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Abstract—The semiclassical theory of the proximity effect predicts the formation of agap E; ~ #D/L? in the
excitation spectrum of adiffusive contact between anormal metal and a superconductor (NS). Mesoscopic fluc-
tuations lead to the emergence of states localized anomalously in the normal metal and weakly linked with the
superconducting bank, creating anonzero density of states for energieslower than E;. Inthisreview, the behav-
ior of the density of quasiparticle states below a quasi-classical gap is considered for various geometries of the
NS system (special attention is paid to SNS junctions) and for the problem of a superconductor with alow con-
centration of magnetic impurities, in which a similar effect is observed. Analysisis mainly carried out on the
basis of a fully microscopic method of the supermatrix o model; in this method, a nonzero density of states
emerges due to instanton configurations with broken supersymmetry. In addition, the results of an alternative
approach proceeding from the idea of universality of the spectra of random Hamiltonians with the given sym-
metry are reviewed. In situations studied using both methods, the results are identical. They include the exact
expression for the mean density of states of an NS systemin the vicinity of Ey. In the framework of 1D and 2D
o0 models, the subgap density of states is determined with an exponential accuracy. The contacts with a poor
transparency of the NSinterface are also considered. It is shown that the number of subgap states in the case of
low transparency is much greater than unity. © 2003 MAIK “ Nauka/Interperiodica” .
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1. INTRODUCTION

Mesoscopic properties of metals are manifested
when the coherence length of conduction electrons is
equal to the characteristic size of the sample [1]. These
properties are observed most clearly in small samples
and are hence accompanied by strong mesoscopic fluc-
tuations.

Superconductivity is another coherent (but not size)
effect. It is due to Cooper attraction between electrons.
Such an attraction leads to a rearrangement of the
ground state of the electron system and radically
changes low-energy properties of a metal. In modern
experiments, both these conditions can be satisfied
simultaneously, which leads to mesoscopic supercon-
ductivity. The most interesting and diverse effects are
observed for hybrid structures formed by supercon-
ducting and normal parts. In the mesoscopic limit, such
structures exhibit global coherence leading to phenom-
enaknown asthe “ proximity effect.” These phenomena
are reduced qualitatively to superconductivity suppres-
sion in the superconducting parts and to the emergence
of certain superconducting properties in normal
regions.
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A typical example of such phenomenaisthe Joseph-
son effect. Cooper pairstunneling through an insulating
layer partly preserve their coherence and, in this way,
can carry supercurrent through such a layer. If two
superconductors are linked via a normal metal region,
an effect of this type has a more complex microscopic
structure. In this case, Andreev reflection is a funda-
mental effect [2].

When an electron is incident on a superconductor—
normal metal interface from the side of the normal
metal, it cannot penetrate the superconductor since the
given energy corresponds to a gap in the spectrum of
the superconductor. However, Andreev reflection is
possible in this case: the electron is reflected from the
normal metal and becomes a hole, while a Cooper pair
starts moving in the superconductor. Alternately, this
process can be treated as tunneling of a Cooper pair
from the superconductor to the normal metal. Although
the attraction between electrons vanishes in this case,
their combined state is partly coherent. If the normal
layer is thin, such a pair may get in the second super-
conductor, carrying supercurrent in thisway. The situa-
tion corresponds to a certain electron trgjectory con-
necting two superconducting banks. an electron mov-
ing along thistrajectory istransformed into a hole upon
Andreev reflection, the hole repeating the electron path
in the opposite direction, and the trgjectory becomes
closed after the second Andreev reflection. Such trajec-
tories are allowed when they accommodate an integral
number of wavelengths, giving riseto Andreev states[3].
These states form a discrete spectrum and are arranged
symmetrically relative to the Fermi level (in the
absence of current).

It can be seen from this example that the proximity
of the superconductor changes the low-energy spec-
trum of the normal metal. Similar phenomena, which
are also associated with Andreev reflection, may also
occur in a simpler case of a single contact between a
superconductor and a normal metal. In this case,
Andreev states changing the spectrum of the normal
metal also appear in the normal region. These changes
are determined to a considerable extent by the classical
dynamics of electronsin the normal part of the contact.
If, for example, the normal region is rectangular in
shape and contains no impurities, electron trajectories
between two Andreev reflections existing in thisregion
can be infinitely long. This leads to the formation of
levels with an arbitrarily low energy and, hence to the
absence of agap in the spectrum. However, the density
of states till linearly tends to zero as the Fermi energy
is approached [4, 5]. In the general case, this type of
spectrum appears when the classical dynamics of elec-
trons in the normal region isintegrable.

The opposite limit of chaotic dynamics is realized,
for example, in the case of a high density of potential
(nonmagnetic) scattering centers (impurities). Under
such conditions, the motion of electronsis of the diffu-
sive type. However, a naive attempt to determine the
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form of the spectrum by analyzing the probability of
trajectories of various lengths leads to an erroneous
result [6]. Indeed, in the case of random motion, we can
alwaysfindinfinitely long trajectories, but the spectrum
will have agap. The reason for thiserror liesin the dis-
regard of quantum interference. As a matter of fact,
semiclassical diffusive tragjectories are broken lines. an
electron is scattered successively by alarge number of
impurities. For two sufficiently long trgjectories, we
can always find an impurity in common. This means
that, in addition to the two corresponding Andreev
states, there exist at least two more states: an electron
moving along thefirst trgectory and experiencing scat-
tering by a common impurity passes to the second tra-
jectory, while a hole after Andreev reflection returnsto
thefirst tragjectory at the same impurity, and vice versa.
In view of quantum interference between the above
processes, low-lying Andreev levels cannot be
described in the naive language of simple tragectories.
An appropriate semiclassical technique is well known
[7, 8] and isbased (in the diffusion case) on the Usadel
equation [9]. The result is reduced qualitatively to the
emergence of agap in the density of states on the order
of alt., where 1. is the characteristic time of diffusion
between two Andreev reflections[4, 10-12]. It is deter-
mined by the strength and concentration of impurities,
the size of the normal region, and the transparency of
the interface with the superconductor.

However, the semiclassical theory disregards mesos-
copic fluctuations. We can assume, on aqualitative level,
that the diffusion coefficient fluctuates, leading to adevi-
ation in the gap width in each specific sample from its
mean value. As aresult of averaging over possible con-
figurations of impurities, the density of states decreases
sharply for a certain energy instead of vanishing, its
value being exponentially small for lower energies.

We can formulate the following general statement.
If the position of the spectrum edge is determined by a
fluctuating physical quantity, averaging over such fluc-
tuationsleadsto the emergence of a“tail” inthe density
of states in the forbidden gap. This type of a tail was
considered for the first time by Lifshits for an ordinary
semiconductor [13]. At present, alarge number of fluc-
tuation effects have been observed in various systems
(see, for example, [14-16]).

Disordered systems can be treated using a purely
phenomenological approach known as the random
matrix theory [17-19]. In the framework of this theory,
aHamiltonian is a random matrix and different matrix
elements are regarded as uncorrelated (except the rela-
tion associated with additional symmetries of the
Hamiltonian). In the main order in the large dimension
of the matrix, the average density of states of arandom
Hamiltonian is a“Wigner semicircle,”

p(E)I =8 J1-E/E),

where E; is the bandwidth and o is the mean distance
between energy levels at the center of the band.
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Owing to its universal nature, the random matrix
theory has found wide applications [20] for describing
spectral properties of mesoscopic systems. Thisisman-
ifested in the fact that, in spite of their difference at the
level of a microscopic Hamiltonian, the spectra of
mesoscopic systems with chaotic dynamics and the
spectra of random matrices with identical values of o
are statistically identical. Thiswas demonstrated for the
first time by Efetov [21] for a pair correlator of energy
levels of a diffusive metallic grain. In this case, both
systems are considered at a large distance from the
band edge, when the mean density of states can be
regarded as independent of energy.

The mean density of states in the Wigner—Dyson
ensemble near the band edge vanishes in the semiclas-
sical approximation in proportion to the square root.
When corrections are taken into account, an exponen-
tially decreasing tail appears in the semiclassical
approximation for energies|E| > E,. Inthe diffusive NS
system, the edge of the spectrum near the gap is also of
the root type. If we assume that the shape of the tail is
compl etely determined by the semiclassical behavior of
the density of states near the band edge (universality
hypothesis), the result of the random matrix theory can
be extended to the case of a diffusive NS system. This
was donein [22].

Another case when an exponentially small tail
appearsin the density of statesis a superconductor with
magnetic impurities. The presence of magnetic impuri-
ties suppresses superconductivity. If their concentration
is not very high, the gap in the spectrum becomes
smaller than in a superconductor without impurities,
but does not vanish. However, the impurity concentra-
tion may fluctuate in space; consequently the probabil-
ity of finding an energy level below the mean value of
the gap differs from zero. Such atail in the density of
states was calculated in [ 23, 24] using the method of the
nonlinear supermatrix o model.

Several methods have been developed for calculat-
ing electronic properties of systems with disorder. In
traditional statistical physics, the properties of asystem
are mainly determined by the generating functional

Z[J] = (e¥* ' D®. Various correlation functions,

including the density of states, can be expressed in
terms of logarithmic derivatives of this functional with
respect to sources J. If the systemis disordered, all cor-
relation functions should be averaged over the disorder;
i.e., the mean value of InZ is required. However, the
logarithm is a nonlinear function and its averaging is
complicated in the general case. One of the methods for
overcoming this difficulty, viz., replica trick, was pro-
posed in [25]. In this method, n copies (replicas) are
considered instead of a system. The generating func-
tiona in this case is Z". If the functional can be aver-
aged over disorder for an arbitrary value of n and an
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analytic continuation in n to point n = 0 can be carried
out, theformulalnZ = lim(Z" —1)/n can be used.
n-0

However, the calculation of the generating functional
in the general form for an arbitrary number of the repli-
cas is often a complicated problem. This difficulty is
removed in the method of a supermatrix o model [26].
The essence of this method liesin the addition to phys-
ical fields of the same number of Grassmann (anticom-
muting) fields. For an arbitrary action of the system, the
generating functional is equal to unity, and correlation
functions are defined by conventional variational deri-
vatives of this functional instead of logarithmic deri-
vatives.

The semiclassical approximation (Usadel equation)
corresponds to the evaluation of the generating func-
tional by the steepest descent method. The correspond-
ing saddle point of the action of the nonlinear ¢ model
is supersymmetric; i.e., it has the same form in com-
muting and Grassmann variables. An exponentially
small contribution from low-frequency mesoscopic
fluctuations corresponds to other (nonsupersymmetric)
saddle points, viz., instantons. Such a calculation was
madefor thefirst timein [16] for the density of states at
ahigh Landau level in a2D system in amagnetic field.
The applicability of the steepest descent method in the
vicinity of instantons was ensured by the large number
of theLandau level. Inthe case of diffusive NS systems,
the corresponding large parameter is the number of
conducting channels at the interface between the nor-
mal metal and the superconductor.

A generalization of the o model for diffusive NS
systems was proposed in [27] and will be described
briefly below. In the same publication, it was pointed
out that the subgap density of states corresponds to
instantons in this model. The instanton configuration
responsible for the emergence of atail in the density of
statesin a homogeneous superconductor with magnetic
impurities [28] was determined in [23, 24]. Analysis of
instantons and cal cul ation of the density of prelocalized
states in hybrid systems was carried out in [29]. It was
found, among other things, that the contribution to the
subgap density of states comes from two instantons.
For energies not very close to the threshold, one of
these instantons plays the major role, which makes it
possibleto determinethe density of stateswith an expo-
nential accuracy. In the case when the 0 model becomes
effectively zero-dimensional (for not very low ener-
gies), the preexponential factor was also cal culated; the
energy dependence of the density of states obtained in
this case was found to be the same as in the random
matrix theory. The applicability of these results is
ensured by alarge conductance of the normal region.

We developed this method further in [30]. In partic-
ular, we managed to obtain an exact expression for the
density of states describing the entire transition region
above aswell asbelow the critical energy without using
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Fig. 1. SNS junction of length L,. Transverse dimensions
arelyand L.

the instanton approximation. In this case also, the form
of energy dependence of the density of states is the
same as predicted phenomenologically by the random
matrix theory. We also considered a long one-dimen-
sional SINIS contact with nonideal interfaces between
the normal and superconducting parts. Poor transpar-
ency of the interfaces suppresses the proximity effect
and reduces the semiclassical gap. When the conduc-
tance of an interface becomes smaller than a certain
critical value, atransition to another class of universal-
ity occurs. The density of statesincreases asthe inverse
root function as the energy approaches the threshold
from above. In the fluctuation region near the threshold,
this divergence is smoothed and transforms into an
exponentially decreasing tail described by an expres-
siongivenin [30]. In contrast to al the cases mentioned
above, when the number of states in the region of the
fluctuation tail is on average of the order of unity, the
number of subgap statesin the latter case is parametri-
cally large, and the tail is referred to as strong. In [30],
we wrote only the final result for an strong tail due to
lack of space. Thisgap will be made up for in this paper.

This paper is devoted to a review of the results
obtained in the framework of the nonlinear supermatrix
o0 model for mesoscopic superconducting systems. The
structure of thereview is asfollows.

In Section 2, we first consider a semiclassicd
approach to the evaluation of the density of states. The
properties of the semiclassical solution will be required
on alater stage for describing possible instantons of the
0 model. Then a brief derivation of the o model for a
superconductor is considered. One of the main results
of this section is parametrization of the saddle manifold
and classification of possible instantons.

The problem of an NS system with absolutely trans-
parent boundaries is solved in Section 3. An exact
expression for the density of states near the spectrum
edge is derived. The application of the random matrix
theory to the problem of an NS contact is considered
briefly at the end of the section.

Section 4 generalizes the results to the case of a
boundary with an arbitrary transparency. A classifica-
tion of possible tails of the density of states is con-
structed depending on the transparency. The case of an
strong tail is analyzed separately.
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Section 5 is devoted to a system that cannot be
described in the framework of the zero-dimensional
model. These are SNSjunctionswith alarge transverse
size, for which the instanton radius is much smaller
than the size of the system. A superconductor with
magnetic impurities is aso considered. At the end of
the section, the density of prelocalized statesin an SNS
junction deepinthe gap is cal culated with alogarithmic
accuracy.

2. GENERAL THEORY
2.1. Semiclassical Approach

Let usfirst consider a semiclassical method for cal-
culating the density of states in an NS system with
transparent boundaries. The Green function of the
superconductor provides information on fast oscilla-
tions of electrons forming Cooper pairs aswell ason a
relatively slow motion of a pair as a whole. Averaging
the retarded Green function over fast modes in the dif-
fusive case leads to the Usadel equation® [9]:

DO(Gr()08I)) +i[TLE+iTA, 8x(r)] = 0,
a(r) = 1.

Here, §x(r) isa2 x 2 matrix in the Nambu space, T, are
the Pauli matrices acting in the Nambu space, D is the
diffusion coefficient, and energy E is measured from
the Fermi level. In the angular parametrization g(r) =
1,080 + 1,80, the Usadel equation has the form

2.1)

DO%0 + 2iEsin® + 2AcosH = 0. (2.2)

We disregard the proximity effect in the superconductor
and fix A = const in it, while in the region of the normal
metal, we assume that A is equal to zero. If the size of
the normal region exceeds the superconducting coher-
ence length &, the gap in the spectrum is on the order of
the Thouless energy, which is assumed to be much
smaller than A; consequently, we can set 8 = 172 in the
superconductor.

In the normal region of the NS system, the Usadel
equation has the form

D0 + 2iEsin® = 0. (2.3)

The boundary conditions require that 6 = 172 at the
interface with the superconductor (ideal interface) and
1,0 = 0 at the free boundary of the normal metal.

The density of states averaged over disorder can
be expressed as (v isthe density of states per spin com-
ponent)

[p(E, r)d = v Retr(t,9(r))

_ (2.9
= 2vRecosB = 2vimsinhy,

1 We assume that the phase of the order parameter is equal to zero.
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where the substitution 8 = 12 + i has been made,
which transforms Eqg. (2.3) into the following equation
with real coefficients:
DOy + 2Ecoshy = 0. (2.5)
By way of an example, we consider a one-dimen-
siona SNS junction of length L,, which is depicted in
Fig. 1. In this case, EQ. (2.5) can be integrated easily,
which gives the expression for energy in terms of the
value of Y at the middle of the junction:

Y(0)
F_ _ dy
Em J;Jsjnth(O)-sinth’
D

Em = =
X

(2.6)

Thisfunctionis plotted in Fig. 2. It can be seen that the
guantity Y isreal (i.e., the density of statesis zero) only
for energy values smaller than a certain threshold value
Eq = 3.12E,. Thisisexactly the Thouless gap [10, 11].

The example of a 1D junction can be used to estab-
lish the following general properties of solutions to the
Usadel equation. Equation (2.5) has two real solutions
for E < E4. We denote the smaller of these solutions by
y,(r) and the larger solution by Y,(r). For E = E, these
solutions coincide: Y, o(r) = Wo(r). For E > Eg, the
Usadel equation has two complex solutions, from
which we choose the one leading to a positive density
of states. From physical considerations, we choose
W4(r) under the gap since Y,(r) increasesindefinitely as
the energy tends to zero. It will be shown below, how-
ever, that the solution with Y,(r) is possible as a fluctu-
ation, which is responsible for a nonzero density of
states for energies E < Eg.

In the subsequent analysis, we will need a normal-
ized difference of the solutions to the Usadel equation
for energy tending to the threshold value (V is the vol-
ume of the normal region):

fo(r) = lim Wo(r) =y (r) .
odr

E- E,
[Wor) =)'

2.7)

Function fy(r) satisfies a linear equation which can be
derived taking the limit in energy of the difference
between the Usadel equations for Y, and W,

DO?f, + 2E,fosinhy, = 0. (2.8)

Expressions for density of states depend on the
system geometry only via the following two nume-
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0 1 é 3
W)

Fig. 2. Dependence of E/E+, on the value of  at the middle

of a one-dimensional junction (formula (2.6)). The maxi-
mum of the function corresponds to the threshold energy
value Ey = 3.12E+;,. Below the threshold, the Usadel equa-

tion has two solutions, one of which divergesasE — 0.

Fig. 3. Contact between a normal grain and superconduc-
tors. The main results of Sections 2 and 3 were obtained in
the framework of the zero-dimensional o model for a con-
tact of an arbitrary shape.

rical parameters:

¢, = j%fo(r)coshwom,
; (2.9)
C, = ﬁf%(r)cosh%(r).

Inparticular, ¢, =1.15and ¢, = 0.88 for a1D SNSjunc-
tion (Fig. 1).

We will consider below a contact of an arbitrary
geometry (Fig. 3), assuming that it has only one char-
acteristic scale of length. In this case, the density of
states near the threshold can be determined in the
approximation of the zero-dimensional ¢ model (see
Subsection 3.2). In the case of a contact whose size
along the boundary with superconductors is much
larger than their separation, solutions in the form of an
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instanton along the larger dimension also exist in addi-
tion to the two solutions to the Usadel equation
described above. This case requires separate analysis,
which will be carried out in Subsection 5.1.

2.2. Derivation of the c Model

In order to find instanton corrections to the semi-
classical density of states, we will briefly describe the
derivation of the effective supersymmetric field theory
(Efetov o model [26]) for superconducting systems[27].
The states of an electron in a superconductor are
described by the Bogoliubov—De Gennes Hamiltonian,
whichisa2 x 2 matrix in the Nambu space:

% =1, [2 —p+ UME+TA(). (2.10)

We express the density of states in terms of the Green
function:

p(E, ) = —llmtrjerR(r, r; E). (2.11)

The Green functlon will be calculated using the
functional integral?

['u(r)u e Mg uu

GRr,r; E) = —i . (212

( ) I_y[“]@u@u (212
where the action is defined as

Flu] = —iJ’dru+(r)(E+iO—%7€)u(r). (2.13)

In order to carry out subsequent averaging over dis-
order, we must get rid of the normalization integral in
the denominator of Eq. (2.12). For this purpose, we
introduce, in addition to field u, the Grassmann (anti-
commuting) field x:

0,0
o = 0Xn, (2.14)

Ould
GR(r,r'; E) = —i J’u(r)u+(r')e_y Clgolme, (2.15)
Flu] = —iIdrCD+(r)(E+iO—%)CD(r). (2.16)

Field @ isformed by four components and belongs
to the product of a Nambu space and a supersymmetric
Fermi—Bose (FB) space. After averaging over disorder,
we must write the effective action for slow modes in
[@®* In addition, we must take into account slow
modes in the Cooper channel [@dCand [@*d*L] For

2symbol Fu*%u must be interpreted as follows. Yu*%Pu =
Malk=1 2n_ldReug()dlmuf]k). Here, ugk) are the expansion

coefficients of the kth component of vector u(r) in the orthonor-
mal basis of functions.
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this purpose, we carry out an additional field doubling
[26] just now (following notation adopted in [31]):

O O
v==-0 ¢ no
ﬁDlTy¢DD

We will refer to the obtained space as a particle-hole
(PH) space. Vector ) consists of a particle (upper)
block and a hole block. We denote by o; the Pauli
matrix in the PH space and introduce the operation of
charge conjugation of supervectors and supermatrices:

P = (Cy)’, A=CAC,

i O
C——TXD'CI OD
00 o,0

X —FB

(2.17)

(2.18)

Averaging over impurities in Eq. (2.15) leads to an
action of theform

1Y) = ~ifdr

2 2 (2.19)
o) _P - Qy)

* [EPE(\(E *io) 2m T ITyA(r)EqJ ¥ 4T[VT:|
where we have introduced notation A = o,1,. The
fourth-order term must be decoupled with the help of
the Hubbard-Stratonovich transformation. For this pur-
pose, we introduce an 8 x 8 matrix superfield Q. The
transformation leads to the following action:

+p.—i‘[yA(r)+ HJH strQ}

The measure of functional integration over the new
field Q is determined from the supersymmetry condi-

tion, J’exp(—ster)QbQ =1.

As a result, the integral over fields ¢ becomes a
Gaussian integral and can be evaluated. However, there
isanother difficulty lying in the fact that not all compo-
nentsof Y and P are independent. The introduction of
the PH space (formula (2.17)) has not resulted in the
addition of new variables; old variables have just been
regrouped. The action averaged over Y has the form

_ v 2
J[Q] —Idrstrgng
(2.22)
1l

1 0 a4t
—zln[ (E+i0)— TEQ ~F TXA+2TQ}%

This circumstance resulted in the emergence of coeffi-
cient 1/2 in front of the logarithm and necessitated the
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imposition of the self-conjugate condition on Q:

Q=0Q. (2.22)
The obvious saddle point of action (2.21) isQ = A.
The approximation of the 0 model involves determining
asaddle solution which isadow function of coordinates.
To thisend, we assumethat Q = e'V2AeY2 and retainin
the action the principal termsin gradients Q, in energy E,
and in the value of the order parameter A. The result of
such an expansion is the action of the 0 model [27, 29]

_ TV
YIQ] = EIolr
x str[D(0Q)* + 4iQ(A(E +i0) +i1,4)],

Q* =1,
and the expression for density of states assumes the
form

(2.23)

B(E, )0 = ‘z’lReIstr(k/\Q(r))e‘s”[ngbQ. (2.24)

Here, we have introduced the following notation for the
matrix violating supersymmetry [26]:
1l l
k=0t 0%g0

. (2.25)
0o-10,,

2.3. Parametrization of the Q Matrix Manifold

Supermatrix Q has a size of 8 x 8 and contains
32 complex commuting parameters and the same num-
ber of anticommuting (Grassmann) parameters in the

general case. Condition Q = Q reduces the number of
these parameters by half. In accordance with the con-
struction of the 0 model, matrix Q has the same struc-
ture of eigenvaluesas A\,

Q=eUAdU2,
which reduces the number of independent parameters
to eight complex and eight Grassmann parameters. In
this subsection, we construct parametrization of the
commuting part of the Q matrix.

The self-conjugate condition for Q leads to anti-

self-conjugate for U: U + U = 0. In addition, we
impose the natura condition {A, U} = 0O, since only
such generators can “rotate” matrix /\. In the absence of
Grassmann variables, matrices Q and U split into two
independent sectors (FF and BB). Charge conjugation
operatesin different ways in these two sectors, leading
to their different topologies. Matrix U contains the fol-
lowing generators:

FF,
U : o, o, O,T, O,

BB
u—: o, oy, 0,1, 0,1I,.

The FF sector is generated by four pairwise anti-
commuting generators. Consequently, it formstopol og-
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icaly a 4-dimensional complex sphere S,. Generators
of the BB sector can be divided into two pairsin which
they anticommute, while commuitativity holds between
pairs; i.e., the BB sector is the product of two two-
dimensional complex spheres. We choose spherical
anglesin theform

Q™ = 1,c080,[0,coske

+ Sinkg(0,COSX + O, SiNXE) ] (2.26)

+ 8INO(T,CoSP( + T, SINPE),

Q™ = [0,c0skg + T,5inkg(0,COSXg + O, SNX5)]
x[1,c0885 + 0,9N0(T,COSPE + T,SINPR)]. (2.27)

An additional symmetry of manifold Q®B is worth not-
ing: the matrix does not change under the simultaneous
inversion of both spheres. (Bg, ¢g, kg, Xg) — (TT— 65,
g+ 1T, TT—Kg, Xg + T0). Asaresult, the BB sector istopo-
logically equivalent to the factorized product S, x S)/Z,.

The genera requirement of the o model conver-
gence imposes the condition of compactness on the FF
sector and noncompactness on the BB sector, which
reduces the number of independent variables to four
real variablesin the FF and BB sectors.

Substituting matrix Q into Eq. (2.23), we obtain the
explicit representation of action in terms of the angles
introduced above:

= dr (£ -£%),

P = DI(B () +8n’0(B ¢)°

+ oS B (0ke)? + cos’ 0 sinKe (X £)°]

+ 4i EcosB;coskg —4ASINB-cosd g, (2.28)

FBE = D[(B o)+ sn°Bg(D 5)>
+(Okg)® + sin’ks(X 8)°]

+ 4iEcosBgcoskg —4AsinBgcoskg Cosd .

Angles 8 and ¢ in both sectors have the meaning of
the Usadel angle and the phase of the order parameter.
In order to determine the saddle configurations of this
action for zero phase difference at the contact, we can
immediately set ¢- = ¢pg = 0. On the saddle solution,
angles Xg g are independent of coordinates and are
completely cyclic: action is independent of Xr 5.

No. 2 2003



362

Angle ke is aso equal to zero on a saddle solution.
Inthe BB sector, it is convenient to carry out the substi-
tution of variables:

o+
0g = —E—B’ kg = -
In terms of angles B¢, a, and [3, action has the simple
form

S0, a,B] = 25[6¢] —S[a] —S[B],
_ TV
s8] = 7 for

x[D(® )*+ 4iEcos® —4Asing].

(2.29)

(2.30)

(2.31)

2.4. Saddle Points

Variation of action (2.31) leadsto Eq. (2.2). Thus, a
saddle point can be described by the Usadel equationin
each of thethreevariables (B¢, a, and ). In accordance
with Subsection 2.1, the Usadel equation has two solu-
tions: 6,(r) and B,(r). (The only exception is the situa-
tion when the contact size along the interface with
superconductors is much larger than their separation;
this case will be treated separately in Subsection 5.1.)
Since solutions 8,(r) and B,(r) coincide for E = E, the
mode transforming 6,(r) into 8,(r) becomes softer near
the threshold. As a result, the functional integral over
Q(r) becomes an ordinary integral over supermatrix Q;
i.e, a transition to the zero-dimensional ¢ model
OCCUrs.

Thus, in the zero-dimensional case, there exist 22 =
8 saddle solutionsin all. If we choose solution 6, in all
three variables 6, a, and 3, we automatically obtain
05 =0,, 8 = 06,, and k; = 0; i.e., the FF and BB sectors
areidentical. Expanding action (2.28) up to the second
order in fluctuations in the vicinity of such a saddle
point, we find that the superdeterminant of this qua
dratic form is equal to unity, which is a direct conse-
guence of the FF-BB symmetry of the solution. The
functional integral (2.24) in this case is reduced
to (2.4). Thus, the semiclassical approximation can be
obtained from the o mode in the steepest descent
approximation in the vicinity of a supersymmetric sad-
dle point.

Higher orders of the expansion of action near a
supersymmetric saddle point correspond to perturba-
tion corrections to a semiclassical result. These correc-
tions were analyzed in [27], where it was shown that
their inclusion leads to renormalization of E,. In this
case, the density of states below the renormalized value
of the gap vanishes as before. The average density of
states is found to be finite in the entire energy range
only if wetakeinto account other saddle points (instan-
tons). In other words, we must use the second solution
of the Usadel equationin one or several variables 6, a,
and 3.
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The density of states vanishes when Re6, , = 102.
This equality isvalid for both Usadel solutions for E <
Ey. How is it that an instanton may contribute to the
subgap density of states? Asamatter of fact, aquadratic
action in the vicinity of an instanton saddle point con-
tains a negative eigenval ue; consequently, an imaginary
unity appears in the integral over fluctuations in the
vicinity of the instanton and, as a result, a nonzero den-
sity of states appears below the gap.

Let us consider instantons, which can appear in the
zero-dimensiona case. First, we note the obvious ine-
quality

[0 > S[8] . (2.32)

In order to obtain a positive action (2.30) at an instan-
ton, we must fix 6 = 6,. It will be shown below (see
Subsection 3.2) that the saddle point 8- = 8, cannot be
attained by deforming the integration contour in the
variables of the FF sector under the condition of con-
vergence of the o model. Thus, we are left with three
nonstandard saddle solutionsin the BB sector: (a, B) =
(62, 81, (a, B) = (61, 6y), and (a, B) = (6, B). At first
glance, the two first solutions break the symmetry in
angle Xg. In actual practice, this symmetry is restored
due to the fact that there exists a full saddle ring con-
taining both these points. Different points of this ring
differ in angle Xg. In particular, points (a, B) = (8,, 6,)
and (a, B) = (84, 6,) can be obtained from each other by
changing angle X by 1t Thisring will be referred to as
the first instanton. The third solution, (a, B) = (6,, 6,),
isan isolated saddle point that will be referred to asthe
second instanton.

Both instanton solutions can be presented in the
form

—iUg/2

Q = € PN = pe', (2.33)
where
Ug" = 0,1,6¢,
. 0 z'yVYF (234)
Uy = 0,1,0g + T,Kg(0,COSXg —0,SiNXp).
On thering of the first instanton, we have
+
0 = Teiny(n), 0, = D+ 2700
(2.35)
o = 1880 60 om)
while on the second instanton we have
= I[ i = ]_-[ i
B = 2"‘””1("), O 2"'”“2(")1 (2.30)

kB = O-

The instanton action can be easily determined in the
vicinity of the semiclassical edge E, of the spectrum.
We make use of the fact that the two solutions of the
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Usadel equation coincide at the threshold: 6, ,(r) =
Bo(r) = W2 + iYy(r). For E — E,, their difference is
proportional to function fy(r) defined by formula (2.7).

In order to evaluate the action at an instanton, we sub-
stitute B(r) = 02 + iy(r) + igfy(r) into expression (2.31)
and expand it in g and dimensionless energy € mea-
sured from the threshold,

E,—E
= gEg . (2.37)
This gives
S[6] = S[6]
+ %’Idr [ZQfO(DDZLpO + 2E,coshi,)
(2.38)

+g” fo(DO*f o+ 2E, fosinhy,)

~4Eegf cosh, + %Egg3f§coshwo]

The first term in the integrand vanishes in accordance
with the Usadel equation, and the second vanishes in
accordance with Eq. (2.8). Thus, we can represent S, in
the form of a cubic polynomial in g:

S,[6] = const + H—Eg[—cheg + C—Zgﬂ.

= 3 (2.39)

Here, we have introduced the mean level spacing 6 =
(V). The expression obtained has two extrema,

(2.40)

corresponding to two solutions to the Usadel equation
(g, corresponds to solution 6,(r) and g_ to solution
0,(r)). Substituting these solutions into Eq. (2.30), we
obtain the following expression for the action of the
first instanton:

4~
Iy = S0 -S[6;] = 368 (241
here, we have introduced the notation
~ _ T[CzEg
G = 55 - (2.42)

For aplanar junction (see Fig. 1), this quantity is of the
order of the dimensionless conductance of the normal
region: G = 0.34Gy, where Gy = 4mvDL L/L,.

In accordance with Eq. (2.30), action &, of the sec-
ond instanton is twice as large as action ¥ of the first
instanton. Consequently, their relative contribution to
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the density of states is determined by the value of ;.
For &, > 1, the contribution of the second instanton is
exponentially suppressed as compared to the contribu-
tion of the first instanton, which is also exponentialy
small. This regime, which corresponds to energies dif-
fering considerably from the threshold value, will be
considered in Subsection 3.1. In the case of exact equal-
ity E = Eq, action &, vanishes. For this reason, there
exists a fluctuating region in the vicinity of the thresh-

old, which is determined by inequality |e| = G °,
where &, = 1, so that the contributions from both
instantons are of the same order of magnitude and,
hence, cannot be separated.

The exact solution taking into account both instan-
tonsin the entire energy range will be given in Subsec-
tion 3.2.

2.5. Parametrization of Fluctuations

In order to apply the steepest descent method with
the saddle point determined by us, we must evaluate the
integral over al possible fluctuations of the Q matrix in
the vicinity of the instanton. For this purpose, we
expand the action in the matrix form up to the second
order in the vicinity of the saddle and then propose a
parametrization diagonalizing the quadratic form of the
action.

We introduce matrix W describing fluctuations:

— U2 _iwrz p iwi2 _iUgl2
Q=e " A€ e (2.43)

We must now substitute matrix Q expressed in terms of
W into action (2.23) and expand it up to the second
order in W. We assume that A = 0 since we are going to
operate with this action only in the normal region. The
quadratic form of the action can be written as

@ TV
FOIW] = [
(2.44)
x str[D(DW)2+ %[DUO, vv]2—2iE/\Q0W2].

Matrix W, as well as Q, contains eight commuting
parameters and the same number of Grassmann param-
eters. The complete parametrization of this matrix, in
which action (2.44) isdiagonal, isgivenin Appendix A.
Quadruples a, b, ¢, d and m, n, p, q of real variables
parametrize the FF and BB sectors of matrix W, respec-
tively, while eight Grassmann variables (A, 4, {, K, n, Y,
&, w) parametrize the anticommuting component of
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matrix W. The quadratic part of the action in terms of
new variables assumes the form

9P = (a0s,0.a) + (b00.6,.b) + (cOo.5,C)
+(d0s,0.d) + (MOgzm) + (NOqgn)
+(pOapp) + (90aa@) + (AOas,n)
+ (u0s.y) + (Opo.0) + (£ 0o, E).

(2.45)

Here, we have introduced operators @EB acting in
accordance with the rule

(a0zgb) = %’J’dra(r)
(2.46)
X[—DDZ—%(EK + )Z—iE(cosa+cosB)}b(r).

Operators 0 possess a discrete spectrum since fluc-
tuations occur in abounded space of the normal region.

We denote the eigenvalues of operator @ig by

(%ﬁﬁ)nlé , where n runs through values from 0 to co. It

follows from Eq. (2.46) that the difference between the
first excited state and the ground state of any operator

0 isontheorder of (€5); — (€ap)o ~ Ey. Theground
state energy of operators 0" has the scale of Ey. The

ground state of operator @5192 has zero energy, and its
eigenfunction is equal to sin((6, — 6,)/2) to within nor-
malization. Exactly at the threshold, for E = E;, the

ground state energies of operators Os,e, and Os,e, are
also egual to zero. Aswe move away from the threshold

towards lower energies, (€g,,), becomes positive and
(€o,0,), becomesnegative. Inthelimit E;—E < E,, the
inequality |(€55)d < E4 holds.

The spectrum of operators O determines the masses
€é,, of various fluctuations in the vicinity of instanton
saddle solutions. Depending on the value of these
masses, we can single out the following three types of
fluctuations.

(i) Zero modes. Strictly zero modes include Grass-
mann Goldstone modes restoring the supersymmetry
broken by a saddle solution (mode (& for the first
instanton and modes (€ and kw for the second instan-
ton) aswell asthe Goldstone mode n restoring the sym-
metry of thefirst instanton in angle 5. Zero modes cor-

respond to the ground state of operator @5192 .

(ii) Soft modes. These include fluctuations of vari-
ablesb, p, and q aswell as mode kw (in the case of the
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first instanton), which correspond to the ground states

of operators Os,e, and Os,e,. If E —» E,, the mass of
soft modes tends to zero.

(iii) Hard modes. These modes have a mass on the
order of the Thouless energy and above, so that their
fluctuations are small in parameter E/d ~ Gy > 1. This
inequality ensures the validity of the steepest descent
method. Hard modes include all eigenstates of opera-

~ + . ~
tors O and excited states of operators O .

3. CONTACT WITH IDEAL INTERFACES

We will consider a contact with idea interfaces
between a superconductor and a normal metal. Let us
first consider a contact for energies close to the thresh-

old energy, but still differing from it, G < (S
E)/E, < 1, for which the approximation of the zero-
dimensional ¢ model is applicable. In this energy
range, the main contribution to the density of states
comes from the first instanton. The main exponent in
the expression for density of states is defined by for-
mula (2.41). We will now calculate the preexponential
factor and then construct a more complete theory, tak-
ing into account the contributions from the second
instanton. As a result, we will obtain an exact (natu-
rally, in the steepest descent approximation in hard

modes, which is controlled by parameter G > 1)
expression describing the average density of states both
below and above the threshold energy, including the
entire fluctuation region. The form of the obtained
expression coincideswith the predictions of therandom
matrix theory for the edge of the spectrum, which may
serve as a microscopic substantiation of the hypothesis
put forth in [22].

3.1. Sngle-Instanton Solution

In this subsection, we determine the contribution of
the first instanton to the average density of states. We
consider a region in the vicinity of the semiclassica
edge E; of the spectrum, but outside the fluctuation

region: GP <e< 1, in which we can disregard the
contribution from the second instanton. According to
the classification given in Subsection 2.4, action (2.45)
at the first instanton (6, a, B) = (8,, 6,, 6,) has a zero
modein variable n, aGrassmann zero mode (£, and soft
modes in variables b, p, g, and kw. All the remaining
modes are hard.

Inequality G>1 guarantees that, while integrating
over hard fluctuations, we can disregard the preexpo-
nential factor in formula(2.24). In this case, integration
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becomes trivial and gives the superdeterminant of the
quadratic form (2.45):

= 1+0(¢).

/\/det@e .0,det’ Os 16, (3.1)

detOso o, det’ @9 0,

Here, the prime denotes elimination of the lowest
eigenvalue, and the equality follows from the estimate

(€5,6,), — (€5,0,), = O(€) (inequality n > 0 holds for

eigenvaluesé-) and from the asymptotic form (%ig)n 0

nZEg, which isvalid for n > 1. Thus, hard fluctuations
make zero contribution to the density of states in the
limit in question.

It remains for usto consider soft and zero modes. It
should be noted that zero modes in variables n and (&
behave differently upon a deviation from the instanton
solution. The zero mode in variable n corresponds to
rotation through angle X and remains massless for any
(not necessarily saddle) noncoinciding values of a and
B. On the other hand, the Grassmann zero mode (g
acquires a mass upon a deviation from the instanton
solution. Such a behavior is determined by the neces-

sity of satisfying condition (e ¥¥DQ = 1, which
would be impossible if the Grassmann mode remained

adtrictly Goldstone mode upon deviation from the sad-
dle solution.

Thus, invariables{ and &, it isinsufficient to confine
analysisto the quadratic action (2.45); it is necessary to
continue the expansion to the next order in fluctuations.
We can prove3that, inthethird order, { and & are entan-
gled only with variable g. With respect to the remaining
soft modes b, p, and Kw, we can take a Gauss integral,
making use of the fact that our analysis is carried out
outside the fluctuation region. The contribution from
commuting variablesin the emerging superdeterminant
exactly cancels the contribution from Grassmann vari-
ables.

Asaresult, we are left with the integral with respect
to variables n, ¢&, and g. The eigenfunction of the cor-

responding operators 0" near the threshold is fo(r);
consequently, we can single out the coordinate depen-
dence: n = nfy(r), etc. We must retain in the action the

term §°(€o,0,),/3 originating from Eq. (2.45) as well

astheterm proportional to ng and removing degener-
acy of the Grassmann zero mode.

3 In fact, eigenvalue (%;eF)O isafunction of both g and b (seefor-
mula (A.4)). If, however, we take into account the term on the
order of b{¢ in the action, thiswill lead to the emergence of term

Bf] in the preexponential factor of formula (3.5), which is not an

imaginary quantity as required and makes zero contribution to the
density of states.
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In order to calculate the minimal eigenvalue of oper-

ator @Bzez in the main order in deviation from the
threshold, we can use function f,, since it is an eigen-

function of operators 0 forE= Eg, which corresponds
to azero eigenvalue. Substituting 8, = TV2 + iy, +i /£ f,
into formula (2.46) and expanding in /& , we obtain

(%9 92)0

B

x fo[-DO° = 2Esinh(W, + /2 fo)] fo = ——ﬂ:

(3.2)

~

In order to calculate the term proportional to Zéa inthe
action, it is sufficient to use expression (2.45), which
gives (&(€g.q),/0; While calculating this term, we
must take into account the difference between angle a

and the instanton sol ution 6, associated with fluctuation
of g. Using formula (A.4), we assume that a = 6, —

i0//2f, Expandingin ¢ analogously to relation (3.2),
we obtain

(€oa)o _ GG
—] = =1 3.3
5" ufs (33)

Let us now calculate the preexponential factor in
Eq. (2.24). For the density of states averaged over the
volume, we must evaluate the integral

v =V
7 J’ drstr(kAQ) = 2Idr [2cosB + cosa + cosP]

- _iEVIdr[3sinh(L|Jo—«/§fo) (34)
ic,q
2./28

Here, we have singled out the imaginary constant that
makes zero contribution to the density of states.* While
evaluating the preexponential factor (3.4), we have
omitted the Grassmann variables { and €, which are
thusretained only inthe action. It can be proved that the
contribution from the omitted terms is small in param-

eter JJE.

4 The coefficient of q is also imaginary; however, the subsequent

integration with respect to q (see relation (3.5)) will be carried

out along the imaginary axis; consequently, the density of states
will be due to the retained term.

+sinh(Wo + (JE-§/4/2) fo)] = const +
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Taking into account relations (3.2)—«3.4), we obtain
the following expression for the density of states:

_ dndg ; ~iciQ
CpO= ReJ’ dZdE 72
(& 3
exp| 5 R+ ﬁm} (35)
G
= 1C6 0Im‘[dndqq expg“;/éqD

In order to integrate with respect to the zero mode n,
we use relation (A.4):

n = 2isinkgXg = (Y1 —Y,)Xp = —ZA/;foXBa

3.6

A = —2./eXs, J’dﬁ = 41 /e (39
For the convergence of the integral with respect to q,
we must choose the integration contour along the imag-
inary axis, which gives us the required imaginary unity.
Substituting the instanton action (2.41), we finaly
obtain the density of statesin the form

0 4~~31]
CpO = ———=&Xpp ——Gs ,
«/ SGJE

where quantities € and G aredefined by formulas (2.37),
(2.40), and (2.42). Formula(3.5) describes the behavior
of the average density of states outside the fluctuation

regions for Gl <e<l

We will also determine the density of states above
the threshold. In this region, we have /& =i./|g|. We
do not need the instanton solution since the main con-

tribution to integral (2.24) comes from the neighbor-
hood of the supersymmetric saddle point 6 =a =3 =

8, = T2 + iy, — /|€| f,. The integral over fluctuations
becomes equal to unity, and the preexponential factor
has the form

(3.7

[0 = \z’lReIdrstr(k/\Q)
, (3.9)
= 2vim{ar snn(yo + i/l o) = -g—ljﬁ

Two resultsfor the density of states above and below
the threshold energy are “sewn together”: the values on
the left and right of the fluctuation region turn out to be
of the same order of magnitude:

P 1

css™ S

(3.9)

Another characteristic property of the subgap den-
sity of states (3.7) isthat the total number of energy lev-
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els under the gap is independent of G and is of the
order of unity:

By

E
NDO { [p(E)HED (?%j 1. (3.10)

It will be shown in Section 4 that this property may be
violated for a contact with tunnel boundaries in the
limit of aso-called strong tail.

3.2. Exact Solution near the Threshold

Let usnow calculate the density of statestaking into
account the second instanton. The result obtained will
be exact in the entire fluctuation region in the vicinity
of the critical energy.

It was proved above that hard modes make zero con-
tribution to the density of states. For thisreason, in the
general case, we are left with eight quasi-zero modes
corresponding to the minimal eigenvalues of operators

O :b,n,p,q, &, and kw (aswe seek an exact solution,
the division into zero and soft modes, which was made
for saddle solutions, becomes meaningless). We take
into account the coordinate dependence using the rep-

resentation n = nfy(r), etc., and introduce, instead of
variables b, P, and §, symmetric variables interpol at-
ing between the two solutions to the Usadel equation:
a = g+qu0+iuf0, B = g+ilp0+ivfo,
(3.12)
6 = g+ilp0+iwfo.

We must now expand the action up to cubic terms in
quasi-zero variables. Calculations similar to those used
while deriving Egs. (2.39), (3.2), and (3.3) lead to the
following expression for action:

. 3, .3 o3
¥ = G[e(u+v—2w)—M
- .\ (3.12)
—ZEU wW R&V4Wi|

Eight extrema of this action (two for each of variables
u, v, and w) correspond to a supersymmetric saddle and
to different instantons. Analogously to relation (3.4),
we obtain the following expression for the preexponen-
tial factor:
Ydrsir(kAQ) = iil(u +V +2w) (3.13)
4 I - 2% ' '
We must now establish acorrect measure of integra-
tion. The relation between variables u, v, w and p, q,

b follows from relations (A.4). Since the measure of
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integration with respect to P, g, b istrivial (seerela-
tion (A.5)), we conclude that

1
g

- f—['zdudvdwdﬁdidédkdd).

Theintegral with respect to the zero mode n istaken
analogoudly to the corresponding expression from (3.6):

J’dﬁ = 21ju— v . After integration with respect to n and
Grassmann variables, we obtain the following expres-
sion for the density of states:

c,G’

4ms (3.15)
x ReJ’dudvdwlu —v[(u+w)(v +w)(u+v +2w)

BQ = =dbd pdgdAdZdE R déy

(3.14)

PO =

3 3 3
= u + v —2w

X exp[—G%(u + Vv —-2w) —TE}

L et uscarry out the scaling transformation of theintegra-

tion variableswith aview to eliminate G : (u, v, w) —

(2G)™Y3(u, v, w), and passto new variables| = (u+ v)/2

and m= (u—v)%2. Thisleadsto

00

1 Refdm
J

8T’ A,

[p=

><Idldw(w+|)(w2+2lw+|2_m) (3.16)
3 3
Xexp[—\%+eW+|§+ml—el},
where
_ a3~ _ Eg—E
e = (2G6) ¢ = 5

13 (3.17)
9 o c,

At this stage, we must choose the contours of inte-
gration with respect to w and |. Integral (3.16) con-
verges if the contours of integration with respect to |
and w tend to infinity in hatched and light regions,
respectively (see Fig. 4). This, however, is valid only
when we can confine our analysis to the third-order
termsinw and | in the expansion of action. In aregion
far from zero, convergence is determined by the prop-
erties of expression (2.31): the contour for w must tend
toinfinity along theimaginary axis (compactness of the
FF sector), while the contour for |, along the real axis
(noncompactness of the BB sector). Nevertheless, the
main contribution to the integral comes from a neigh-
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Fig. 4. Possible contours of integration with respect to w
and |. Correct choice correspondsto C, for w and C3 for I.

Fig. 5. Exact dependence (3.18) of the density of states [p(]
(in units of 1/Ag) on reduced energy e (3.17) (solid curve).

The size of the fluctuation region is on the order of unity.
The asymptotic form of the density of states above the gap
is given by expression (3.8) (dashed curve) and below the
gap, by expression (3.7) (dotted curve).

borhood of zero; consequently, we will take this inte-
gral with acubic action withininfinite limits by displac-
ing the contour for w to the left (C, in Fig. 4). For |, we
have two aternatives. C, and C;. A correct choice is
determined by the condition of positiveness of the den-
sity of states, which corresponds to contour C, for I.

Integral (3.16) is evaluated in Appendix B. The
result of calculation is the following expression for the
density of states,

(3.18)
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where € is defined by the expression from (3.17). This
dependence is depicted in Fig. 5 together with the
asymptotic forms of relations (3.8) and (3.7).

The single-instanton approximation is valid in the
limit e > 1. If we substitute into formula (3.18)

the asymptotic expression for the Airy function,® the
first two terms in the brackets cancel out and the inte-
gral isfound to be much smaller than unity. Asaresuilt,
Eq. (3.18) exactly coincides with expression (3.7).

Functional dependence (3.18) coincides with the
predictions (formula (3.21) below) of the random
matrix theory for the spectral edge in the case of an
orthogonal ensemble [32]. Such a coincidence is not
surprising in view of the equivalence of the random
matrix theory and the zero-dimensional o model [26]. In
the case under investigation, the o model becomes zero-
dimensional in the vicinity of the threshold at the stage
of introducing quasi-zero-dimensiona variables (3.11)
with a fixed coordinate dependence specified by func-
tion f,. The application of the random matrix theory for
NS systems will be discussed in greater detail in Sub-
section 3.3.

The results of this and preceding subsections are
valid in the case when the normal region has an arbi-
trary shape and is linked via ideal contacts to an arbi-
trary number of superconductors with identical phases
(seeFig. 3). It isonly necessary that the approximation
of the zero-dimensional o model be satisfied. The crite-
rion determining the effective dimensionality of the
problem in an important special case of a planar SNS
junction will be formulated in Subsection 5.1.

3.3. Method of Random Matrices

The random matrix theory was proposed by Wigner
[17] in 1951 for describing properties of nuclear spec-
tra. Theidea of thistheory isthat the statistical proper-
ties of the spectrum of a complex and unknown nuclear
Hamiltonian do not change upon replacement of all
matrix elements by random numbers. Dyson [18] and
Mehta [19] subsequently developed the random matrix
theory.

In the simplest case, the random matrix theory is
formulated for so-called Gaussian ensembles, for
which the Hermitian random N x N matrix H acquired
the statistical weight,

S 2trHZE.
2No

P(H) O expt (3.19)

The average density of states for distribution (3.19) in

5The asymptotic form of the Airy function for x — o has the

312
form Ai(x) ~ —= 1I4e_2X s
TIX
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thelimit N — oo has the form of aWigner semicircle,

DEhur = /1—;‘;—562,

vanishing for |E| > Ey = (2/T)Nd. In accordance with the
random matrix theory, the statistical properties of the
spectrum at the center of the band for |E| < E, are
determined only by the mean level spacing & and by the
symmetry of Hamiltionian H (orthogonal, unitary, or
symplectic [19]).

In 1965, Gor’ kov and Eliashberg [33] suggested that
therandom matrix theory may be applied for describing
the statistical properties of energy levels in disordered
metallic grains. However, the theory remained phenom-
enological up to 1982, when Efetov [21] used the
supermatrix ¢ model for computing a pair correlator
R,(w) = &% (E)p(E + w)Lbf energy levelsfor ametallic
grain and proved that it coincides with the predictions
of the random matrix theory in the zero-dimensiona
limit w < Ey,. Subsequently, the universality hypothe-
sis, according to which local spectral properties of ran-
dom systems near the center of a band are determined
only by the symmetry of the Hamiltonian and not by its
microscopic properties, was proved for awide class of
ensembles of random matrices [34].

In 1997, Altland and Zirnbauer [35] proposed agen-
eralization of three standard Wigner—Dyson ensembles
to the case of mixed NS systems by introducing four
more symmetry classes, which take into account the
mirror symmetry of the Bogoliubov-De Gennes equa-
tions. However, they confined analysis only to systems
in which the average phase factor [€°C= 0, where @ is
the el ectron phase gained due to Andreev reflection pro-
cesses. Such a situation is realized, for example, in the
core of asuperconducting vortex or in an SNS junction
with a phase difference of 1. Under such a condition,
the proximity effect does not lead to the formation of a
gap in the spectrum of the normal region, but specific
superconducting correlations may appear for energies
very close to the Fermi energy (at “distances’ on the
order of d).

If, however, the superconducting order parameter
averaged over the system does not vanish, the density of
states is suppressed to zero on the Fermi surface, and a
gap isformed for E = Ey (in the semiclassical approxi-
mation). The states emerging near the gap cannot be
described with the help of the random matrix theory at
the center of the Wigner semicircle (3.20) even if we
use new symmetry classes [35]. In 2001, Vavilov et al.
[22] paid attention to the fact that the semiclassical den-
sity of statesin NS systems near the threshold, as well
asthe density of statesfor aWigner semicircle, exhibits
identical (root) dependences on the distance to the
threshold. They were the first to propose, in this con-
nection, using the random matrix theory at the spectral

(3.20)
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edge for describing close-to-threshold statesin NS sys-
tems.

The Wigner semicircle (3.20) describes the average
density of statesfar away from thresholds £E,. Correc-
tions to it become significant at a distance of a single
energy level from the threshold, i.e., for |E| — Ey ~ A,
where A, = (8°Ey/212)Y3. In the forbidden gap |E| > E,,
anonzero average density of states appears; inthiscase,

I (p(E)HE ~1,

which meansthat amost the entire density of states out-
side the Wigner semicircleisensured by fluctuations of
the position of the lowest energy level. Universal prop-
erties of the spectrum of random matrices near its edge
wereinvestigated in [32]. In particular, the exact profile
of the average density of states near the threshold E =
E, assumed the universal form in terms of the dimen-
sionless quantity x = (E — Eg)/Ay:

p(E)D = Alo[ XAIZ(X) + [AI'(X)]2
(3.21)
Aid . O
+ O - [ayAiYD |,

where 3 = 1 or 2 for the orthogonal (unitary) class of
symmetry.

The applicability of the random matrix theory for
describing the edge of the spectrum in an NS system was
proved for the firgt time in [30] with the help of the
method of the supermatrix ¢ modd. In the limit of the
zero-dimensional 0 model, whichisvalidinacloseneigh-
borhood of the threshold, we derived expression (3.18),
exactly coinciding with result (3.21) obtained for the
orthogonal symmetry.

4. CONTACT WITH TUNNEL INTERFACES

In this section, we consider an NS contact (Fig. 3)
with nonideal boundaries. As the transparency of the
interface decreases, quasiparticles stay for a longer
time in the normal region between two Andreev reflec-
tions, accordingly, the gap in the density of states
becomes smaller. Inthetunnel limit, when the transpar-
ency of each channel between superconductors and the
normal part of the contact is low, a gap is formed at
energy E; = G;o/81L Inthevicinity of E;, the semiclas-
sical density of states vanishes in accordance with the

law /€| ; as the distance from the threshold increases,
it attains its maximum value and then decreases in
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accordance with the law 1/./]g] (see Eq. (4.30) below),
resembling more and more a BCS-type singularity.

The shape of the tail in this case also changes, but
the total number of quasi-localized states remains on
the order of unity as before. The pattern changes quali-
tatively for G; < GY4 (where G is the characteristic
conductance of the normal part of the contact, which
will be defined rigorously below). Inthislimit, the aver-
age number of energy levels in the region of the root
increase in the density of states above energy Eg is on
the order of unity, so that the entire region fals to the
domain of strong fluctuations. The number of subgap
states starts increasing simultaneously. This regime,
which will be referred to as an strong tail, will be con-
sidered in Subsection 4.4.

4.1. Action for the Boundary

If the interface between a superconductor and a nor-
mal metal isideal, matrix Q is continuous upon atran-
sition from one region to another. If, however, the inter-
faceisnot ideal, the boundary conditions become more
complicated [36, 37]. These conditions can be taken
into account automatically if we supplement the action
of the @ model with an additional boundary term. It has
the form [26, 38]

r, T, i

Frniy = 3y NN 1-5+ 74Q.Q" | (4)

I
Index i labels superconductors in contact with the nor-
mal region, and N; is the total number of conducting
channels in the ith contact per spin component. For a
boundary of area S, the number of channels is N =
W, S, where v, is the Fermi velocity; I is the trans-
parency of a channel, which is assumed for simplicity
tobeidentical for al the channelsat the given interface;
QW isthe value of matrix Q in the normal region in the
vicinity of theith contact; and Qs isthe value of matrix
Q in the superconductor. Expression (4.1) can be used
only if matrix QU is constant along each interface. This
condition is satisfied automatically for a planar SNS
junction (see Fig. 1); inthe general case (seeFig. 3), we
must require that the size of the contacts is small as
compared to the characteristic size of the normal
region.

In our parametrization, the separation of vari-
ables (2.30) is preserved as before and the expression
for § acquires an additional term,

S,[6] = %’Idr[D([e )2 + 4iEcosh]
—12 NLIn(1 +y,sin8™) “2
22 i i :
wherey, = T;/(2 —T;). Here, 80 isthe value of angle 6

in the normal region in the vicinity of theith contact. It
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was noted above that this value is independent of the
coordinates along the boundary. This alows us to use
the coordinate representation for the first term in the
action and the channel representation for the second
term. Henceforth, we will use the superscript “i” for
values of variousfieldsin thevicinity of theith contact.

The entire classification of instantons made in Sub-
section 2.4 is preserved. In the expansion in fluctua-
tions, we must supplement action (2.44) with the
boundary term:

@ — TV
97 [W] - 8

XJ’drstr[D(DW)z + [Z)[Duo, w]? - 2iE/\Q0W2}

(4.3)
RS

0 Qo W1

1
+ZZNiTiStr[ﬂ-+TiTxQo 1+ Ti1,Qp

Here, we have introduced the notation W =
e e’ =@2-T-2/1-T ) =y -
2,/1 -y’ ly.. Parametrization of W diagonalizing this
action remains unchanged (Appendix A), but operator

~

Oup aso acquires a boundary term:

(a0zsb) = %’Idr[D(Da(r))(Db(r))

—a(r)m(m B ) +|E(coso(+cos[3)gb(r)}

4.9
+2Nw

« L (sina +smB<'))+v.(1+cos(a“+B<">)b)g
0 (1+y,sina®)(1+y,sinp")

Thus, the inclusion of nonideality of the boundary
does not basically change the strategy of calculating the
density of states near the threshold. We can repeat all
calculations made for an ideal boundary in Section 3,
taking into account the boundary term in the action.
The only difference will be redefinition of functions
), , andf, aswell as constantsc; ,. The new definitions
have the form

DOy + 2Ecoshy = O,

snhyp®  _
1+y; COShljJ(i)

. 4.5
Dan»'(l)"'ViVo 49
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DO?f, + 2E,fosinhy, = 0,

_ . 0] 46
Dang)"'ViVof(l) Yicoshig =0 (46)
(1+y;coshpy)’
= \%Idrfocoshq.uo; 4.7
_1 3 0
C, = \/J’drfocosij0 _ZnE
, (4.8
(1+v.coshw<'>)

With these definitions, the results obtained in Subsec-
tions 3.1 and 3.2 are preserved.

It should be recalled once again that all formulasin
this subsection are valid only when functions ), , and
fo are constant at the boundaries with a superconductor.

4.2. Zero-Dimensional Action

Here, we consider the case when the gradient terms
in action (4.2) have the meaning of a small correction.
Such a situation takes place either in the limit of tunnel
contacts ' = 2y < 1, or for contacts whose size is
smaller (Fig. 3) than the mean free path: § < 12. Inthe
latter case, diffusion in the normal part of the contact is
not necessarily required; the mean free path can be on
the order of the size of the system. Taking into account
the gradient terms as a small correction, we can deter-
mine the optima coordinate dependence Y(r) and
obtain a zero-dimensional action.

Thus, if Y(r) changes in space insignificantly, we
can single out alarge constant,

U= A+aql), (4.9)

and expand action (4.2) into aseries up to thefirst order
in ¢ and to the second order in [ ; in addition, we
expand the logarithm in the action up to the second

order in ycoshA (omitting an insignificant constant).
The validity of the inequality ycoshA < 1 will be
proved below:

S[u] = 1T—EsmhA—G—coshA

TV
+ZJ'dr(—D(Ep )+ 4Eq@coshA) (4.10)

1 v 2pn I v g
+ 4@2 N.vﬁcosh A ZZ Niy;@"sinhA,
where we have introduced the total tunnel conductance
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of the contacts,

Gr=23 NI =43 Ny,

Disregarding the terms in the second and third lines
in Eg. (4.10) and varying the action in A, we obtain
8nE/(G;0) = tanhA. The effect of the omitted terms
becomes significant for large values of A; in this case,
corrections to tanhA are negative. This ensures the
emergence of apeak in the dependence of energy on A,
which determines the gap width. In thefirst approxima-
tion, we can assume that

(4.12)

GT6
8’

In the framework of the approximation used by us here,
we can replace energy E inthe fourth termin Eq. (4.10)
by E,4. Using also the fact that Aislarge, we can replace
the hyperbolic functions of A in the second and third
lines of Eq. (4.10) by P/2, where P = e*. Asaresult, we
obtain action in the form

E, = (4.12)

2
SiP. @ = -2l[eP+E]+ Z 5Ny

! (4.13)
+—Idr 1D(g )*+ GT qu ZNy(p

We have aso introduced here the dimensionless energy
measured from the edge of the gap:

= Eg_E =
E

_8nE
G

(4.14)
g

Varying the obtained action with respect to ¢, we
obtain the following equations:

3GiP _
81 ’ (4.15)
2D0,¢" + Pvyy, = 0.

DO? o+ ——

These equations define function ¢ to within a constant
term since we have not fixed the constant in Eq. (4.9).
For the sake of convenience, we introduce the function
®(r) = 2D(r)/Pv,, which has the dimension of length
and satisfies the equations

VDo + S Svi =0, 0,0 +y, = 0. (4.16)

Here, S istheareaof theith contact. In such aform, the
compatibility of the equation and the boundary condi-
tions becomes obvious. Indeed, having integrating the
first equation over the volume and applying the Gauss
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theorem, we obtain iS(DHCD(i)+yi) = 0, which
matches the boundary conditions on Egs. (4.16).

Using Egs. (4.16), we can simplify action (4.13),
which becomes now afunction of P only:

S(P) = ——[€P+P} 16ZNyI

3Trvv0

(4.17)
J‘d (@ )%

This expression indicates once again that the arbitrary
constant in @ isdeprived of physical meaning. For sub-
sequent calculations, we require only one quantity
characterizing the geometry of the system and the prop-
erties of the junctions:

- o 2,3 5
y = Di Svd {ZSvi tyfdr(@ )Tl (418

L et us consider some particular cases.

(i) One-dimensional junction. Let the normal
region be a rectangle of length L (see Fig. 1) and be
connected with two superconductors by identical junc-
tions with atransparency of 2y < 1 (for each junction).
In this case, the solution to Eg. (4.16) has the form
®(X) = -yx&L, while parameter (4.18) becomes y =
Ly/2l + y = Ly/2l. Thus, the first term in the square
brackets in Eq. (4.18) can be neglected in comparison
with the second term. If a superconductor is fixed only
at one side, the corresponding parameter y becomes
twice aslarge: y = Lyil.

(i) Two-dimensional junction. If the normal
region has the shape of acircle of radius R, bordering a
superconductor, then ®(r) = —yr4/2R, and we ultimately
have y = 3Ry/4l.

(iii) Three-dimensional junction. Similarly, if the
normal region has the shape of a sphere of radius R,
function ®(r) isthe same asin the previous case and the
resultisy = 3Ry/5l.

(iv) Zero-dimensional junction. By a zero-dimen-
sional junction, we assume a normal metal of an arbi-
trary shape, connected to superconductors by narrow
junctions (see Fig. 3). Inthis case, we can disregard the
second term in the square brackets of Eq. (4.18) as
compared to the first term; if al the channels have the
same transparency I, we have y = I'/2. Indeed, if a
junction has a shape similar to that depicted in Fig. 3,

the main contribution to integral (dr ([P )2 comes

from regions in the vicinity of the superconductors. If
the distance r from the ith junction with the supercon-

ductor is much larger than the contact size (r > Jé ),
but much smaller than the size of the normal metal, we
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P <

Fig. 6. Approximate “phase diagram” for possible energy
dependences of the density of states. Formula (4.25) corre-
sponds to regions I, (4.30) to I, (4.26) to I, and (4.44)

tolland Il,. Thedensity of statesinregions|, F,, and Il is

described by the universa formula (3.18) taking into
account relations (4.24). The total number of prelocalized
statesin region |1y, is large (see relation (4.46)). Parameters

e =G 2andy =G4,

can approximately assume that |[@| = Sy/2rr2 The
integral of the square of this quantity is proportional to

S* v? and can be disregarded in expression (4.18) pro-
vided that S < I2.

Thevalue of y depends on the geometry of the sys-
tem and, in addition, is proportional to the “average”
transparency of achannel inajunction. Thetunnel con-
ductance Gy is also proportional to the transparency of
a channel. In order to analyze the behavior of various
parameters of the system upon a change in the resis-
tance of the junctions, we introduce a quantity describ-
ing the shape of the system only,

G = G./y. (4.19)

For a planar junction (see Fig. 1), it is proportional to
the conductance of the normal part: G = 12G,,.
As aresult, we obtain the zero-dimensional action

s(P) = [ ep- 2417

5 (4.20)

4.3. Classification of Tails

Here, we consider variouslimiting cases of variation

of parameters y and €, calculate the actions of instan-
tons, and construct arough pattern of possible behavior
of the subgap density of statesin variouslimiting cases.

By varying S,(P), we obtain the fol lowing equation®

6 For an ideal boundary, an analog of this equation was Eq. (2.6).
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connecting P and €:

€ = + (421)

SIS
ofS

The minimal value of € is attained for P = P, = 2y
andisequal to 3\72’3 /2 < 1. Thisquantity hasanonzero
value since the threshold energy E is in fact smaller

than Gy &/8m. However, this correction is small and
should be taken into account only while deriving the
next formula

For E < Eg, EQ. (4.21) has two real positive roots
Py » corresponding to two solutions 6, , to the Usadel

equation. These roots can be found by expanding
Eq. (4.20) in small parameters€ and OP = P — Py

2(3P)°

0

so(P)=so(Po)+‘f—§{—sap+ } @2

Here, we have taken into account in € the correction
which was omitted in Eq. (4.14): € = 1 — 3y*%/2 —
ATIE/GY d. For our subsequent analysis, the accuracy of
expression (4.14) is sufficient.

Expansion (4.22) leads to the conclusion that two
solutions to the Usadel equation correspond to P, , =

Po(1 F Py./€/6), while the exponent for the density of
states has the form

~1/3

Gy
3./6

The same result can be obtained by comparing
expansions (4.22) and (2.39). To this end, we must first
establish the relation between g and dP. In the regime
y < 1, function Y(r) differs from a constant insignifi-
cantly; for thisreason, in the main order, we can assume
that fy(r) = 1. Thus, dY = g, and on the other hand, oy =
olnP = 0OP/P, Equating the right-hand sides of
Egs. (4.22) and (2.39) termwise, we ultimately obtain

(= _P_O = 9_:”31 C, = _6_ = ?113’

2 Po

312
€.

S = S(P)—S(Py) = (4.23)

3 (4.24)
A _ S A3
G = 16Gy .

If we substitute these constants into Eq. (2.41), we
againarriveat result (4.23). Using expressions (4.24), we
can generalize all results obtained in Subsections 3.1 and
3.2. Inparticular, for the density of states abovethe gap,
we obtain from Eq. (3.8)

1 [8le
P = ‘zs—/-!a;l
Y

(4.25)
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Similarly, we can determine the preexponential factor
for the density of states under the gap from Eq. (3.7):
0 Gy

1"J_
O Gy 3 MJ3JF

The last two formulas are valid outside the fluctua-

tion region provided that | €| > G—2’3\7_2/9 , when we can
disregard the contribution of the second instanton as
compared to the first one. Figure 6 shows a rough
“phase diagram” of possible behaviors of density of
states for various values of y and €. Formulas (4.25)
and (4.26) correspond to regions | and |1, respectively.
Fluctuation region F, lies between these regions. A uni-
versal expression for the density of states in the three
regions (I, F,, and I1) can be obtained from Eq. (3.18)
using Eq. (4.24) aso.

Expansion (4.22) is valid if the energy differs from
the threshold energy insignificantly. The validity of this
expansion requires the fulfillment of inequality |oP| <

P, or, which is the same, |¢| < ¥**

pd= (4.26)

In the opposite limit y*° < & < 1, the cubic parab-
ola approximation (4.22) is inapplicable, and we must
solve Eq. (4.21) tofind Py ,. In order to find the smaller
root (P,), we can dlsregard the last term, while the
second root (P,) can be found by disregarding the sec-

ond term:
€ Yy

Substituting these values into the expression for action
(first part of relation (4.22)), we obtain

P, = (4.27)

_ Geg
%m—ﬂTﬁ S(P) =35 (429)
Since §(P,) < S(P»), the exponent for density of states
is determined by Sy(P.) only:
_ Gs
S = 5P,y = 16" (4.29)

The density of states with such an exponent corre-
spondsto regions |1, and 11,,. The preexponential factor
for this regime will be obtained in the next subsection.

Formula (4.25) is also inapplicable in region I,
above the gap. In order to determine the density of
states in this regime, we must solve Eq. (4.21) for a
large negative €. In order to find pairs of complex con-
jugate roots, we can disregard the last term in

Eq. (4.21): P, , = #i/2/|¢|. In this case, density of
states has the form

—g —1‘ _pt! :1' 3
pd = aSRecosG = alm(P P &/g. (4.30)
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Here, we have used root P; since the density of states
must be positive.

As transparency y decreases, regions | and |

become narrower and vanish when y ~ G34, The sin-
gle-instanton contribution to the density of statesinthis
case is described only by an exponential function with
exponent (4.29). It will be shown in Subsection 4.4 that
the total number of subgap states increases as the value

of y decreasesbelow G2/ (region I1,). Such abehavior
will be referred to as an strong tail.

In the vicinity of the Fermi energy (€ = 1), a cross-
over to a non-zero-dimensional o model takes place.
The corresponding density of states will be considered
in Subsection 5.3. Thisregion is shaded in the figure.

It should be emphasized once again that a crossover
from one dependence to another takes place near the
boundaries of the regions, and the above formulas are
valid only in the bulk of the corresponding region.

4.4. Srong Tail

Let usnow consider the casewhen y < G34. It cor-
respondstoregion I, in Fig. 6. The density of state was
determined with an exponential accuracy in the preced-
ing subsection. We will determine now the preexponen-
tial factor.

The fluctuation region for the case under study is so
large that the difference between functions y; and ),
outside this region cannot be regarded as small, but
their dependence on coordinates is till weak. While
evaluating the Gaussian integral over hard modes, we
obtain, asin Subsection 3.1, the factor

A/det@&ezdet'@élez _ J(%glez)o (4.31)

det(?)“gleldet'@Ele1 (€ Jerlel)o’

where we have confined our analysis only to minimal

eigenvalues of operators @Elez and @3191 , Since higher
eigenvalues are mainly determined by the gradient term
and exhibit aweak dependence on energy as before.
However, we will start with determining the quanti-
ties (€e,0,), and (€s,0,),, which will be required any-

way in subsequent analysis. For this purpose, we use
relations (A.4) and formulas (2.30) and (4.20):

(%6161)0 — }(_?_Z_Ef —

o) Zapz

_10°F
40p° (4.32)

_lop@Pf] G_?[i_V_Pf} _ GV fe
4 (o6l |p.p  16[P, 8 162
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Anaogous differentiation with respect to variable g
gives

%_ 2
( 9592)0 - £ (4.33)

The eigenvalue (€g,,), corresponds to rotation of

angle xg and isequal to zero. Wewill calculate (%;192)0

using perturbation theory. The corresponding eigen-
function differsinsignificantly from a constant and can
be set equal to unity:

(C(g; 0 )o =
TtvD

= —Id (W )(Ww )

(1[0s,6,— 0s,0,] 1)

Vv o P, P,
32

+ z__gy_ coshyP coshyt) = (4.34)

x[—J’dr(@ ) +ZSVI} GVIZ

Here, we have used expression (4.18) for y .

In the same way, we can also calculate (€ ;191)0 , but

the perturbation theory correction to formula (4.32)
obtained in this case will be small, so we can assume

that
(o) = (€an)y = & fz

Thus, the contribution to the preexponential factor
from hard fluctuations can be reduced to

((é glez)o — i
(% glel)o "/é

Subsequent calculations are similar to those from
Subsection 3.1. Fluctuations of soft modes of variables
b, p, and kw mutually cancel out, and we are left with
an integral with respect to variables n, (¢, and g. The
pair of Grassmann variables’ {, € appears in the action

(4.35)

(4.36)

intheform C& (€s,q),/0. In order to evaluate this eigen-
value (which differs from zero when a # 8,), we will

7In Subsection 3.1, we used the notation Z(r) = Zfo(r), etc,,
where the amplitude of fluctuations and their spatial profile are
separated explicitly. In the limit we are dealing with now, the nor-
malized eigenfunctions of operators O, corresponding to the
lowest eigenvalues, differ from unity only slightly; consequently,
we may not distinguish between { and ¢ within the required
accuracy.
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use the eigenfunction sinh((y,—y;)/2), which
assumes, after normalization, the form
3(P,-P
alr) = 1+—(-ZH—1—)¢(r). (4.37)

Substituting this expression into formula (4.4), using
Egs. (4.16) and (4.18), and carrying out cumbersome,
but elementary transformations, we obtain

(%gla)o _ G_\Nlpz"' P,
5 128 |32—Pl “3)
Der2,.YP0 5O L YPq
[PlD =€ + Pl+ > 0Pt + Pﬁ >0 }

Here, P, stands not for theroot of Eq. (4.21), but avari-
able parametrizing anglea: a = 172 +iInP,. The quan-
tity P, satisfies Eq. (4.21) only for a = 6,; in this case,
expression (4.38) obviously vanishes. The same was
observed for ideal boundaries. At a saddle point, mode
(& iszero, but its mass increases linearly upon adevia
tion in variable g. In our case, this corresponds to a
deviation in Py:

0P, = —iP,0a = ——qu

J2

Differentiating expression (4.38) with respect to P, (we
must differentiate only the second term in the square
brackets), we abtain

Gye

(€o0)0 _ _
> 1286P2_

(4.39)

Ge’q
642
Let us now calculate the preexponential factor in

Eq. (2.24) in our approximation. Analogousy to
Eq. (3.4), we have

(4.40)

\i[drstr(k/\Q) = const—\é)éajdr coshy,

. (4.41)

= congt + ——£9.
2./28Y

It remains for us only to determine the measure of
integration with respect to variable n corresponding
to the zero mode of rotation in angle Xg. Using rela-
tions (A.4), we obtain, analogously to (3.6),

LIJz lIJ1

n = 2isinkgXg = —2sinh Xs

Pz (28)3/4
=2 l— = - , 4.42
PlXB ﬁ XB ( )

2 34

dn = 1t [5(28)7".

fon = m e
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We have now everything required for calculating the
density of states. Using relations (4.33), (4.36), and
(4.40)—«4.42), we obtain

dndq I gq
0= dgdg ——
P 2./25 Y
Gs? > Qe[ ¥4 154 4.43
eXp[ 32 %4 > ﬁ]} 2563 7 (449
e’

ImJ’dqq P35 o
Integrating along the imaginary axis, we finally obtain

1 [

This result describes the behavior of density of
states in regions 11, and 11, in Fig. 6. In region 11, the

obtained dependence is matched with Eq. (4.26) for
~23

€~y

0 Ge

4=et (4.44)

0 ——exp(-GV*). (4.45)
f

Matching in region |1, is more complicated. The

semiclassical density of states vanishes according to

root law (4.25) at the boundary of the gap, attains its

peak value for |g| ~ y * and then decreases in accor-
dance with inverseroot law (4.30). Asthe transparency
of the boundary decreases, the size of the fluctuation
region increases, and this region covers the peak of the
density of statesfor y ~ G34,

The density of states increases as we approach fluc-
tuation region F, on both sides; consequently, there
must be no formal matching of these two dependences:
the peak of the density of states lies in the fluctuation
region.

Finaly, let us estimate the total number of quasi-
localized states:

E,de

NDJ’a =

Thus, for y < G4, the number of states under the gap
becomes large, which explains the term “strong tail”
used in this case. These are apparently most suitable
conditions for experimental verification of the above
theory.

sDy

_Ge2 . ~—1/2
3/4e Gs[ly GS/B

>1.  (4.46)

5. NONUNIVERSAL DENSITY OF STATES

In this section, we consider various cases in which
density of states cannot be described by the zero-
dimensional o model. Subsection 5.1 dealswith the sit-
uation when the instanton describing subgap states has
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afinite spatia size smaller than the size of the normal
part of the contact. Fluctuations near such an instanton
solution have a quasi-continuous spectrum, which con-
siderably complicates the calculation of the preexpo-
nential factor in the density of states. For thisreason, al
results of this subsection (and the entire Section 5) will
be obtained with an exponential accuracy.

In Subsection 5.2, the problem of subgap statesin a
superconductor with magnetic impuritiesis considered.
In contrast to therest of the material, it dealswith aspa-
tialy homogeneous sample and not with a hybrid sys-
tem. Quasi-localized states appear owing to spatial
fluctuations of magnetic impurities. The problem of
subgap states in such a system was solved in [23, 24].
The results are derived, and their relation with quasi-
localized statesin hybrid systemsis demonstrated.

Subsection 5.3 is devoted to the density of states
deep inthe gap in thevicinity of the Fermi energy. This
density of states cannot be described by the zero-
dimensional o model either and will be determined
with an exponential accuracy.

5.1. Broad SNSJunction

Thisand the next subsections are devoted to analysis
of aplanar SNSjunction (see Fig. 1). If the junctionis
long (the exact criterion will be formulated later), the
results obtained in Subsections 3.1 and 3.2 are valid. It
should be recalled that the corresponding numerical
parameters have the following valuesin the given case:

¢ = 1.15, ¢, = 0.88, E; = 3.12E, and G = TIC,E,/25 =

0.34G,. Here, Ey, = D/L? and Gy = 4mwDLLJL, =
A1iE,/d. In the case when the resistance of the contacts

isfinite, we can use values (4.24) (naturaly, if € < \72/3).

The action of an instanton defined by formula(2.41)
is proportional to the conductance of the normal region
and increases with its sizesin the y and z direction par-
alel to the NS interfaces. Consequently, for large val-
uesof L, and L,, itismore expedient to form an instan-
ton with finite sizes along the y and z axes. In this case,
aloss appears due to gradient terms, but it is compen-
sated by the independence of action of the size of the
normal region for large values of L, and L,. It will be
shown below that the characteristic size of such afield
configuration depends on the closeness to the threshold
and is on the order of L(E) ~ L.

We will calculate here the action of an instanton for
a quasi-two-dimensional and three-dimensional con-
tacts (one-dimensional and two-dimensional ¢ models,
respectively), when one or both transverse sizes exceed
Lo(E), and obtain a result for the subgap density of
states with an exponential accuracy. The power of
energy in the exponent will differ from the case of a
long one-dimensional junction.

In order to calculate the action for an instanton, we
repeat the arguments leading to formula (2.39), but
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assume that g is a function of transverse coordinates:
0 =12 +iYe(x) +ig(ro)fe(X):

S[6] = const + n cdyaz

26LL

(5.1)
[——(Dug) + EgH2c,eg + 393%]

This action has two obvious saddle points g = +./8
independent of the transverse coordinates, asinthe case
of the zero-dimensional problem. We retain for func-

tion 0, the solution 8; = T2 + iy, — i J/E f, and seek a
solution for 8, as a function of transverse coordinates.
For the sake of convenience, weintroduce afunction g

which describes the dependence of 8, — 8, ontransverse

coordinates and, in addition, transform the variables to
the dimensionless form:®

- s . r
9(ro) = JE[25() -1, Tp= L—DD,
(5.2)
_ D ~ua
Ly = 2c2Egs .
In this case, action assumes the form
2
% = S0 ~S[6] = - Ge™
ybtz
Lt L, (5.3)

x{dyjo’di[(mé) %%}

By varying this action, we obtain an equation for g,
which describes the shape of an instanton in transverse
directions:

0%9 = §-° (5.4)
Substituting the expression for the Laplacian into the
action again and integrating by parts, we finally obtain
4 Lé = ~312 ~~3
S = -—=Ge™[dydz p4
T A .2
(i) One-dimensional junction (L, < Lp). When
the transverse sizes of the normal part of the junction
are small, the results obtained in Section 3 arevalid. In
this case, g = 1, the integral in Eq. (5.5) is equal to
LL/ Lé, and we return to expression (2.41) or (4.23)
(in the case of tunnel contact). In thislimit, the approx-
imation of the zero-dimensional ¢ model is applicable

and, hence, our previousresults(3.7) and (4.26) for tun-
nel contacts are valid.

(5.5)

8 The value of L, determined in this way is half the value used
in[29].
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(if) Two-dimensional junction (L, < Ly < L,). We
must solve Eq. (5.4) under the condition that g is a

function of y only. This equation describes a soliton of
the Korteweg—de Vriestype; its solution iswell known:

3

= (5.6)
2cosh’ (§/2)

Substituting g into Eq. (5.5), we obtain the following

expression for density of states:

48Lo

1
HJDDE;eXpD_EL_GS

A 1exp(—467<3 £ (5.7)

Here, the large dimensionless parameter in the expo-
nent, which determines the applicability of the steepest
descent method, is the dimensionless conductance per
unit area of the film of the normal metal connecting the

superconducting banks: G = 4rtvDL,.

In the case of tunnel contacts, using Eq. (4.24), we
obtain

~-1/6 5/4
)-

[pOOs exp(—2 17G, ¥ (5.8)

Here, y = LI /4l < 1.

(iii) Three-dimensional junction (L < L, ,). The
two-dimensional equation (5.4) cannot be solved ana-
Iytically. We can only give the numerical result for inte-
gra (5.5):

J’dydigs(il, 7) = 46.5. (5.9)
The density of states can be written in the form
EbDD%exp(—lO.lGD £). (5.10)

Inthisformula, G denotes the dimensionless conduc-
tance per unit area of the film, oriented parallel to the
superconducting banks: G = 4mvDL,.

For tunnél contacts, we obtain

—2/3 )

[pOOs exp(—2 58G. Y (5.11)

where y = L ['/4l < 1 asbefore.

The criterion determining whether or not the depen-
dence of an instanton solution on a transverse coordi-
nate should be taken into account is based on the com-
parison of L and L, ,. Since the quantity L isitself a
function of energy, dimensions are “frozen out” as we
approach the threshold: a crossover occurs from the
two-dimensional o mode! to the one-dimensional and
then to zero-dimensional model.
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5.2. Superconductor with Magnetic Impurities

In this section, we consider quasi-localized statesin
asuperconductor with magnetic impurities. Inthe given
case, we are speaking of a macroscopically homoge-
neous system in contrast to all the cases considered
above (and below). The method of nonlinear ¢ model
for determining anomalously localized states in such a
system was developed in [23, 24].

A superconductor with magnetic impurities was
studied in detail in the mean field approximation in the
famous work by Abrikosov and Gor’ kov [28]. Among
other things, they proved that superconductivity is sup-
pressed by magnetic impurities, the order parameter A
being larger than the gap E, in the excitation spectrum.
Thus, the gapless superconductivity regime is possible,
when E; = 0, while A > 0. Following [23, 24], we will
consider, however, the case of a finite gap and will
determine the instanton correction to the density of
states under the gap with an exponential accuracy.

The introduction of magnetic impurities requires a
refining of the o model. The Bogoliubov—De Gennes
Hamiltonian now contains an additional term describ-
ing scattering at magnetic impuriti&s:9

9 = 1, 0P —HH U+ TA() +IS(0) 5. (5.12)

P
“LPm

Since magnetic impurities suppress superconductivity,
the order parameter A appearing in Hamiltonian (5.12)
should be determined self-consistently. We assume that
the magnetic impurity concentration is quite low and
does not destroy superconductivity completely. In al
the formulas of this subsection, we assume that the
effect of impurities has already taken into account in A.

We assume that the random field S(r) in Eq. (5.12)
is delta-correlated and introduce the time 1 of scatter-
ing by magnetic impuritiesin the standard manner:

O(r —r')dyg

BvL (5.13)

[0S, (r)IS(r)d =

Thus, our system has acquired another dimensionless
parameter,

(= (5.14)

1
TA

The derivation of the 0 model is generalized in a
trivial manner to the case of Hamiltonian (5.12). In this

®The symbol & for the electron spin operator is supplied with a
hat to distinguish it from the Pauli spin matrices o; acting in the

PH space. The spin operator can be expressed in terms of Pauli
matrices as 6 = 1,0.
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case, action assumes the form
_ TV
J[Q] = EJ’dr
, (5.15)
x Str[D(DQ)Z + 4iQ(AE +iT,4) (Q;“) }

Here, the diffusion coefficient is determined by scatter-
ing by nonmagnetic impurities only. The Usadel equa-
tion can be derived without introducing complete
parametrization of matrix Q, but using asimple expres-
sion in terms of angle 6 alone: Q = o,t,c0s0 + 1,SiN6.
Separating, asusual, theimaginary part 6 = W2 + iy, we
obtain

D2y + 2Ecoshy — 2Asinhy + =sinh2y = 0.
Ts (5.16)

Let us first consider homogeneous solutions to this
equation. As before, we have two such solutions for
energies below acertain threshold E;. Omitting thegra-
dient term, we can write the equation in aform resem-
bling Eq. (2.6):

E = tanhy — Zsinhy.
This equation has two solutions. The energy for which
these solutions coincide determines the gap width. The
maximum of the function on the right-hand side is

attained for coshy = Y3, which corresponds to

(5.17)

E, = 01— (5.18)
This remarkable result was obtained for the first time
in[28].

In the vicinity of the threshold, we can expand the
actioninthedimensionlessenergy € = (E;—E)/Aandin
the deviation of theangle Y = i, + g(r). Asaresult, we
obtain the following action for g(r):

TIVA

SL0] = =7~ [dr
x [E2(0g)” + 467 °g - 201 - g7

Here, we have introduced the coherence length & =

~/D/A . The obtained action is completely analogous to
expression (5.1). Thus, subsequent calculations just
repeat the preceding subsection and lead to the follow-
ing result [23, 24]:

(5.19)

PO ‘1exp[—1—3?adnv“’)Azdz‘”3

x (24107 T g,

Here, d is the effective spatial dimension of the super-
conductor, v is the d-dimensiona density of states,

(5.20)
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and the quantity a4 = Iddr Qs was evaluated in Subsec-
tion 5.1 (function g satisfies the equation (g = g —
§]2 ). This quantity assumes the following values:

a, =1 a, =36/5 a,=465, a;=262. (5.21)

5.3. Low-Energy Limit

In this subsection, we consider the range of energies
closeto the Fermi energy. For such energies, the density
of statesis suppressed the most strongly. As before, we
will seek a solution with an exponential accuracy; for
this purpose, we must solve the Usadel equation (2.2)
and calculate action (2.30) based on the solution.

Our calculations almost repeat the calculations
made by Muzykantskii and Khmelnitskii [39] (see
also [40, 41]), who applied the instanton method in the
diffusve o model for determining the long-time
asymptotic form of conductance G(t) of a mesoscopic
sample. The saddle equation appearing in this case and
describing the instanton solution has the form D20 +
iwsinh® = 0 with the boundary condition 8 = 0, where
the quantity w defined by the self-consistency equation
[39] isinversely proportional tot. In the limit w < Eq;,,
the nontrivial solution of this equation almost coincides
with solution ), to Eq. (2.5) for an SNS junction for
E < Eq,. As aresult, the actions of instantons in our
problem and in the problem solved in [39] turn out to
be identical.

We begin with a long planar SNS junction (see
Fig. 1). Thedifference Y, — Y, isnot small for energies
E — 0; consequently, we must solve EQ. (4.5)
directly. It should be noted that, as the energy
decreases, Y,(0) — 0, while i,(0) — oo (seeFig. 2).
Thisenablesusto set {J; = 0 and to use the “triangular”
approximation for ), [39],

2|x0
L L

W) = A+BHL- (5.22)

which isbased on the assumption that, for low energies,
we can disregard the second term in Eq. (4.5) amost in
the entire range of x except in the vicinity of zero. Sub-
stituting expression (5.22) into action (4.2), integrating,
and expanding the boundary logarithm, we obtain

nvDL, L,
L

X

(5.23)
[B +—(cosh(A+ B) — coshA) — 6ycoshA}

Let usfirst consider ideal boundaries, for which we can
set A = 0. Carrying out the variation in B (considering
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that B > 1), we abtain

Ee®

2BE;,

2B = (5.24)

To a logarithmic accuracy, we obtain the following
equation for B:

(5.25)

Substituting this result back into Eq. (5.23), we find the
density of states,

G
B)DD%expD— In’ Eq)

N
T2 028 (5.26)

where Gy = 4rvDLL/L,.

In the case of tunnel boundaries between a normal
metal and superconductors, we must vary Eg. (5.23) in
both variablesin the limit A, B> 1. Thisgives

e® = GVEIDB = EgB, LLE—TD

A+B _

B> (5.27)

Here, we have used the equality E; = 6y Eq,. To alog-
arithmic accuracy, we obtain the following sol ution:

E, a_ 2, FE
B InE, e 3yInE (5.28)
In view of the smallness of E/Eg and f/,thefirstterm in
action (5.23) predominates. In this case, the density of
states has form (5.26), as for a contact with idea
boundaries. Thisis not surprising, since strongly local-
ized states, which are linked to the superconducting
banks very weakly, lie deep in the gap. The density of
such states exhibits a weak dependence on the proper-
ties of the boundary.

For low energy values, the result obtained becomes
inapplicable. As a matter of fact, the gradient of Y,
tends to infinity, and the diffusion equation forming the
basis of the 0 model disregards nonlocal (ballistic)
effects which become important in this case. The appli-
cability of the local theory requires the fulfillment of
the condition | ,| ~ B/L, <€ 1/, setting a limit on the
energy:

oL
E>EexpD I%

(5.29)

Let us now consider the two-dimensional case. For
the sake of simplicity, we assumethat the normal region
has the shape of a disc of radius R and thickness L,
connected to a superconductor along the entire bound-
ary. As in the previous example, {; = 0. We write
Eq. (4.5) for W, in polar coordinates, assuming that the
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radius is equal to unity and replacing the hyperbolic
cosine by the exponential ;19

v+ Eetzo o =0 G
Er
This eguation has the following solution:
B./8E/E
1 (5.31)

Po(r) = 2In W

where B must be chosen from the boundary condition
in (4.5).

If the boundary between the superconductor and the
normal metal is transparent, we must require that

W,(1) = 0. For E < Ey,, we obtain B = ,/E/8Ey;,. As

before, disregarding the term with energy in Eq. (2.31),
we obtain the following expression for action:

$ = _5[0,] = ”—VDR L,

1 2 c (532
x I (W ,)%2mrdr = 4rl2vDLZInEg.
E/E,

Thedensity of statesisapower function of energy [39]:

PvDL
E™ VP
Lpitd ]

_ EO™®
Ef (5.33)
In the case of a tunnel boundary, replacing the

hyperbolic sine in the boundary condition (4.5) by an

exponential, we obtain

=”“E“=F
2 yETh Eg

In this equdity, we have used the expression E; =

4y E4,, which is valid in the two-dimensional case.
Thus, result (5.33) remains valid to alogarithmic accu-
racy in the case of the tunnel boundary aso; i.e., the
resistance of the contacts does not affect the density of
states lying deep in the gap as in the one-dimensional
case.

(5.34)

For a two-dimensional SNS junction of a different
shape, the results will have the same order of magni-
tude, since only E; depends on the longitudinal size,
and this will only change the general numerical factor
in the expression for the density of states.

Let us determine the region of applicability of the
result. The maximum gradient of |, is attained in the

vicinity of the center, | ,| O /E,/E/R, and must be

OHere, Eq, = DIR?.
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smaller than 1/l. Thus, the power dependence of density
of statesisvalid for

o
>
Es E[H]

This condition is much more stringent than condi-
tion (5.29). In the three-dimensional case, the line of
reasoning similar to that used in this subsection is com-
pletely impossible since the corresponding condition
turns out to be too stringent. In this case, aswell asin
the two-dimensional case, the subgap density of states
for energies lower than (5.35) can be found with the
help of the ballistic o model [42] (see also [43]).

It should be noted that, after the substitution E —
t;l , expressions (5.26) and (5.33) coincide (to within a
factor) with the distribution function %(t,) of the relax-
ation timesfor acorresponding mesoscopic system [44,
45]. Thelong-time asymptotic form of conductance can

be expressed in terms of this distribution function as
~t/t

G(t) ~ J’ dt,e  *%P(t,). Evaluating the integral by the
steepest descent method, we obtain

(5.35)

G(t) O exp[ Nin (6t)}

for aone-dimensional system, which correspondsto the
substitution iw — G/t in the Muzykantskii—
Khmelnitskii formalism. Thisexplainsthe differencein
the energy scalesin our problem and in the problem on
the asymptotic form of conductance. Results (5.26) and
(5.33) are transformed to the asymptotic expressions
[39] for G(t) viathe substitution E/E —» ot.

6. CONCLUSIONS

We have considered the density of quasiparticle
states in diffusive NS systems for energies close to the
semiclassical gap E, < A, appearing due to mesoscopic
fluctuations.

For a system with ideal contacts, exact expres-
sion (3.18) for the averaged density of states is
obtained in the framework of the zero-dimensional o

model with alarge parameter GO E/d > 1 for ener-
gies E in the vicinity of Ej ~ Eqy, ~ D/L2 For £ = (E; —

E)E,2 G 2 , the density of states decreases exponen-
tialy (see Egq. (3.7)), which resembles to a certain
extent the behavior of density of statesin semiconduc-
tors with impurities (the so-called Lifshits tail [13]).
The total number of statesin the tail region isfound to
be on the order of unity for a one-dimensional system;
i.e., the equation obtained for density of states has the
meaning of the probability of an anomalous location of
the lower energy level below Eg. The resultsarein per-
fect agreement with the phenomenological random
matrix theory [22] and make it possible to determine
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the range of its applicability as well as the values of
microscopic parameters used init.

For planar SNS junctions with a large transverse
size L, > Lie¥* (see Fig. 1), analogous results were
obtained with an exponentia accuracy (seerdations (5.7)
and (5.10)). In view of the large area of the contacts, the
averaged (integrated) density of states has direct physi-
cal meaning in this case. The problem of the fluctuation
tail of the density of states in a superconductor with a
low concentration of magnetic impurities, which was
considered for thefirst timein [23, 24], isalso found to
be formally similar.

Physical factors responsible for the emergence of
low-lying electron states in our problem are mesos-
copic fluctuations in the normal region of the contact,
which lead to the diffusion electron—hole (Andreev)
trajectories with a period larger than the characteristic
diffusiontime L?/D. A similar effect is observed during
analysis of asymptotic forms of the distribution func-
tions for density of states, conductance, and relaxation
timesfor normal systems[44]. Due to mesoscopic fluc-
tuations of impurities, amost localized states can also
be found with an exponentially low probability in the
energy range corresponding to well delocalized states.
Such states ensure an anomalously slow relaxation of
current to its equilibrium value over very long times
(larger than the inverse mean spacing vV); i.e., such
states play the role of “electron traps.” Naturally, such
traps must appear in the problem of an NS system also,
since it is these traps that lead to the emergence of tra-
jectories diffusing between Andreev reflection for an
anomalously long time. A direct relation between
“anomalously localized states” and low-lying statesin
an SNS junction follows from our results for the den-
sity of statesin thelow-energy range E < Eg (seerela-
tions (5.26) and (5.33) for one- and two-dimensional

case, respectively). Upon the substitution E — t;',
these formulas coincide (to within a normalization) with
the distribution function for relaxation times t, of a
mesoscopic system [39, 44, 45].

We have a'so considered hybrid NIS structures with
apoor transparency of NSinterfaces. Such systems can
be described by two characteristic parameters: the total
tunnel conductance Gy between the normal and super-
conducting parts and the effective average transparency
y of achannel, which depends on the properties of the
contacts and on the system geometry (see Eq. (4.18)).
Inthelimit of alow effective transparency of achannel,
y < 1, the semiclassical edge of the spectrum is dis-
placed towards low energies, E; = G; /81t The behav-
ior of the density of states above the threshold simulta
neously changes qualitatively: as the energy decreases,
the density of statesfirst increases asin the BCStheory,
[P (E)[Me| ¥, and starts decreasing in accordance with

the law B(E)D J/¢] only for |g]< v*°.
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Inthelimit y < G7°, the root region [B(E)(TI /[e|
near the threshold disappears atogether: the semiclas-
sical number of states becomes smaller than unity in
this region. As a result, the subgap density of states,
which is determined by the zero-dimensional o model
as before, cannot be described by formula (3.18) any
longer, but is given by expression (4.44). This is in
agreement with the relation between the root depen-
dence (P (E)T] J/|g| ) of the density of states above the

threshold and the applicability of the random matrix
theory in zero-dimensional systems, which was noted

in[24]. Inthe limit y < G}3, the tail becomes strong:

it contains many energy levelsinstead of one, asin the
case of transparent boundaries. In the intermediate

case, G}3 <y <1, theasymptotic form (3.18) isreal-
ized intheimmediate vicinity of the threshold, while the

asymptotic form (4.44) is observed for \723 <g<1;the
number of subgap states in this case is on the order of
unity.
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APPENDIX A
Parametrization of W Matrix

Matrix W contains eight commuting and eight
Grassmann parameters and satisfies Egs. (2.43). We
denote real variablesby a, b, ¢, d, m, n, p, and g. The
first four variables parametrize the FF sector, and the
last four, the BB sector of W

WFF = %(_aOZTX + bO'zTy—CO'X + do—y)i (Al)
i 0,T,—0,T
WEB = é%ncrztx +n0,T,+ p%zzy
A2)

0,1,+0,T,
ﬁ )

Grassmann variables (A, W, ¢, K, n, Y, &, and w) param-
etrize the FB sector:
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D 0 Ap+T—-K AN+p+l+K 0 E
WFe = 1D)\ H—C+K 0 0 )\+u—Z—KB_ (A.3)
—v n+&+w 0 0 y-n+i-wp
s 0 Y-N-€-0 y-n-&+w o O
The anti-self-conjugate condition W+ W = 0 makes e
it possible to express the BF sector of Win terms of the Po(€) = J’de’dI(3I —m+e)
FB sector: WEF = i1,0,(WFB)To, T, Z, (B.3)
We can establish a relation between commuting [13 0
parameters of W and fluctuations of anglesin matrix Q. *&Xprg * ml —el,

Thisrelation has the form
a = 2sin6:0¢, b = 236,
C = 2€0SBeOKe|, - o
d = 2cosB:0k|
m = 2isinBzd¢g,
p = i./20B, q = i./230.

It should be noted that variable n at the first instanton
corresponds to the zero mode (rotation of angle Xg).

(A.4)

Xg =0’
n = 2isinkgXg,

In order to pass from integration over Q to integra-
tion over W, we must cal culate the Jacobian of the cor-
responding transformation. However, this Jacobian is
equal to unity, which can easily be established from the
following equality:

str(dQ)® = str(dW)” = da” + db® + dc” + dd”
+dm’ +dn’ + dp” + dg® + dAdn + dpdy
+dZd& + dkdo.

(A.5)

APPENDIX B
Airy Type Integrals

In this section, we evaluate integral (3.16). Integra-
tion with respect to w can be carried out immediately
(contour C; in Fig. 3). Asaresult, the density of states
will be reduced to the sum of two contributions:

q)[l —%}lm[Al(E)pl(e) + Aj' (e)pz(e)] (Bl)
Pi(e) = IdmIdI(|3+ el —Im+1)
°“ (B.2)
X eXpd—3 +ml—elB
(B 0
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In order to calculate p,; ,(e), we use the following
approach. Wefirst eliminate m from the preexponential
factor, expressing it in terms of 0/0l, then get rid of
derivatives by integrating by parts, express| in terms of
d/om, and, finally, integrate with respect to m wherever
possible. As a result, the integral with respect to |
becomes trivia. Thus, we begin with p,(e):

SO J’de'dlD 19 42 42l + 10

X expEl—3 +ml—elH
(B O

0

3
= [dm[di(2®+2el + 2)expE|§ +ml—ef]

0 G

. (B.4)
3 3
= Idmfdl%ég——3 + Zeaier %exp% +ml —elg
m
0 G

= D—Ze— aD
om

4y oD
Idl exp[B +ml eI
Cs
Similarly, for pz(e), we have

Po(e) = _[dmfdl Hﬂl —Dexp[B +ml — ElD

(B.5)

2 3
_ 04 9 Ogy O
0 Cs

2

9 i’ 0

=4 diexp= + ml —el=.
arme ‘OE;[- (B O
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The integral with respect to | appearing in the expres-
sionsfor p; , isgiven by

J'dl exp%3 +ml —elg
2 (B.6)

= T{Bi(e —m) —iAi(e —m)].

Substituting p; , into expression (B.1) and using the
functional relations for the Airy functions, we arrive at
expression (3.18).
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