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A microscopic theory of the Efetov supermatrix sigma-model type is
constructed for the low-lying electron states in a mixed
superconductive—normal system with disorder. This technique is used
for the study of the localized states in the core of a vortex in a moder-
ately clean superconductor with > w,~A2/Eg. At low energiese
<~ (wo/7)Y? the energy level statistics is described by the “zero-
dimensional” limit of this supermatrix theory, and the result for the
density of states is equivalent to that obtained within Altland—
Zirnbauer random matrix model. Nonzero modes of the sigma model
increase the mean interlevel distance by the relative amount
[2 In (Liwg7)] L. © 1998 American Institute of Physics.
[S0021-364(98)01413-3

PACS numbers: 74.60.Ec, 74.25.Jb, 74.80.Fp

There is a great deal of activity directed to the study of electron energy levels and
wave functions in disordered normal methlghere they govern the low-temperature
transport properties. Its-wave superconductors, disorder is usually of less importance,
since the excitation spectrum has a nonzero gap and single-electron states are almost
empty atT<<A. The situation is quite different in mixed superconductive—normal sys-
tems(for a recent review see Ref) here the gap in the excitation spectrum can pe: i
very low compared to the bulk valug, or ii) exactly zero. An example of the first case
is presented by as—N-Ssandwich with the thickness of the N regidnp>¢&,1. At
generic values of the phase differengedetween superconductors the gap in the electron
spectrum in the N region is of the order of the Thouless end&rgy= D/L,%‘<A. To
calculate the density of staté@80S) fluctuations ak>E+y,, and other mesoscopic effects
in such systems, a field theory was developetich is an extended version of Efetov’s
supermatrixc model. A qualitatively different situation arises in case which is real-
ized, e.g., in the sam8-N-Ssandwich atp= 7 (Ref. 4 or in a variety of situations
where an external magnetic field is present. Now the DoS is nonzero at arbitrary low
energies, and quantum interference due to Andreev scattering strongly affects even the
average DoSp(e)). General approach to this kind of systems was initiated by Altland
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and Zirnbaue(AZ),> who employed a generalized random-matii&M) approach. The
particle—hole symmetry of the Bogolyubov—de Gen(@dG) Hamiltonian leads to the
constraints to be imposed on the RM Hamiltonians. The precise form of the constraint
depends on the presence or absence of time inversion and spin rotation symmetries. Thus
AZ identified 4 new classes of RM ensembles appropriate for the description of this kind
of S—N—-Ssystems. Crossover between such classes has been considered in Ref. 6 using
the space-independent supermatrix sigma model. While the AZ approach is highly sug-
gestive, it has the same limitation as aaxy hocRM theory, i.e., the limits of its appli-
cability to some real physical system are left undetermined.

In the present letter we develop a microscopic field-theory approach to an example
of a system of type )i namely, to the core of a superconductive vortex. It has been
known since the paper by Caroli, de Gennes, and Matri@u#GM)’ that the BdG
equations near the vortex possess localized solutions with energies well below the bulk
valueA. The spacings, between these localized levels is of the ordeAdfk:¢) and
disappears in the quasiclassical linkigé—c. Thus it was tempting to consider the
vortex core as a kind of a “normal tube” inside a superconductor, and in many cases
such a simplified picture was fouhdo be at least qualitatively correct. Later it was
demonstratetithat the presence of a quasi-continuum spectrum branch localized on the
vortex follows from general topological arguments. However, it is not always possible to
consider the chiral branch as a continuous one. It was shown reedtiat the dis-
creteness of the localized energy levels becomes of real importance in layered supercon-
ductors at sufficiently low temperatures. In the previous pdpee employed the AZ
approach to find low-current nonlinearities in the current—voltage relation in a mixed
state of a moderately clean superconduc¢toe mean free path> ¢, butl <<¢(ke€)). In
such a case the inverse elastic scattering timeislmuch larger than interlevel spacing
wg, and therefore the applicability of an appropriate RM magddich is, in fact, class C
of the AZ classificationseems natural. Another, qualitatively different, limiting case of
an ultraclean superconductor with extremely low concentration of impuritiegg£?)
was considered recently by Larkin and co-workeri the present letter we again con-
sider a moderately clean limibg<<1/7<<A, now within a microscopic approach starting
from the BdG equations in the presence of a Gaussian random potential. We derive the
conditions under which the AZ class C statistics is indeed realized in the vortex core, and
estimate the scale of nonuniversal corrections to it. We consider here a purely 2D super-
conductor, which is a good approximation for the case of a strong layered anisGtezpy
Ref. 10 for more detai)s

Below we briefly present our method and resiukee Ref. 12 for detailsIn the
present problem even the calculation of the average single-particle quantities is not trivial
and cannot be done within the quasiclassical theory, as long as low energies are
considered. Thus our goal is to derive a field-theory technique for the calculation of the
average DoS. To average the Green function over disorder, we use a standardftrick
representing it as the functional integral over both the Grassm@nar(d usual complex
(S) fields which combine into the superfiefl. The most direct way would be to work
with a real-space-dependent superfi@l(r); in this way we would obtain a field theory
in terms of a supermatriQ(r). On the other hand, low-lying states of the chiral branch
depend upon a single quantum number only, as well as for a generic 1D problem.
Therefore, in the basis of such states the BAG Hamiltonian can be represented as a
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randomN X N Hermitian matrix(whereN~A/w is the total number of localized states

in the core of a certain structure and symmetry which we will discuss below. In the clean
limit, 1/7<<A, the admixture of delocalizede>A) states to the low-lying ones can be
neglected. Thus it is convenient first to reduce the full 2D problem to a sort of RM
problem that can be further reduced to a 1D field theory explicitly containing the chiral
spectrum branch only.

In the basis of the CAGM statel ,(r) =A(J,,_1/x(Ker),J, 1 12(ker)) Te'# e KO
determined in Ref. There A~ kg /¢ is the normalization constang, is the azimuthal
angle in the real spacg, e[ —N/2,N/2] is the angular momentum that takes half-integer
values, and K(r)=(1/fvg)[pA(r')dr’)), the full Hamiltonian takes the form

(ulAp")=woud,, . +{u|V|u'), where the second term is due to the random white-
noise impurity potential(r) with the variancg/U(r)U(r’))=8(r—r")/(2mv7); cor-
respondingly, in the functional integral one should usg-dependent supervectdr,,
instead of the superfiel®(r). This Hamiltonian has the symmetry

H=—9ATy"  (ulyluy=(-1#+s, . ., (1)

which follows from an identityW _,(r)=(—1)**%7,W*(r) that reflects the basic
symmetry property of the Hamiltonian;, is the Pauli matrix in the Nambu space.

The standard way to solve a complicated random matrix problem is to represent it in
a form of the effective field theory. In order to reduce the RM problem given by Hq.
to the 1D field theory we make a continuous Fourier transf@ansideringN as very
large from the momentum variablg to the “angle” ¢ €[0,27), so our superfield will
be defined ad(¢) =3, P e '*~12¢=p ;. Now we can write down an expression for
the “partition function” (e, =€e+i9):

ZR(e)zf expi J'g—i(cbfb

_Jd;#q)*v(d, L ]DZ(I) 2
27 @ ' ¢’ ¢

. J o
e+—lw0%—? CI)¢

The matrix element¥ (¢, ¢’) of the random potential in thé space obey the symmetry
relationship that follows from Eq(1) and are given bW(¢,¢')=—e(®~¢)Vv* (4
+a,¢ +m) =A% drw,, (r,0)U(r)e” 2. The functionw,, can be written, using
the Bessel function summation formulas, as

Wy (1,0)=(1— €@ ¢))exp{ —iker[(sin ¢—sin ¢')

X €0s 0+ (cos ¢p—cos ¢’ )sin 6]}. 3

All features of the theory are encoded in the pair correlat®¢p,,d,, b3, da)
=(V(¢1,0,)V(d3,04)) where the averaging is performed over the Gaussian distribu-
tion of the random potentidl (r). Since the typical value dfrr ~kg£> 1, the correlator

W( 1,02, d3,¢4) IS appreciably nonzero only when the oscillating exponents in3g.
nearly cancel each other, i.e., when its argumentare pairwise coinciding?
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2

gwg 2
W1, b2, b3, P4) = TT(¢1Z+ ) (27) [ 5 P14) 6(P23)

—€'9125( gt m) 8 poat m)], (4)
where ¢ = dy— ¢, 9=2AY Trrwiki~1lwer>1 and the kerneT is given by
a6 1 1
T = —|cotz|, Iif >—: T(¢p)=+N, Iif <—. 5
(¢)=7 2‘ 41> T WN, it ¢l N 5

The §-function approximatiori4) for the correlatodV is valid as long as the scale of the
angular variations of the field(¢) (below it will be seen to be”=[gIn(N/g)]™}) is
longer than the actul width w(¢1,)~|Nsin(¢;,)| * of those § functions. Thus the
following derivation is strictly valid under the condition(/) </, which is equivalent to

TVweA>In AT, (6)
Below we will assume that the inequali§) is fulfilled.

The next step of the- model derivation is to average the partition functi@pusing
Egs.(4) and(5). Before doing that we need to take explicitly into account the symmetry
(1), which amounts to a doubling of the number of components of the supendetiby.
Thus we introducécf. with a similar procedure in Ref.)@&n additional 22 “particle—
hole” (PH) space and define a 4-dimensional superfig{@) =2V D (), e *d* (¢
+))T. Next we define the bar-conjugate superfield @sp) =y o,=[C(¢) y(d
+)]7, with C(¢)=—e " '%¢,C,, Wherea, is the Pauli matrix in the PH space, and the
4X 4 matrix C, consists of the block€BP=Cl"=0, CB"=1, and ClP=k, wherek
=diag(1-1) acting in the Fermi—Bose space. After an averaging over the disorder, the
effective  action A{y} for the retarded Green function GR(e)=
—if® (D" Texd A{4} 1D ¢* Dy (Wwhered’ means the fermionic component®f can
be written agwe denotey;= ¢( ¢;)):

[ A1 L 9w
A=i 2—7711//1(6+Uz—|wo(9751—% l//r%
deprdeb o
ij (2;)221—(¢12+7T)¢1¢2‘/12$1- ()

The second term in the actidi) is similar to that of the 1D tight-binding model with
off-diagonal random matrix elements with variance decaying jag, Hs long as we are
interested in scalelx|=|¢,— ¢,+ 7| <m. Thus the usual 1D localization is absent in
our problem because of the long-range nature of the off-diagonal dis@fddRef. 13.

There is also another way of considering this term, which helps to gain some intu-
ition about its effect. Namely, one can think of the variatlas an angle associated with
the 2D quasiparticle momentupy k:{cosp,sing}. Then the last term in Eq7) corre-
sponds to a 2D particle—hole scattering strongly enhanced in the forward direction. For
such a singular scattering one has to define two scattering lengtnsd /', >/ (cf.
with a similar situation discussed in Ref. )141//«gfd¢ o(¢)=g In(N/g), and
1/ cgfde o(¢)(1—cosp)=g>1, whereo(¢) is the differential cross section and
b= ¢,— ¢p,+ . For careful evaluation of the logarithmically divergent scattering rate
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1//, one should use the self-consistent Born approximat®@BA), which takes into
account both terms in Ed@4). It is equivalent to taking into account the “noncrossing”
diagrams that can be generated by a perturbative expansion[of{fexp in powers ofg.

For e/ wy<1//, the “crossing diagrams” of the same orderdrturn out to be small by
the parameter///,,=1/In(N/g). It stands for the usual quasiclassical parameter
(ke )* ™% in this effectively 1D problem.

The existence of the small parameter MMfy)=1/In A7 that allows one to neglect
the “crossing diagrams” implies that one can derive an effective field théwoplinear
sigma model which describes the low-energy behavior of the averaged Green function
GR(e) for e/ wg<1//=g In(N/g). This can be done in a standard Wiy the Hubbard—
Stratonovich decoupling of the quartic term in E@). and a further saddle point approxi-
mation controlled by the parameter 1Mi¢). Because of the symmetry relatigh) and

the corresponding relation betwegrand ¢, one has to perform both a local decoupling
containing P(¢)¥(p)® () and a nonlocal one containindR(¢q,d,) (1)

@ ¢ (,). Under the condition’s>1/\/N given by Eq.(6), both decouplings are impor-
tant in order to obtain the correct form for the imaginary part of the Green function in the
saddle-point approximatioR(¢) = Pq, R(¢1, ¢,) =Ro(¢1— ¢»), which is equivalent to

the SCBA:

2i i i i
G )=y ob—oup)e e it Po=Co,, Ry(#)= _T(A)GL— ),
(8

whereTy= ng(¢) d¢/27 ~% In N. In general, thenth Fourier harmonic of the kernel
T(¢) is given byT,~In (VN/|m|) for 1<m<N.

Mesoscopic fluctuations are knowto be described by the slow rotations of the
saddle-point  solution, which are represented in our case B§gp)

=U Y ¢)PoU(), R(¢p,¢")=U 1 p)Ro(d—d')U(¢'). The corresponding action
that describes the low-energy spectral properties of the CdGM levels, reads:

de¢.d
agoui=-2213[ | %T-lwl— $ot TSI QS QUb2)

i (de € , U~ (¢)

5 ﬁStf(w—OUzQ(@—lffo(d))T ; 9
where Q(¢)=U"(p)o,U(¢), and U(¢) is a m-periodic, pseudo-unitaryl ()
=U(¢>)) matrix. The action(9) is valid for energies<wqy//=7"1In Ar.

The supermatrixQ can be represented in the foI@(¢) = o[ 1+W(¢) + 3W?( )
+0O(W?3)], with the supermatrixV being purely off-diagonal in the PH space. Then the

symmetryQ=Q and convergence arguments lead to the following form foMhg and
W, blocks:

iz(¢)  ai(e)

iz* () az(¢)) 10
ai() 0 fb

W =
>fb hp(¢) (_a2(¢) 0

th( )= (
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Herez is a complex number and;, are the Grassmann numbers. Expanding Wé#),
we obtain in the quadratic approximation
[m|—1

o .
Az[Wm]:ZStr% [Zg( kgo m +1

€
mo,— ‘U_O> ] WorW_om, (11

where theW,,, are themth harmonics of the fiel#V(¢). Note that in Eq(11) only even
harmonics enter; odd harmonics, as well as the “longitudinal” modes, have a larger gap
of the order ofwy// and are excluded from the sigma-model action.

Equation(11) sets a characteristic scale=(g In g) ! for the angular variations of
the matricedJ(¢). This scale should be larger than the scattering lergt®nly in that
case can one neglect higher terms of the gradient expansion in pow#isap, as was
done in deriving Eq(9). Comparing to’=[g In(N/g)]* we see that the parameter of the
gradient expansion;/L =1In g/In(N/g), is small if the conditior(6) is fulfilled. The length
L determines the angular size of the elementary propagator corresponding to the sigma
model(9). In this respect it is analogous to the system size in the usual weak-localization
problem. The fact that’/L<1 in our problem tells us that the problem is essentially not
ballistic, though it is not diffusional either, sineg, /L=In g>1.

An important property of the actiof®) is that it takes a universal form i is
independent of. At low energies the main contribution comes from the zeroth harmon-
ics of Q(¢), i.e., the problem reduces to the zero-dimensianahodel. The uniform
supermatrixQ is parametrized by 2 real variabléme of which appears to be cydliand
2 Grassmann variables, so the final expression for the average DoS is

1 m sin 6
<p(6)>—4TER o dﬁf dndgm[(l+cosﬂ)

o

77'; 1- [
+27n{(1—cos@)Je™ 7, (1 cosh)

1 ( 1 Sin(2776/:uo)) . 12

g 2mel wg

The functional form of this result coincides with the result of the AZ phenomenological

approacit. However, it is expressed via the renormalized mean level spaeing
=wo(1+ (1/2Ing)). The renormalization is due to the contributions of highéy.-.,
modes, which ledd to the decrease of the DoS ferx wy/L=gw,ln g by the relative
amount of dwg/we=1/(2 Ing)<<1l. At higher energies this correction decreases as
dwol wex (gwelng)?/€. This correction can be found using a general apprdadh,
which the perturbative treatment of the nonzero modes leads to the “induced” terms in
the OD action. It is given by the single-cooperon diagram, which is absent in the usual
normal-metal problem?® from the formal point of view, the difference stems from the
absence of the BB block in the parametrizatid6). The usudf two-cooperon diagram
leads to the “induced” term« (e/ wo)?(g In g)~* (cf. Ref. 3. The possibility of neglect-

ing this term determines the upper limit of energies where a purely OD description is
valid: e<wt,=wpVg In g.

To conclude, we have derived microscopically the supersymmetric field theory for
the statistics of the localized electron levels inside the vortex in a moderately clean
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superconductor. Our supermatix model, Eq.(9) was derived in leading order in the
quasiclassical parameter 1. The approach proposed previously in Ref. 5 is shown to
be valid in the low-energy range< w,=[(wo/7)In(1/wy7)]*? where the 0o model

is applicable. Mixing between zero- and higher modes leads to a decrease of the DoS by
a relative amounf2In(l/wg7)] ! at energies<r7"In(Lwq7).
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