JETP Letters, Vol. 78, No. 3, 2003, pp. 156–161. From Pis’ma v Zhurnal Éksperimental’noœ i Teoreticheskoœ Fiziki, Vol. 78, No. 3, 2003, pp. 188–193.
Original English Text Copyright © 2003 by Burmistrov, Skvortsov.

On the Effect of Far Impurities on the Density of States
of Two-Dimensional Electron Gas in a Strong Magnetic Field¶
I. S. Burmistrov1, 2 and M. A. Skvortsov1
1
2

Landau Institute for Theoretical Physics, Russian Academy of Sciences, Moscow, 117940 Russia
Institute for Theoretical Physics, University of Amsterdam, 1018 XE Amsterdam, The Netherlands
e-mail: burmi@itp.ac.ru, skvor@itp.ac.ru
Received July 3, 2003

The effect of impurities situated at different distances from a two-dimensional electron gas on the density of
states in a strong magnetic field is analyzed. Based on the entire result of Brezin, Gross, and Itzykson, we calculate the density of states in the entire energy range, assuming the Poisson distribution of impurities in the
bulk. It is shown that, in the case of small impurity concentration, the density of states is qualitatively different
from the model case when all impurities are located in the plane of the two-dimensional electron gas. © 2003
MAIK “Nauka/Interperiodica”.
PACS numbers: 73.20.At; 73.20.Hb

1. INTRODUCTION
Two-dimensional electrons in a quantizing magnetic field H have been attracting much attention [1],
especially since the discovery of the quantum Hall
effect [2]. The properties of two-dimensional electrons
in the magnetic field are affected by the presence of
electron–electron interactions, as well as by impurities.
Investigation of the density of states as a function of the
magnetic field and filling fraction allows us to estimate
the inhomogeneities caused by impurities in experimental samples [3]. Although the electron–electron
interaction should usually be taken into account, the
question of the density of states in the simplest model
of noninteracting electrons is also rather interesting.
In the absence of interaction, impurities near a twodimensional electron gas (2DEG) provide the only
mechanism for broadening of Landau levels. In a weak
magnetic field, a large number of Landau levels, N Ⰷ 1,
are filled. One can therefore use the self-consistent
Born approximation that is justified by the small
parameter ln N/N Ⰶ 1. This results in the well-known
semicircle shape for the density of states [4]. Beyond
the self-consistent Born approximation, one can find
exponentially small tails in the density of states [5].
In the opposite limit of a strong magnetic field, only
the lowest Landau level is partially occupied. In this
case, one can neglect the influence of the other empty
Landau levels assuming ωH Ⰷ T, τ–1. Here, ωH = eH/m
denotes the cyclotron frequency, where e and m are the
electron charge and mass, respectively, T stands for the
temperature, and τ is the elastic collision time. The density of states on the lowest Landau level strongly
depends on the statistical properties of the random
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potential created by impurities and on the value of the
2
dimensionless parameter nS /nL, where nL = 1/(2π l H )
with the magnetic field length lH = 1/ mω H and nS
stands for the two-dimensional impurity density. For
the white-noise distribution of the random potential, the
density of states was found exactly by Wegner [6]. For
arbitrary statistics of the random potential, the density
of states was obtained exactly in a beautiful paper by
Brezin, Gross, and Itzykson [7]. If the number of impurities is less than the number of states on the Landau
level, nS < nL, the Landau level remains partially degenerate. In the opposite case, nS ≥ nL, the presence of
impurities leads to complete lifting of the degeneracy
of the Landau level [7, 8].
In experimental samples, impurities can be found
rather far from the 2DEG [1, 2]. In such a situation, the
two-dimensional electron system is subject to the threedimensional random potential. This means that an electron localized at the heterojunction feels impurities situated at distances much larger than the width z0 of the
2DEG. This situation was considered recently by Dyugaev, Grigor’ev, and Ovchinnikov [9]. In the lowest
order of the perturbation theory in the concentration
nimp of three-dimensional scatterers, they calculated the
density of states D(E ) in the limit when the multiple
scattering on the same impurity provides the main contribution. Assuming exponential decay of the wave
function in the transverse direction, ϕ2(z) ∝ exp(– z/z0),
they obtained a universal regime where D(E ) =
nimpz0/E, and energy E is measured from the unperturbed Landau level. Being bounded from the sides of
both small and large energies by many-impurity effects,
this interval contains most of the states of the unper-
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turbed Landau level. Though the analysis of [9] holds
for an arbitrary Landau level, it cannot be generalized
to the limits of small and large energies, where a nonperturbative treatment of impurity scattering is
required.

In deriving Eq. (2), we assumed that the wave function
ϕ(z) decays in the transverse direction as

The main objective of the present letter is to present
the full analysis of the effect of far impurities on the
density of states of a two-dimensional electron gas in a
strong magnetic field. Employing the remarkable result
of Brezin, Gross, and Itzykson [7], we calculate the
broadening of the lowest Landau level by the threedimensional short-range impurities with the Poisson
distribution in the bulk.

where z0 defines the width of the 2DEG and A is a constant of order 1. The form (4) corresponds to a rectangular well confining potential [1]. The energy scale

2. RESULTS
Usually, impurities occupy a rather large volume
near a two-dimensional electron gas and, consequently,
their number exceeds the number of states at the Landau level, Nimp Ⰷ nLS, with S being the area of the twodimensional electron system. Therefore, the degeneracy of the Landau level is removed completely by
impurities [7, 9]. The behavior of the density of states
is determined by the new dimensionless parameter
n imp z 0
f = -------------,
nL

(1)

which will be referred to as impurity concentration.
Here, nimp is the three-dimensional impurity density
and z0 stands for the spatial extent of the electron wave
function in the direction perpendicular to the 2DEG,
explicitly defined in Eq. (4).
In experiments, there is usually a small amount of
impurities in a layer of width z0 near the two-dimensional electron gas [1, 2]; i.e., impurity concentration is
small, f Ⰶ 1. In this case, we obtain the following density of states at the lowest Landau level as a function of
the deviation E from the unperturbed level ωH/2:
 0, E < 0,

E 0
1 
E
– 1/ f
0 ≤ ----- Ⰶ e ,
 -----S
f  f ln ----- ,
E0
E
 E0

D( E)
E
------------- =  --f-, e –1/ f Ⰶ ----Ⰶ 1,
nL
E0
E

 2π –1/2 E 2
 E2 
 -------------------exp
 – -----------2 , E 0 Ⰶ E,
 ( f 1 E 21 ) 3/2
 f 1 E 1


(2)

where
S f (ξ) =

f 2
f ξ–1
ξ (ξ – 1)
------ ----------- exp  --- – ------------------ – --- ln ξ .


2
f
2π Γ ( ξ )
2f
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(3)

A
z
2
ϕ ( z ) ∼ ---- exp  – ---- ,
 z 0
z0

z Ⰷ z0 ,

γ n L u0
E 0 = e A ---------z0

(4)

(5)

is introduced by impurities, where u0 > 0 is the strength
of the repulsive disorder potential [cf. Eq. (14) below]
and γ ≈ 0.577 denotes Euler’s constant. The result of
E Ⰷ E0 is governed by the parameters
n imp z 1
f 1 = ------------∼ f,
nL

n L u0
∼ E0 ,
E 1 = ---------z1

(6)

where z1 ~ z0 is the width of the wave function as determined via its fourth moment:
∞

1
---- =
z0

∫ ϕ ( z ) dz.
4

(7)

0

The fact that the density of states vanishes for E < 0
is expected, since the random potential is purely repulsive. Since lim S f ( ξ ) = 0, the density of states also
ξ→∞

vanishes at the position of the unperturbed Landau
level, D(0) = 0.
In the interval 0 ≤ E Ⰶ E0 e –1/f, the density of states
exhibits the maximum
D max ( E 0 ) =

3
f n
------ -----L exp -----2f
2π E 0

(8)

at the exponentially small energy
2
E * ∼ E 0 exp  – --- .
 f

(9)

In the region E0 e –1/f Ⰶ E Ⰶ E0, the density of states
D(E) = fnL/E is linear in impurity concentration coinciding with the perturbative result obtained by Dyugaev, Grigor’ev, and Ovchinnikov [9]. This indicates
that the multiple scattering on the same impurity provides the main contribution to the density of states for
energies E0 e –1/f Ⰶ E Ⰶ E0. This energy interval contains the major part of the states formed from the lowest
Landau level.
The result found in Eq. (2) in the limit 0 ≤ E Ⰶ E0 e –1/f
is applicable for f ln(E0/E) – 1 Ⰷ f (cf. Eq. (31)). At
the border of applicability, Eq. (3) gives Sf [ f ln(E0/E)] ~
fE0 /E, and, thus, D(E) merges with the universal result
at E Ⰷ E0 e –1/f.
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In the region of rather large energies E Ⰷ E0, the tail
of the density of states is described by the same expression, as if all impurities were situated in the plane of the
2DEG, with the effective two-dimensional parameters
(2 D)

u0

u
= -----0 ,
z1

(2 D)

n imp = n imp z 1 .

(10)

We mention that the tail of the density of states corresponds to some optimal fluctuation of the random
potential, as happens for the purely two-dimensional
problem [10, 11].
For large impurity concentration, f Ⰷ 1, the Poisson
distribution can be replaced by the white-noise distribution of impurities on the plane with the effective parameters (10). The density of states is therefore given by the
well-known formula [6, 7]
E – f 1 E 1
nL
- W  -------------------- ,
D ( E ) = -----------------
E1 f 1 
πE 1 f 1
z

∫

2 –1

.

(12)

0

The shift of the maximum of D(E) to positive energies
is related to the repulsive character of the impurities’
potential. Equation (11) describes the density of states
for the Poisson distribution only approximately, since
the exact density of states should vanish E ≤ 0. However, the deviation of Eq. (11) from the exact answer is
exponentially small (e – f Ⰶ 1) for positive E.
3. MODEL
The spin-polarized two-dimensional electron gas in
the presence of the random potential V(r, z) and the
strong perpendicular magnetic field H is described by
the following one-particle Hamiltonian:
1
2m

Ᏼ = – ------- ( ∇ – ieA ) 2 + V ( r, z ) + U conf ( r, z ).

(13)

Here, A stands for the vector potential, H = rot A, and
Uconf (r, z) denotes the confining potential that creates
the two-dimensional electron gas. We use units such
that ប = 1 and c = 1.
We assume that impurities situated near the twodimensional electron gas are zero-range repulsive (u0 > 0)
scatterers producing the random potential
N imp

V ( r ) = u0

∑δ

(2)

( r – r j )δ ( z – z j )!

(14)

j=1

Assuming that the confining potential Uconf depends
only on the z coordinate, we can represent the electron
wave function as follows:
Ψ ( r, z ) = ψ ( r )ϕ ( z ),

N imp

V eff ( r ) = u 0

(11)

where we introduce the function
2 z2
4  x2 
W ( z ) = ------- e 1 + ---  e dx
π
π


where ϕ(z) is the ground-state wave function for the
electron motion in the direction perpendicular to the
2DEG in the absence of disorder and ψ(r) describes the
electron motion in the plane of 2DEG. The decomposition (15) is equivalent to the projection onto the lowest
level of dimensional quantization and is analogous to
the projection onto the lowest Landau level states ψ(r).
Since, in experiment, the energy separation between the
lowest and the first excited level of dimensional quantization is usually larger than the cyclotron gap, the accuracy of projection onto ϕ(z) is higher than the accuracy
of projection onto the lowest Landau level. With the
help of the ansatz (15), the original three-dimensional
problem (13) reduces to the two-dimensional one with
the effective two-dimensional random potential

(15)

∑ ϕ ( z )δ
2

(2)

j

( r – r j ).

(16)

j=1

Thus, the distribution of impurities along the z direction
leads to an additional random distribution of the potential strengths u0ϕ2(zj ) effectively felt by two-dimensional electrons.
By using the general result of Brezin, Gross, and
Itzykson [7] for the random potential (16), we obtain
for the density of states at the lowest Landau level
n
∂
D ( E ) = ----L- Im ------ ln F ( E ),
π ∂E

(17)

where
∞

t

∫

∫

 iEt

dβ
F ( E ) = dt exp  ------- + ------g ( β ) .
 nL 0 β

0

(18)

The properties of the random potential are encoded in
the function g(β), which is defined as

∫

∫

exp {n L d rg [β(r)]} = exp [– i d rβ(r)V eff(r)] , (19)
2

2

where the average 〈…〉 is with respect to the distribution of the random potential Veff (r).
We assume that the three-dimensional scatterers
(14) with equal strengths u0 obey the Poisson statistics,
being uniformly distributed along the z direction. Then,
averaging over Veff (r) in Eq. (16) reduces to integration
over the z coordinate:
∞

2
n imp
– iβu ϕ ( z )
- dz ( e 0
g ( β ) = -------– 1 ).
nL

∫

(20)

0

On writing Eq. (20), we employed the fact that the wave
function ϕ(z) vanishes for z < 0.
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4. EVALUATION OF THE DENSITY
OF STATES
The density of states is generally given by the integral representation (17), (18), and (20). However,
Eq. (18) cannot be calculated in a closed form valid for
arbitrary values of impurity concentration and energies.
Below, we analyze the most interesting asymptotic
cases.
First of all, we note that D(E) vanishes for energies
E < 0 regardless of the form of ϕ(z). This follows from
the fact that, for E < 0, the function F(E) is purely imaginary, which can be obtained by performing the Wick
rotation t
–iτ of the integration contour in Eq. (18).
The density of states can also be easily calculated in
the limit of either large impurity concentration (f Ⰷ 1)
and arbitrary energies or small impurity concentration
(f Ⰶ 1) but large energies E Ⰷ E0. In both cases, integral (18) is determined by small values of t, which
allows one to expand the function g(β) given by
Eq. (20):
t

∫
0

2 2

n imp u 0 t n imp u 0 t
dβ
- – ------------------,
------g ( β ) ⯝ – i --------------β
nL
4n L z 1

(21)

where z1 is defined in Eq. (7). The quadratic term in
Eq. (21) describes the Gaussian (white-noise) distribution of impurities [7], whereas the linear term accounts
for the energy shift due to the nonzero average potential
of impurities. Employing the result of [7], we arrive at
Eq. (11). Using the asymptotic expression W(x) ⯝
2

2 πx e valid at x Ⰷ 1, we obtain the result (2) for
f Ⰶ 1 in the regime E Ⰶ E0.
2 –x

The most interesting is the behavior of D(E) in the
limit of small impurity concentrations, f Ⰶ 1, and sufficiently small energies, E Ⰶ E0. In this limit, assumed
hereafter, the function F(E) given by Eq. (18) is determined by large values of t, which makes it possible to
use asymptotic formula (4) for calculation of g(β) in
Eq. (20). Introducing the dimensionless energy ε =
E/E0, where the energy scale E0 is defined in Eq. (5),
and rescaling t accordingly, we rewrite the expression
for the density of states as
nL
∂
- Im ----- ln F ( ε ),
D ( ε ) = -------πE 0 ∂ε

(22)

where
∞

F(ε) =

∫

ie εt – fh ( t )

e

h(t ) =

JETP LETTERS

∞

1 –τ
d x –τx
.
ĥ ( τ ) = – -----e ln x ≈ – ----e
2
x
τ

∫

(26)

1

The ln2 t asymptotics of h(t) is specific to the problem
with distributed strengths u0ϕ2(zj ) of impurities and
asymptotic behavior (4) of the wave function ϕ(z) far
from the 2DEG and should be contrasted with the lnt
dependence for the case of the Poisson distribution with
constant impurity strengths. For another decay law of
the wave function, ϕ2(z) ~ exp[–(z/z0)α], the leading
asymptotics would be h(t) ~ ln1 + 1/αt.
The function F(ε) in Eq. (23) is given by an oscillating integral. Therefore, it is desirable to deform the
integration contour to get rid of oscillations. However,
for ε > 0, such a deformation in Eq. (23) is impossible:
the first factor prohibits deformation into the lower
half-plane, whereas the second factor leads to a divergent integral if deformed into the upper half-plane. This
complication can be overcome by splitting the integrand into two parts, singling out the leading log-square
asymptotics:
∞

F(ε) =

∫

γ

dte

2

γ

ie εt – ( f /2 ) ln ( e it )

[1 + (e

– f ĥ ( it )

– 1 ) ], (27)

0

where we have omitted the irrelevant factor e

– f c0

. In the

– f ĥ ( it )

limit ε < 1, the integral with the second term ( e
– 1)
in the square brackets allows deformation of the contour to the negative part of the imaginary axis, where
the integrand is purely real. It can be shown that the
resulting contribution can be neglected compared to the
integral with the first term in the square brackets. The
latter can be calculated by deforming the integration
contour to the upper part of the imaginary axis. After a
proper rescaling of variables, one finds
∞

∫

2
f
τ
dτ exp  –τ – --- ln  -- + iπ  ,

 
2 ε

(28)

0

β

∫ ∫
0

Vol. 78

(25)

where c0 is a constant of the order 1 and ĥ (τ) decays
exponentially at large τ:

F(ε) =

dβ ds
– is
------ ----- ( 1 – e ).
β s

0

1 2 γ
h ( – iτ ) = --- ln ( e τ ) + c 0 + ĥ ( τ ),
2

(23)

,

0
t

The function h(t) is positive at the negative part of
the imaginary axis, t = –iτ, having the following
asymptotic behavior at τ Ⰷ 1:

γ

dte
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(24)

where we have again omitted the irrelevant factor
ie −γ/ε.
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This representation in terms of the Γ function is suitable
for numerical simulation due to rather fast convergence
of the integral, contrary to the initial representation (23).
To proceed, we shift the integration contour to the
upper part of the complex plane: z = iξ + x, with x being
the new real integration variable. As soon as ξ ≥ 1, in
doing the contour transformation, we have to cross the
poles of the Γ function at z = ik with integer k > 0. As a
result, we obtain
[ξ]

k
2
( –1 )
1 
k – 2ξk
------------------ exp -------------------F ( ε ) = -------------  2π
2f
2πf  k = 1 ( k – 1 )!

∑

(33)


ξ
+ exp  – ------ Φ ( ξ, f ) ,
 2 f

2

The density of states D(E) in units of nL/πE0 as a function
of lnE/E0 for different values of impurity concentration f.

Equations (22) and (28) give the integral representation for the density of states at E Ⰶ E0. Its behavior
depends on the value of the parameter
1
ξ = f ln --- .
ε

(29)

For small ξ < 1, i.e., not too close to the unperturbed
Landau level (e –1/ f Ⰶ e Ⰶ 1), one can calculate F(ε) perturbatively. Expanding Eq. (28) in f, one can easily
recover the perturbative result of [9], as well as the
leading correction to it:
nL f
1
2
- 1 – 2ζ ( 3 ) f ln --- + … .
D ( ε ) = -------E0 ε
ε

(30)

Retaining only the leading term, we obtain result (2) in
the regime E0 e –1/ f Ⰶ E Ⰶ E0.
For large ξ > 1, corresponding to energies close to
the unperturbed Landau level, evaluation of Eq. (28) is
subtler. In this case, the ratio ImF(ε)/ReF(ε) is exponentially small, and special care must be taken in order
to extract ImF(ε). On the other hand, ReF(ε) can easily
be calculated for ξ – 1 Ⰷ f . Making the substitution
τ = εe p and calculating the resulting Gaussian integral
over p, one finds
1
2π
Re F ( ε ) = – ε ------ exp ------ ,
2f
f

ξ–1Ⰷ

f.

(31)

To extract ImF(ε), we find it convenient to pass to
another representation for the function F(ε). To this
end, we decouple the square term in the exponential of
Eq. (28) by the Hubbard–Stratonovich transformation,
and, integrating over τ, we obtain
∞

F(ε) =

∫

–∞

2

dz
z
1
-------------Γ(1 + iz) exp – ------ – πz + iz ln --- . (32)
2
f
ε
2πf

where [ξ] is an integer part of ξ, and the function
Φ(ξ, f ) is defined as
∞

Φ ( ξ, f ) = e

– iπξ

∫

dxΓ ( 1 – ξ + ix )e

– πx

–∞

2

x
exp – ------ . (34)
2f

An advantage of this representation is that the pole
contribution in Eq. (33) is purely real and, hence,
ImF(ε) is determined solely by ImΦ(ξ, f ). Employing
the identity Γ(1 – η)Γ(η) = π/sin(πη) with η = ξ – ix,
we obtain for the imaginary part of Φ(ξ, f )
2

x
exp – -----2f
Im Φ ( ξ, f ) = – 2π Re dx ------------------------- .
Γ ( ξ – ix )
∞

∫

(35)

0

In the limit ξ Ⰷ 1, the term ix in the argument of the Γ
function can be taken into account as Γ(ξ – ix) ⯝
Γ(ξ)e −ixlnξ. Thereby, we find the following estimate:
π 2πf
f 2
ImΦ ( ξ, f ) = – ----------------- exp – --- ln ξ .
Γ(ξ)
2

(36)

Though Eq. (36) is formally derived for ξ Ⰷ 1, it can
also be applied at ξ ≥ 1 as well, with the error being
small by virtue of the inequality f Ⰶ 1.
Now, with the help of Eqs. (31), (33), and (36), we
obtain, for ξ – 1 Ⰷ f ,
(ξ – 1)
f 2
exp  – ------------------ – --- ln ξ


2f
2
F(ε)
πf
------------------- = 1 + i ------ ---------------------------------------------------------. (37)
Γ(ξ)
Re F ( ε )
2
2

Finally, using Eq. (22), we find
nL
D ( ε ) = -----S
( ξ ),
E0 f

(38)

where Sf (ξ) is defined in Eq. (3). Equation (38) gives
result (2) in the region 0 ≤ E Ⰶ E0 e –1/ f.
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The whole profile of D(E) for ε Ⰶ 1 can be obtained
by numerical evaluation of Eqs. (22) and (32). The density of states numerically calculated for several values
of the impurity concentration f is presented in the
figure.
5. CONCLUSION
In conclusion, we evaluated the density of states of
a two-dimensional electron gas in the presence of a
strong magnetic field and impurities. The fact that
impurities are situated at different distances from the
two-dimensional electron gas leads to a dramatic
change of the density of states in the case of small
impurity concentration compared to the case when all
impurities are situated at the same distance from the
2DEG.
Using the exact result of [7], we obtained the density
of states in the entire energy range for the case of the
wave function with the asymptotic behavior (4). The
density of states vanishes at the position of the unperturbed Landau level and has a maximum at an exponentially small energy (9). The major part of the states is
localized by single impurities in accordance with the
findings of [9].
The functional form of the result will be different for
asymptotic behavior of ϕ(z) differing from the simple
exponential decay (4). However, the qualitative structure of the density of states is supposed to be preserved.
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