the contact.
In the rectangular geometry a nontrivial exponentxJ851

14lg enters theEJ(Lx) dependence:EJ}L
x

2xJ8 . In the case
of weak disorder,lg ln(Lx /jD)!1, the result~7.14! reduces
to the one obtained in Ref. 4, whereas Eq.~7.9! reduces to
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the form used in Ref. 44@an extra factor 4/p2 in Eq. ~18! of
Ref. 44 is due to the difference in the definition of the d
mensionless tunneling conductanceGT#. Both of the above
results~7.9!, ~7.14! were obtained neglecting the zero-bi
anomaly effects. Now we proceed to take them into acco

B. Proximity coupling in the presence of the zero-bias
anomaly

As it was explained in Sec. VI E 1, the effect of the Co
lomb phaseKW (t) fluctuations~which are due to the long
range Coulomb potential! can be separated~factorized! from
the effect of the interaction in the Cooper channel. Below
will use this factorization explicitly.

Consider first the two island geometry of Fig. 9. Using t
gauge-transformed form~6.42! of the boundary action term
and repeating the steps that lead to Eqs.~7.5! and ~7.6!, we
obtain now the Josephson coupling energyEJ(R) as a time-
domain convolution of the Cooperon and the ZBA expone

EJ~R!5E dtZJ
2~ t,R!E dq

~2p!2
eiq•RC~q,t !, ~7.15!

where C(q,t)5*(dv/2p)J(z)e2 ivt is the time-domain
Cooperon amplitude, andz5 ln 1/Vt with V5max(Dq2,v).
The ZBA factorZJ(t,R) is defined as@cf. Eq. ~6.47!#

2 ln ZJ~ t,R!5^@K18~ t,R!2K18~0,0!#2&

5
1

p2g
E

0

Ddv

v E
max(v/2ps,1/L)

Av/D dq

q

3@12cosvtJ0~qR!#, ~7.16!

whereL@R is the size of the metal film. Here we assum
thatvd;D, and include all ZBA fluctuations with frequenc
v@D into redefinition of the normal-state tunneling condu
tance GTD at the scaleD. In the absence of the ZBA
ZJ51 and Eq. ~7.15! reduces to Eq.~7.6!, with C(q)
[C(q,v50). The lower limit of theq integration depends
on the relation between the field spreading distance, 2ps/v,
and the sheet size, 1/L. To be more specific, we will assume
following Sec. VI E, thatD/2ps!L. Then the ZBA expo-
nent is equal to

ZJ~ t,R!5expS 2
1

4p2g
ln

D

vR
• ln

DvR

ETh
2 ~L !

D , ~7.17!

where vR5D/R2, ETh(L)5D/L2, and it is assumed tha
t;vR

21 . Now substitutingJ(z) from Eq. ~7.5! into Eq.
~7.15!, using the trick which led to Eq.~7.7! and the identity
]J(z)/]zq5u(Dq22uvu)]J(zq)/]zq , and performing a
trivial integration overv, we obtain

EJ~R!5
1

p2R
E dtZJ

2~ t,R!E
0

`

dqJ1~qR!
]J~zq!

]zq

sinDq2t

t
.

~7.18!

Both momentum and time integrals converge fairly well
the vicinity of q;R21 and t;vR

21 , respectively. As a re-
sult, to logarithmic accuracy we get
t.

e

t:

-

EJ~R!5
1

pR2
ZJ

2~z!
]J~z!

]z U
z5 ln(R2/Dt)

. ~7.19!

Note that the same result could be obtained within the
approach with the help of the equation similar to Eq.~6.69!:

]J
]z

5
A 2g2

8n
24r ~z!J ~7.20!

with r (z)52(1/2)] ln ZJ /]z.
Finally, we obtain the Josephson coupling energy for t

islands:

EJ~R!5
GTD

2

8pnR2

4~jD /R!4lg

@~11ln /lg!1~12ln /lg!~jD /R!4lg#2

3expS 2
2

p2g
ln

R

jD
• ln

L2

jDRD . ~7.21!

The presence of the total sizeL of the film in the above
expression for the interisland proximity coupling may appe
to be unexpected. It originates from the fact that electric fi
propagates much faster than electron density: during di
sion timeR2/D corresponding to the interisland distance, t
electric field propagates the distanceL(R)5k2R2, where
k254pne2 is the inverse 2D screening length. The effecti
electric impedance that determines the ZBA factor does
pend on the distanceL(R) as long as it is shorter than th
total sizeL. If the dirty film is of metallic origin,k2

21 is of
the order of Angstro¨ms, soL(R) easily exceeds any reason
able size of the film even forR in the submicron range. In
this case the effective impedance is determined by the
size L. All these considerations do not hold for the case
the screened Coulomb potential~4.24!; in that case the ex-
ponential factor in Eq. ~7.21! should be replaced by
(jD /R)xz, cf. the end of Sec. VI.

Consider now the ZBA effect for the rectangular geo
etry ~see Fig. 10!. In this case one has

EJ~Lx ,Ly!5
1

LxLy
E dtZJ

2~ t,Lx! (
m52`

`

~21!mC~qm ,t !,

~7.22!

cf. Eqs.~7.11! and~7.15!. Again, the relevant scale for thet
integration is given byETh

215R2/D. Then one can integrate
over t keeping ZJ(t)5ZJ(ETh

21) constant that amounts t
multiplying the previous result~7.14! by ZJ

2(ETh
21), provided

thatGT is substituted byGTD . The ZBA factor for a flat N-S
interface is given by

ZJ~ETh
21 ,Lx!5expS 2

1

2p2g
ln2

D

ETh
D , ~7.23!

whereETh5D/Lx
2 . Therefore, we obtain
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EJ~Lx ,Ly!5
GTD

2

8n~lg1ln!LxLy

3
2~jD /Lx!

4lg

~11ln /lg!1~12ln /lg!~jD /Lx!
4lg

3expS 2
4

p2g
ln2

Lx

jD
D . ~7.24!

For the screened Coulomb potential, the last factor in
~7.24! is replaced by (jD /Lx)

2xz. Note, finally, that both ex-
pressions~7.21! and~7.24! refer to the low-temperature limi
T!\D/R2, \D/Lx

2 .

VIII. DISCUSSION

We have developed field theory functional formalism
the Keldysh type for disordered superconductors. This
proach provides a regular method for the treatment of
kinds of quantum fluctuations beyond the standard semic
sical theory of superconductivity18–20 which can be under-
stood as the saddle-point approximation of our theory. T
theory is formulated in terms of the local~in space! matrix
order parameter whose components correspond to the
tarded, advanced and Keldysh Green’s functions. The m
advantage of our approach with respect to the standard M
subara replica formalism12 is that it provides the possibility
of treating nonequilibrium problems.

A general formulation of the theory involves 838 matri-
cesQt,t8 , composed as the direct product of the 232 blocks
corresponding to the Nambu, time-reversal, and Keld
spaces. However, in order to present our approach in
most transparent form, we restricted here our specific ca
lations to the case of spin-independent interactions, and
glected the usual weak-localization conductivity correctio
which makes it possible to use reduced 434 matrices. We
focused here on the fluctuational effects specific for the d
superconductive films, whose relative magnitude
known11,12 to be of the order of (1/g)ln2(L/l) ~in the two-
dimensional limit!, and thus can be considered independen
of the normal-metal weak-localization and interacti
corrections6,7 which are}(1/g)ln(L/l). There are two physi-
cally different types of these effects:~i! the Coulomb-
induced repulsive contribution to the electron-electron int
action in the Cooper channel~coming from the ‘‘diffusive’’
frequency regionv!Dq2), and ~ii ! reduction of the aver-
aged single-particle density of states due to high-freque
(v@Dq2) fluctuations of electric potential. We have show
following the approach developed in Ref. 22, that these
effects can be separated at the nonperturbative level
‘‘gauging away’’ phase factors induced by the fluctuati
long-range electric potential. The first effect was treated
the renormalization group method within the single-loop a
proximation. Being applied to the case of uniformly diso
dered superconductive films, this method essentially rep
duces the well-known results by Finkelstein11–13 for the
Coulomb-induced suppression of the superconductive tra
tion temperatureTc . The second effect is formally similar t
the ‘‘infrared catastrophe’’ of quantum electrodynamics;
our technique it is taken into account in an essentially ex
.
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way, similar to the normal-metal case treated in Ref. 22. T
second effect~analogous to the zero-bias anomaly of the tu
neling conductance!, contrary to the first one, does depen
on the long-range part of the bare Coulomb potential, a
thus, can be modified by the presence of an additional ex
nal screening~provided, e.g., by a metallic gate nearby t
dirty film!.

It was argued previously~cf. Ref. 13! that the fluctuations
responsible for the zero-bias anomaly effect are specific
the single-particle density of states, due to the gauge no
variance of the single-particle Green’s function, whereas
same fluctuations do not contribute to other~gauge-invariant!
physical quantities likeTc . We have calculated two impor
tant characteristics of mesoscopic S/N structures, the
dreev subgap conductance and the Josephson proximity
pling, and found that they are affected by the zero-bia
anomaly effect as well as by the Finkelstein effect. To
more specific, we have calculated linear Andreev cond
tanceGA(V) in the presence of the tunneling barrier~N-I-S
structure!, for two different geometries:~i! a small SC island
‘‘sitting’’ on a large-area dirty metal~Fig. 6!, and~ii ! a rect-
angular normal film between superconductive and norm
reservoirs~Fig. 4!. Our results for those two cases are giv
by Eqs.~6.70! and~6.60! correspondingly. In these formula
V stands for the infrared cutoff of the renormalization pr
cedure, i.e.,V5max(T,v,tf ,D/L2). A detailed generaliza-
tion of these results for the steady-state nonlinear Andr
currentI A(V) can be obtained with the use of formulas fro
Appendix B; qualitatively the behavior ofGA(V)5dIA /dV
can be found by substituting 2eV for V in Eqs. ~6.70! and
~6.60!.

The second new physical quantity we have studied is
Josephson proximity couplingEJ as a function of the size o
the normal region between two SC contacts. It was cal
lated, in the low-temperature limitT!ETh , for the case of
two small islands in contact with a dirty normal metal~Fig.
9!, as well as for the rectangular film between two SC ban
~Fig. 10!. The electron-electron repulsion in the Coop
channel leads to the appearance of an anomalous scalin
EJ . In particular, for two small SC islandsEJ(R)
}R2222/pAg, whereas for the rectangular contact the Jose
son energy decays with the film length asEJ(Lx)
}Lx

2122/pAg . In addition, the ‘‘ZBA effect’’ adds to the
above behavior a log-normal suppression fac
exp@2(4/p2g)ln2(Lx /jD)# for the rectangular contact, and
similar factor for the island geometry. Full results for bo
geometries are given, at the low-temperature limitT→0, by
Eqs.~7.21! and~7.24!. Screening of the long-range Coulom
interaction in the film by an external gate makes the ZB
suppression weaker, it reduces then to the power-law fa
(jD /Lx)

2xz and (jD /R)xz for the rectangular and island ge
ometries correspondingly, wherexz is defined in Eq.~6.63!.

In the present calculations we did not take into acco
the existence of a finite decoherence timetf in normal met-
als at T.0. Qualitatively, the effect of nonzerotf

21 is to
suppress the central peak inI (V) predicted within the semi-
classical theory, i.e., it acts in the way similar to the effect
quantum corrections we have studied in this paper~we em-
phasize that these quantum effects have nothing to do
‘‘zero-temperature decoherence’’!. That is why the decoher
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ence ratetf
21 extracted from the data on the Andreev co

ductance might be overestimated unless quantum fluc
tions are taken into account in the data analysis. Anot
unsolved theoretical problem is to go beyond the lowe
order expansion over the tunneling conductanceGT , that
becomes necessary ifGT approaches or exceeds the condu
tance of the metal region.
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APPENDIX A: ALTERNATIVE PROOF OF EQ. „6.12…

In this Appendix we present an alternative proof of E
~6.12! with the help of the fluctuation-dissipation theorem
Expanding the action~6.8! to the second order in the phas
variables, we obtain

SA
(2)@uW #5

i

4
GAE dv

2p
uW T~2v!vPv

21uW ~v!. ~A1!

Hence, in the Gaussian approximation, the correlator
phases is given by

^u i~v!u j~2v!&5
2~Pv! i j

GAv
. ~A2!

Employing Eq.~6.9! relating the phase of the island with th
applied voltage, we get for the spectral voltage correlato

^VvV2v&5
1

e2GA

v coth
v

2T
, ~A3!

that, according to the Nyquist formula, results in Eq.~6.12!.

APPENDIX B: NONLINEAR ANDREEV CONDUCTANCE

To derive a nonlinear Andreev currentI A(V) we start
from Eq. ~6.21!. Tracing over the Nambu space we redu
the expression for the action to the form similar to Eq.~6.8!,
with GA being replaced byGA(v). Calculating the curren
following Eq. ~6.10!, we find
-
a-
er
t-

-

-
e
t
s

-

t
-

.
.

f

I A~ t !5
e

4 E dt1E dv

2p
vGA~v!e2 iv(t12t)

3H K S eiu1(t1)2 iu1(t) 2e2 iu1(t1)1 iu1~ t !D cosu2(t1)cosu2~ t !L
22i coth

v

2T
[ ^eiu1(t1)cosu1~ t !sinu2~ t1!e2 iu1(t)&

1^e2 iu1(t1)cosu1~ t !sinu2~ t1!eiu1(t)&] J . ~B1!

Angular brackets in Eq.~B1! mean averaging over quantum
dynamics of the phaseu(t). In the case when fluctuations o
u can be neglected, the second line in Eq.~B1! should be
omitted, whereas in the first line we seteiu1(t1)2 iu1(t)

5e2ieV(t12t). As a result, integration overt1 produces
2pd(v22eV), and one obtains

I A5e2VGA~2eV!. ~B2!

The functionG(v) in Eq. ~B2! should be determined with
the account of fluctuational corrections due to the interact
in the normal metal, as discussed in Secs. VI C and VI
The effect of the zero-bias anomaly also can be taken
account along the same lines, cf. Sec. VI E. However,
RG method employed there does not determine the de
dence of the ZBA factorZS(V) @cf. Eq. ~6.55!# upon the
ratio 2eV/T. To find this dependence, we use the factoriz
tion property discussed in Sec. VI E 1 and note that the lo
energy ZBA effect can be accounted for by the replacem
uW (t)→uW eff(t)5uW (t)22KW (t), cf. discussion after Eq.~6.51!.
After such a replacement the correlation functions enter
Eq. ~B4! can be expressed via the correlation matrix

D~v!5S D K~v! D R~v!

D A~v! 0 D , ~B3!

where, similar to Eqs.~4.29! and~4.30!, the matrix elements
Di j (v)522i ^C i(v)C j

1(2v)&, and CW (t)5e22iKW (t). As a
result, the whole expression for the current can be written

I A~V!5
e

4 E dv

2p
vGA~v!F iD K~2eV2v!

12 coth
v

2T
Im D R~2eV2v!G . ~B4!

Note thatiD K(v) is a real positive function. Below it will be
convenient to rewrite Eq.~B4! via the forward and backward
correlation functionsD .(,)(v) defined as

D K5D .1D ,, D R2D A5D .2D ,. ~B5!

In the equilibrium state, the detailed balance relati
D ,(v)5e2v/TD .(v) is valid for bosonic correlation func
tions, in addition to the general relations~B5!. In terms of the
original @before the Keldysh rotation Eq.~2.22!# bosonic
variables, D .(t)52 i ^C(t)C1(0)&. The correlators la-
beled by the index ‘‘. ’’ contain fields taken at the forward
branch of the Keldysh contourC ~for the sake of brevity we
will omit the corresponding index ‘‘1’’!.

If the correction toGA(v) from the interaction vertexl
in the Cooper channel can be neglected, it can written a
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GA~v!5
GT

2

2n E dE

v F tanh
E1

2T
2tanh

E2

2T GC~E!, ~B6!

whereE65E6v/2, and

C~E!5
1

LxLy
Re(

q

1

22iE1Dq2
~B7!

is the Cooperon amplitude. The sum in Eq.~B7! goes over
Cooperon eigenmodes~cf. derivation in Sec. VI C 1!.

Combining Eqs.~B4!–~B7!, we obtain finally

I A~V!5 i
eGT

2

4n E
2`

`

C~E!dEE
2`

` dE8

2p F tanh
E2E8/21eV

2T

2tanh
E1E8/22eV

2T GD .~E8!
12e22eV/T

12e(E822eV)/T
.

~B8!
.

V.

.

.

-
,

n

The result~B8! is equivalent to the one obtained in Ref. 2
by the method of analytic continuation. In theT→0 limit
expression~B8! simplifies and can be transformed to the fo
lowing form for the differential conductance:

dIA

dV
5

e2GT
2

n E
2`

2eV

dEP~E!C~eV2E/2!, ~B9!

whereP(E)5( i /2p)D .(E).
Note, finally, that the results~B8!, ~B9! are valid in the

situation when the order parameter phaseu(t) is subject to
quantum fluctuations as well; in this case the correlat
function D . is defined as D .(t)5

2 i ^ei ũ(t)C(t)e2 i ũ(0)C1(0)&, whereũ(t)5u(t)22eVt.
d

h.
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