
Annals of Physics 460 (2024) 169568

A
0
(

R
𝜎
Y
a

b

c

A

K
A
N
R

1

1

d
5
a
s
i
t
o
s

d
b
d
t

h
R

Contents lists available at ScienceDirect

Annals of Physics

journal homepage: www.elsevier.com/locate/aop

esonances in a single-lead reflection from a disordered medium:
-model approach
an V. Fyodorov a,∗, Mikhail A. Skvortsov b, Konstantin S. Tikhonov c

King’s College London, Department of Mathematics, London WC2R 2LS, United Kingdom
L. D. Landau Institute for Theoretical Physics, 142432 Chernogolovka, Russia
Capital Fund Management, 23 rue de l’Université, 75007 Paris, France

R T I C L E I N F O

eywords:
nderson localization
on-linear sigma model
esonances

A B S T R A C T

Using the framework of supersymmetric non-linear 𝜎-model we develop a general non-
perturbative characterization of universal features of the density 𝜌(𝛤 ) of the imaginary parts
(‘‘width’’) for 𝑆-matrix poles (‘‘resonances’’) describing waves incident and reflected from a
disordered medium via 𝑀-channel waveguide/lead. Explicit expressions for 𝜌(𝛤 ) are derived
for several instances of systems with broken time-reversal invariance, in particular for quasi-1D
and 3D media. In the case of perfectly coupled lead with a few channels (𝑀 ∼ 1) the most
salient features are tails 𝜌(𝛤 ) ∼ 𝛤 −1 for narrow resonances reflecting exponential localization
and 𝜌(𝛤 ) ∼ 𝛤 −2 for broad resonances reflecting states located in the vicinity of the attached
wire. For multimode quasi 1D wires with 𝑀 ≫ 1, an intermediate asymptotics 𝜌(𝛤 ) ∼ 𝛤 −3∕2 is
shown to emerge reflecting diffusive nature of decay into wide enough contacts.

. Introduction

.1. Statistics of resonances in scattering from disordered media: discussion of the problem

Quantitative statistical characterization of various aspects of wave scattering from samples of disordered medium with randomly
istributed impurities remains an active research area across Theoretical, Experimental, and Engineering Physics, see e.g. Refs. [1–
]. Many features of such scattering are common both to classical waves and a single quantum particle incident on the sample
nd eventually escaping from it, the processes most conveniently characterized in terms of frequency or energy-dependent unitary
cattering matrix 𝑆(𝐸). One of problems in this area is to describe statistics of resonances, defined as poles 𝑛 = 𝐸𝑛 − 𝑖𝛤𝑛 of 𝑆(𝐸)
n the lower half of the complex energy plane  = 𝐸 − 𝑖𝛤 , 𝛤 > 0 [6]. In particular, the imaginary parts 𝛤𝑛 (traditionally called
he ‘‘resonance widths’’) are expected to reflect the temporal aspects of waves escape from the random medium, and understanding
f their properties in various regimes is certainly of considerable interest. Yet, the explicit analytic results on resonance widths
tatistics remain relatively scarce despite several decades of intensive studies in this direction.

A class of disordered systems where resonance distribution in the complex plane is presently understood quantitatively in much
etail are wave-chaotic samples in the fully ergodic regime of Quantum Chaos. In such systems, the effects of Anderson localization
eing negligible, the wave functions extend over the whole available volume of the sample. As a result, a generic/universal
escription, independent of a particular Hamiltonian, becomes possible as long as the system is probed on time scales longer than
he ergodization time 𝜏erg needed for a particle to travel across the system. In this situation, informally called ‘‘zero-dimensional’’,
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the universal features of eigenfunctions, energy levels [7], and eventually transport properties [8] are controlled by quantum chaos
effects and, according to the famous Bohigas–Giannoni–Schmit conjecture [9], can be efficiently studied using the standard random
matrix theory (RMT) framework. The latter is introduced by replacing actual microscopic Hamiltonians describing random medium
with random matrices taken from classical Gaussian 𝛽-ensembles, with 𝛽 = 2 characterizing systems with broken (class A) and 𝛽 = 1
with preserved (class AI) time-reversal invariance.

Various universal aspects of statistics of the scattering matrix 𝑆(𝐸) in the ergodic regime has been successfully addressed in
RMT framework following the pioneering paper [10], see Refs. [2,8,11–13] for reviews of that activity. In particular, various
questions concerning statistics of resonance poles, and related objects like e.g. associated residues and S-matrix zeros, has been
thoroughly studied along these lines theoretically [14–29], and some of theoretical predictions subsequently tested in experiments
in wave chaotic scattering from microwave or optical cavities [30–35] and graphs [36], or accurate numerical simulations in realistic
models [37–39]. It is appropriate also to mention an alternative line of research going back to [40] and relying upon semiclassical
methods to address resonances in quantum chaotic systems [41–45]. Note also a growing interest in studying the resonance statistics
in such and related systems by rigorous mathematical methods, both in semiclassical [46,47] and random matrix framework [48–51].

The standard microscopic way of modelling a generic single-particle quantum propagation in a 𝑑-dimensional random medium
filling in a domain  ∈ R𝑑 amounts to using the Hamiltonian

𝐻 = − ℏ2

2𝑚
𝑑2

𝑑𝐫2
+ 𝑉 (𝐫) (1)

with the appropriate (e.g. Dirichlet) conditions at the boundary of . Such Hamiltonian combines the kinetic-energy Laplacian
𝑑2

𝑑𝐫2
1 and a short-ranged correlated random potential 𝑉 (𝐫), 𝐫 ∈ R𝑑 , which in the simplest choice is Gaussian 𝛿-correlated:

𝑉 (𝐫)⟩ = 0, ⟨𝑉 (𝐫)𝑉 (𝐫′)⟩ = 1
2𝜋𝜈𝜏 𝛿(𝐫− 𝐫′), with 𝜈 being mean density of energy levels per unit volume and 𝜏 standing for the mean-free

time. This defines the main classical characteristic of the disorder: the diffusion coefficient at a fixed energy 𝐸𝐹 given by 𝐷 ∼ 𝐸𝐹 𝜏.
One may also include the magnetic field effects in the Hamiltonian by employing the standard substitution 𝑑

𝑑𝐫 → 𝑑
𝑑𝐫 − 𝑖 𝑒𝑐𝐀, with 𝐀

being the corresponding vector potential which serves to break the time-reversal invariance of the system. Alternatively, one may
use a tight-binding analogue of (1) on a lattice 𝐫 ∈ L ⊂ Z𝑑 , represented via

𝐻 =
∑

𝐫∈L
𝑉 (𝐫) |𝐫⟩ ⟨𝐫| +

∑

𝐫∼𝐫′

(

𝑡𝐫𝐫′ |𝐫⟩
⟨

𝐫′|
|

+ 𝑡𝐫′𝐫 ||𝐫
′⟩

⟨𝐫|
)

, (2)

where the notation 𝐫 ∼ 𝐫′ implies that second sum is going over nearest neighbours on the lattice, and hopping parameters are
assumed to satisfy 𝑡∗𝐫𝐫′ = 𝑡𝐫′𝐫 to ensure the Hermiticity of the Hamiltonian: 𝐻 = 𝐻†, where we use 𝑡∗ to denote complex conjugation
of 𝑡 and 𝐻† for Hermitian conjugation of 𝐻 . Note that the form (2) can be used also for modelling a quantum particle motion on
any graph 𝐫 ∈ G, with corresponding 𝑡𝐫𝐫′ being the elements of the adjacency matrix of the graph G. The disordered tight-binding
model is frequently called in the literature the Anderson model.

As is well known, the major single-particle wave-interference effect due to potential disorder is the Anderson localization
phenomenon which ensures that generically, for big enough variance in the on-site potential 𝑉 (𝐫), the eigenfunctions of Hamiltonians
(1) or (2) around a given energy become localized, with exponentially decaying profile of a characteristic extent 𝜉. As a result, the
classical single-particle diffusive dynamics, characterized in a random medium by a classical diffusion constant 𝐷, is stopped at
distances exceeding 𝜉. At the level of wave scattering this, in particular, implies that the waves incident from outside on a semi-
infinite sample of such medium can penetrate its bulk only to the finite length of the order of 𝜉, with wave intensity exponentially
decaying at larger distances. In the low-dimensional random medium with 𝑑 ≤ 2 the localization length 𝜉 remains finite for
any degree of disorder. In higher dimensions the picture is qualitatively different: generically the localization length 𝜉 increases
with decreasing variance of the potential and eventually diverges at a critical disorder characterizing the so-called Anderson
(de)localization transition. With further decrease of the disorder the eigenfunctions become extended, i.e. filling in the whole sample
volume randomly but uniformly, which restores a diffusive spread inside the medium and ensures transmission of a finite portion
of incident wave intensity through the sample. The subject of the Anderson localization, especially associated anomalous quantum
diffusion and multifractality of eigenfunctions in the vicinity of the delocalization transition, remain the topic of vigorous research
activity for several decades, see the review [52].

In such a setting the resonance widths statistics in systems with strong localization effects has been most consistently addressed
in the simplest case of wave incident on 𝑑 = 1 disordered chain of finite extent 𝐿, and eventually in the limit 𝐿 → ∞, by combination
of analytical and numerical methods over the last two decades [53–59], see also a review on mathematically rigorous approach to
the problem [60]. The emergent consensus of those works points towards existence of the tail in the probability density 𝜌(𝛤 ) ∼ 1∕𝛤
for small 𝛤 ∝ 𝑒−𝐿∕𝜉 which is easy to explain by associating imaginary parts 𝛤 with inverse time of travel to the boundary of the
sample, and invoking exponential localization of eigenfunctions with characteristic length 𝜉.

Another result which is worth particular mentioning pertains to quasi-1D systems, such e.g. as wires of a finite transverse
diameter, big enough to support many transverse modes of wave propagation, but still small in comparison with the localization
length due to disorder. In contrast to strictly 1D chains, where the localization length 𝜉 and the mean-free path 𝑙 are typically of the
same order, in quasi-1D systems 𝑙 ≪ 𝜉 [61], which makes the classical diffusion along the wire possible on scales 𝑙 ≪ 𝐿 ≲ 𝜉. The
localization in quasi-1D systems attracted a lot of attention due to its relevance to the problem of quantum chaos [62], and related

1 We will set ℏ = 1 = 2𝑚 henceforth for brevity.
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Fig. 1. A sketch of ‘‘granulated metal’’ model. Granulas are situated in the sites of a regular lattice, and are assumed to be macroscopically identical but
microscopically different, each one containing its own random configuration of impurities. In the appropriate energy range wavefunctions inside each isolated
granula are assumed to be fully delocalized/ergodic, and energy levels described by Wigner–Dyson random matrix statistics. Tunnelling between neighbouring
granulas ensures a possibility of wavefunction spreading across the lattice sites. Depending on parameters this may either lead to a delocalization at macroscopic
distances, or to Anderson localization with finite localization length.

interest in a special class of random matrices known as Random Banded Matrices (RBM), see [63–65] for a discussion at the level
of Theoretical Physics and [66] for rigorous mathematical results.

The distribution of resonance widths in quasi-1D setting was first considered in quantum chaos context in [67], where
another powerlaw tail 𝜌(𝛤 ) ∝ 𝛤−3∕2 in the probability density has been numerically discovered and qualitatively explained using
(semi)classical arguments associating the resonance width with inverse time to reach the boundary via classical diffusion. To the
best of our knowledge, no controllable ab initio analytic derivation of such a behaviour was reported in the literature starting from
any microscopic model Hamiltonian, though the same tail has been later observed in several other models, see e.g. [68,69]. One
of the original motivations for the present work was to provide such a derivation on equal footing for both tails: 𝜌(𝛤 ) ∼ 𝛤−1

and 𝜌(𝛤 ) ∼ 𝛤−3∕2, starting from a well-defined microscopic model. We will see that this is indeed possible, with the derivation
simultaneously clarifying limits of applicability for the above semiclassical picture of escape to be operative, and pointing towards
yet another universal powerlaw tail: 𝜌(𝛤 ) ∼ 𝛤−2 for the larger range of width 𝛤 .

Results for statistics of resonances in higher dimensional disordered samples 𝑑 > 1, in particularly close to the Anderson transition
regime, remain largely numerical, see e.g. [68,70–74] for a discussion and further references.

As is commonly accepted nowadays, one of the most powerful and systematic approaches to addressing universal features of
wave propagation in a disordered medium, including Anderson localization phenomena, is based on exploiting the framework
of the supersymmetric nonlinear sigma model developed in the seminal works by Efetov [75] building on earlier ideas of
Wegner and collaborators [76,77]. In its discrete version the model describes interaction between supermatrices (i.e. matrices
with Grassmann/anticommuting/ fermionic and ordinary/commuting/bosonic entries) 𝑄(𝐫), satisfying constraints 𝑄2(𝐫) = 1 and
Str𝑄(𝐫) = 0 for every site located on a lattice 𝐫 ∈ L (or more generally, a graph 𝐫 ∈ G). Here Str stands for the standard
generalization of the trace to the case of supermatrices, carrying opposite signs for fermionic and bosonic degrees of freedom,
with the size of supermatrices involved depending on underlying symmetries of the Hamiltonian 𝐻 . In the present paper we are
going to consider only the simplest case of the Hamiltonians with fully broken time-reversal symmetry, denoted in the standard
nomenclature as class A with Dyson parameter 𝛽 = 2, where the supermatrices are of the size 4 × 4. Interaction between such
supermatrices at different sites 𝐫 is characterized by the action

𝑆[𝑄] = 𝛼
2
∑

𝐫∼𝐫′
Str

[

𝑄(𝐫)𝑄(𝐫′)
]

+
𝜋𝜂
𝛿

∑

𝐫∈L
Str [𝑄(𝐫)𝛬] (3)

where the supermatrix 𝛬 is diagonal and in our case of the broken time-reversal symmetry given by 𝛬 = diag(1, 1,−1,−1) in the so-
called retarded-advanced basis. The model (3) can be derived in a controlled way from either the so-called Wegner 𝑛-orbital version
of the Anderson model [76,77], or from its ‘‘banded matrix’’ version [64,65] (in that instance, even fully rigorously [78,79]), or,
perhaps more physically from the ‘‘granulated metal’’ model [75], sketched in Fig. 1.

For the latter model, the interaction parameter 𝛼 in the action (3) is proportional to tunnelling between coupled granulas, and
is related to the classical diffusion constant 𝐷 as 𝛼 = 𝜋𝜈𝐷𝑎𝑑−2, where 𝑎 stands for the granula size. The parameter 𝜂 > 0 is the
small imaginary increment of the energy necessary to make the (retarded) Green’s function of the underlying microscopic model
𝐺(𝐫, 𝐫′, 𝐸 + 𝑖𝜂) ∶=

⟨

𝐫 ||
|

(𝐸 + 𝑖𝜂 −𝐻)−1||
|

𝐫′
⟩

well-defined, and physically describes the spatially-uniform absorption rate inside the
medium. It is normalized by 𝛿 = 1∕𝜈𝑎𝑑 where 𝜈 is the density of states (DOS) per unit volume. Treatment of classical waves along
the same lines can be found, for example, in Ref. [4].

Although working with the lattice version Eq. (3) of the nonlinear 𝜎-model is quite natural, when describing a sample of
continuous disordered medium filling in a finite domain  ∈ R𝑑 of a characteristic size 𝐿 it is more convenient to consider the
corresponding continuum limit governed by the action

[𝑄] = −𝜋𝜈 ∫
Str

[𝐷
4
(∇𝑄)2 − 𝜂 𝑄𝛬

]

𝑑𝑑𝐫, (4)

where 𝜈 is the density of states per unit volume defining the mean level spacing 𝛥 = (𝜈𝐿𝑑 )−1 in a sample of size 𝐿, and 𝜂 is the
uniform absorption rate, which can be formally identified with the (twice) imaginary frequency. The action Eq. (4) can be obtained
3
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Fig. 2. A wave-guide with 𝑀 propagating channels coupled to a disordered medium.

from the lattice version Eq. (3) by allowing the lattice constant 𝑎 → 0 and formally identifying ∑

𝐫∈L = 𝑎−𝑑 ∫ 𝑑𝑑𝐫 in such a limit,
which e.g. gives for the interacting term

∑

𝐫∼𝐫′
Str

[

𝑄(𝐫)𝑄(𝐫′)
]

= −1
2
∑

𝐫∼𝐫′
Str

[

𝑄(𝐫) −𝑄(𝐫′)
]2 ≈ −𝑎2

2
∑

𝐫∈L
Str [∇𝑄(𝐫)]2

= −𝑎2−𝑑

2 ∫
Str [∇𝑄(𝐫)]2 𝑑𝑑𝐫

Note that all interesting wave interference phenomena (in particular, related to the Anderson localization) require presence of
both retarded and advanced Green’s function for their description, and at the level of nonlinear 𝜎-model this fact is reflected in
the structure of the supermatrices in their retarded-advanced basis, most prominently in 𝛬 having opposite sign in the upper-left
and bottom-right blocks. Calculation of various quantities characterizing universal features of statistics of eigenfunctions and energy
levels in disordered media can be reduced to studying expectations of various combinations of different supermatrices 𝑄(𝐫) over the
weight exp (−𝑆 [𝑄]) [75,80]. In particular, one of the central objects of the theory, the so called ‘‘order parameter function’’ (OPF)
introduced originally in Ref. [81] is defined as

𝐹𝐫 (𝑄; 𝜂) = ∫
∏

𝐫′≠𝐫
𝜇

(

𝑄′
𝐫
)

exp(−[𝑄]), (5)

where 𝜇
(

𝑄′
𝐫
)

is the standard volume element on the manifold of 𝑄 matrices. Due to global symmetries of the action (3), the
OPF can be shown to actually depend only on a few real Cartan variables parametrizing 𝑄 matrices. In particular, for 𝛽 = 2 one
has 𝐹𝐫 (𝑄; 𝜂) ∶=  (𝜆, 𝜆1; 𝜂), with 𝜆 ∈ [−1, 1] and 𝜆1 ∈ [1,∞] being the compact (fermionic) and non-compact (bosonic) coordinates,
respectively (we omitted spatial dependence on 𝐫 for brevity).

In the present paper we first aim at showing how to express in terms of the OPF Eq. (5) the density of the complex 𝑆-matrix
poles for the problem of a single multi-channel lead scattering from a disordered medium, see Fig. 2, and then to study the ensuing
resonance widths distribution in various parameter regimes.

Note that the OPF characterizes the closed system which (in the absence of absorption) conserves the number of particles, whereas
allowing particles/waves at a given energy to be sent via the lead to the random medium and then collecting the reflected waves
renders the medium open. We will see that a possibility to relate properties of open systems (in particular, the density of resonance
poles in the complex plane) to the characteristic of its closed counterpart is eventually based on the assumption of ‘‘locality’’ of the
lead, whose transverse extent is assumed to be much smaller than the mean-free path in the disordered medium, making the coupling
effectively point-wise at the level of 𝜎-model description. Still, even such point-wise lead may support arbitrary many propagation
channels, though we will be always assuming 𝑀 remaining negligible to the number of sites in the underlying tight-binding lattice L.

1.2. Overview and structure of the paper

Consider a model of random medium consisting of macroscopically identical but microscopically different metallic granules
associated to each site 𝐫 in a lattice or graph, and denote the associated Hamiltonian as 𝐻 which for simplicity we will consider
belonging to the symmetry class 𝛽 = 2. Assume that 𝐻 is characterized by 𝑁 energy levels 𝐸𝑛 with mean level spacing 𝛥 = 1∕[𝑁𝜈(𝐸)],
where the mean level density 𝜈(𝐸) around point 𝐸 of the spectrum is normalized in such a way that ∫ ∞

−∞ 𝜈(𝐸) 𝑑𝐸 = 1.
Consider now attaching a lead/waveguide supporting 𝑀 propagating channels at a given energy 𝐸 to one of such granula and

use it to send particles/waves at this energy to the random medium and collect the reflected waves. As a result of the coupling to
the lead each real energy level 𝐸𝑛 of a closed system is converted to a complex resonance pole 𝑛 = 𝐸𝑛 − 𝑖𝛤𝑛. The value for the
mean (i.e. disorder-averaged, denoted by angular brackets ⟨...⟩) density of such poles in the complex plane is given by

𝜌(𝐸, 𝛤 ) ∶=
⟨ 𝑁
∑

𝛿(𝐸 − 𝐸𝑛)𝛿
(

𝛤 − 𝛤𝑛
)

⟩

, (6)
4

𝑛=1
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normalized in such a way that ∫ ∞
0 𝑑𝛤 𝜌(𝐸, 𝛤 ) = 𝑁𝜈(𝐸), with 𝜈(𝐸) introduced above. Our goal is to develop the theory for evaluating

𝜌(𝐸, 𝛤 ), assuming 𝑁 → ∞ at a fixed number of channels 𝑀 , which otherwise remains an arbitrary positive integer. We will see that
to ensure a well-defined thermodynamic limit in some regimes may require rescaling resonance widths 𝛤 with their typical values.

In pursuit of this goal we will follow the framework of the standard (Heidelberg) model [10] which we briefly discuss in the
beginning of Section 2. The couplings between the lead and the disordered medium in such framework are characterized via the
effective coupling parameters 𝑔𝑎 = 2∕𝑇𝑎 − 1 ≥ 1 (𝑎 = 1,… ,𝑀) related to the Landauer transparencies 𝑇𝑎 = 1 − |

|

⟨𝑆𝑎𝑎⟩
|

|

2 which
characterize the 𝑀 ×𝑀 ensemble- (or energy-) averaged scattering matrix 𝑆(𝐸). For simplicity and clarity of the presentation we
will consider in the paper explicitly only the case of ‘‘equivalent channels’’ 𝑔𝑎 ∶= 𝑔, though extension to non-equivalent channels of
different coupling strength is not difficult to include.

Our main technical achievement amounts to explicitly relating the resonance density 𝜌(𝐸, 𝛤 ) to the Order Parameter Function
𝐹𝐫 (𝑄; 𝜂) ∶=  (𝜆, 𝜆1; 𝜂) defined in Eq. (5) for the medium with broken time-reversal symmetry (class A, 𝛽 = 2). Note that such OPF
depends on the energy 𝐸 via the mean level density, but we suppress this dependence for simplicity of notations. To demonstrate
he main relation we replace in the OPF  (𝜆, 𝜆1; 𝜂) the absorption/imaginary frequency parameter 𝜂 with the resonance width as
𝜂 → 𝛤 and define the function

𝛷(𝜆, 𝜆1;𝛤 ) ∶= 1
2𝜋

𝜕2

𝜕𝛤 2
𝜕𝑀−1

𝜕𝜆𝑀−1
1

 (𝜆, 𝜆1;𝛤 )
(𝜆1 − 𝜆)2

(7a)

by taking derivatives of the OPF with respect to the non-compact coordinate 𝜆1 and with respect to 𝛤 . Then the resonance density
is given by the following expression:

𝜌(𝐸, 𝛤 ) =
(−1)𝑀−1

2(𝑀 − 1)! ∫

1

−1
(𝑔 − 𝜆)𝑀 𝛷(𝜆, 𝑔;𝛤 ) 𝑑𝜆, (7b)

valid for a waveguide supporting 𝑀 identical scattering channels, each with the same coupling constant 𝑔𝑎 = 𝑔. Note that in the
above equation the coordinate 𝜆1 gets pinned, 𝜆1 → 𝑔. It therefore remains to integrate only over the compact coordinate 𝜆. Thus
the knowledge of the OPF for a closed system as a function of the finite uniform absorption rate 𝜂 fully determines the density of
resonances in the complex plane for its open counterpart.

A detailed derivation of Eqs. (7) is provided in Section 2.2. Here we only mention that it combines two essential ingredients:

• The recently discovered relation [36] between the density 𝜌(𝐸, 𝛤 ) and a complex-valued generalization [82] of the standard
Wigner time delay [83], see Eq. (17) in the present paper.

• A powerful relation between the OPF and the mean density of complex eigenvalues 𝐾𝑐 , 𝑐 = 1,… ,𝑀 of the so-called Wigner
𝐾-matrix, see [84] for its derivation and discussion. The latter matrix is related to the scattering 𝑆-matrix via the matrix
Cayley transform as 𝑆 = (1 − 𝑖𝐾)∕(1 + 𝑖𝐾) and in the context of electromagnetic wave scattering also has a meaning of the
impedance matrix, see e.g. [85]. Note that the relation between the OPF and the mean density of Wigner matrix eigenvalues
generalizes a well-known relation between the OPF and the joint probability density (𝑢, 𝑣) of real 𝑢 and complex 𝑣 parts of
the local Green’s function 𝐺(𝐫, 𝐫, 𝐸 + 𝑖𝜂) = 𝑢 − 𝑖𝑣 [86,87].

The following remark is appropriate here. The derivation of the relations Eq. (17) in [36] proceeded under an assumption of
separation of energy scales: namely, the mean level density 𝜈(𝐸) was assumed to stay constant for changes of energy comparable
with 𝛤 . As the result, the ensuing relations Eqs. (7) for the distribution of resonance widths are valid for 𝛤 small in comparison with
characteristic energies governing the DOS behaviour, such as e.g. widths of the spectrum in the random matrix model. For all the
physical models we are interested in such separation does have place; e.g. typical scale for the resonance widths 𝛤 in the ergodic
sample of finite volume is the associated mean level spacing 𝛥, which is the smallest energy scale in such systems. At the same time
in the Anderson-localized regime and in the infinite volume limit, with 𝛥 formally vanishing, the relevant scale for resonance widths
is given instead by the mean level spacing 𝛥𝜉 corresponding to the localization volume. In the domain of validity of the nonlinear
𝜎−model approximation 𝛥𝜉 remains a parametrically small energy scale. To summarize, presence of different small energy scales
necessitates different types of rescaling of 𝛤 in the ergodic and localized regimes, to arrive at the finite expressions for resonance
density in the thermodynamic limit.

Eqs. (7) reduce the analysis of the mean density of the resonance poles in the framework of nonlinear 𝜎-model to exploiting the
knowledge of the functional dependence of the OPF on its parameters. In Section 3 of the paper we analyse various cases where such
knowledge is available. We will mainly concentrate on particular on the ‘‘perfect coupling’’ limit when 𝑔 = 1, corresponding to the
vanishing mean ⟨𝑆𝑎𝑎(𝐸)⟩ = 0, and accounting for the fully open channels in the leads. The latter condition physically corresponds to
the absence of the so-called fast ‘‘direct reflection’’ processes, so that all the incoming flux penetrates the medium and participates in
the formation of long-living resonances, see Refs. [2,11] for a discussion and further references. Finally in Section 4 we summarize
the outcome of our analysis and briefly discuss the results.

2. Derivation of the main relation for the mean resonance density, Eq. (7)

2.1. A short reminder on the Heidelberg model

An efficient way of describing scattering of classical or quantum waves, especially convenient in the case of random medium
Hamiltonians whose statistical properties can be mapped to a non-linear sigma-model, has been formulated in Ref. [10], see e.g. [17]
5
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Fig. 3. A sketch of a chaotic wave scattering from a region schematically represented by a cavity and assumed to contain a random medium inside. An operator
governing wave dynamics in such a cavity decoupled from the channels is assumed to be effectively described by a large random matrix 𝐻 . An infinite lead is
assumed to support 𝑀 propagating channels in the considered energy range, and is coupled to the cavity region by a matrix/operator 𝑊 . The ensuing 𝑀 ×𝑀
unitary scattering matrix 𝑆 can be related to 𝐻 and 𝑊 in the framework of the Heidelberg approach, and is given by Eq. (8).

for more detail. Within such a framework, which is frequently called in the literature the ‘‘Heidelberg model’’, one constructs the
unitary (in the absence of absorption, 𝜂 = 0) 𝑀×𝑀 energy-dependent scattering matrix 𝑆(𝐸) describing scattering of waves incident
on a random medium and then exiting it via 𝑀 open scattering channels, which in case of electromagnetic waves are associated
with 𝑀 antennae, see the sketch in Fig. 3.

Unitarity reflects the flux conservation: the vectors 𝐚 = (𝑎1,… , 𝑎𝑀 ) of incoming and 𝐛 = (𝑏1,… , 𝑏𝑀 ) of outgoing amplitudes are
linearly related via 𝐛 = 𝑆𝐚 and have the same norm. The medium is considered to be confined to a spatial domain  and described
by a self-adjoint Hamiltonian 𝐻 , e.g. Eq. (1) or its tight-binding analogue Eq. (2), as discussed in the Introduction. The latter case
is convenient as allows one to think of such a Hamiltonian as described by a large 𝑁 ×𝑁 random matrix 𝐻 , but a similar effective
description is equally valid for the continuum version, in an appropriate energy range and after due modifications. The relation
between 𝑆(𝐸) and 𝐻 is then provided by the following formula

𝑆(𝐸) = 𝟏 − 𝑖𝐾
𝟏 + 𝑖𝐾

, 𝐾 = 𝑊 † 1
𝐸 −𝐻

𝑊 (8)

and columns 𝑊𝑎 (𝑎 = 1,… ,𝑀) of an 𝑁 ×𝑀 matrix 𝑊 of coupling amplitudes to 𝑀 open scattering channels can be taken as fixed
vectors satisfying the orthogonality condition:

𝑁
∑

𝑖=1
𝑊 ∗

𝑎𝑖𝑊𝑏𝑖 = 𝛾𝑎𝛿𝑎𝑏, (9)

with 𝛾𝑎 > 0 ∀𝑎 = 1,… ,𝑀 determining the ‘‘bare’’ strength of coupling of a given channel to the scattering system. The orthogonality
condition ensures that the ensemble-averaged scattering matrix can be assumed to be diagonal,2 as long as the scattering system
allows effective description in the nonlinear sigma-model framework:

⟨𝑆(𝐸)⟩ = diag(⟨𝑆1(𝐸)⟩,… , ⟨𝑆𝑀 (𝐸)⟩), ⟨𝑆𝑎(𝐸)⟩ =
1 − 𝑖𝛾𝑎⟨𝐺⟩

1 + 𝑖𝛾𝑎⟨𝐺⟩

, (10)

where we introduced ⟨𝐺⟩ ∶= lim𝜂→0⟨𝐺(𝐫, 𝐫, 𝐸 + 𝑖𝜂)⟩ = ⟨𝑢⟩ − 𝑖𝜋𝜈(𝐸), with 𝜈(𝐸) being the mean density of states in the disordered
medium. Writing ⟨𝐺⟩ = |⟨𝐺⟩|𝑒−𝑖𝛼 and defining �̃�𝑎 ∶= 𝛾𝑎|⟨𝐺⟩| one finds

|⟨𝑆⟩𝑎|
2 =

1 − 2 sin 𝛼 �̃�𝑎 + �̃�2𝑎
1 + 2 sin 𝛼 �̃�𝑎 + �̃�2𝑎

(11)

implying

𝑔𝑎 =
1 + |⟨𝑆𝑎(𝐸)⟩|2

1 − |⟨𝑆𝑎(𝐸)⟩|2
= 1

2 sin 𝛼

(

�̃�𝑎 +
1
�̃�𝑎

)

≥ 1. (12)

The set of parameters 𝑔𝑎, 𝑎 = 1,… ,𝑀 provides the complete description of coupling of the medium to scattering channels in the
universal regime, with the ‘‘perfect coupling’’ value 𝑔𝑎 = 1 (happening when sin 𝛼 = 1 and �̃�𝑎 = 1) corresponding to |⟨𝑆𝑎⟩| = 0. The
latter condition physically implies absence of short-time (also known as ‘‘direct’’) scattering processes at the channel 𝑎 entrance: all
the incoming flux penetrates inside the medium and participates in formation of long-living resonant structures. This situation is
thus most interesting from theoretical point of view, and is frequently described by most elegant formulas.

Equivalently, entries 𝑆𝑎𝑏(𝐸) of the scattering matrix given by (8) can be rewritten as

𝑆𝑎𝑏(𝐸) = 𝛿𝑎𝑏 − 2𝑖
∑

𝑖𝑗
𝑊 ∗

𝑎𝑖

[

1
𝐸 −eff

]

𝑖𝑗
𝑊𝑗𝑏, (13)

with an effective non-Hermitian Hamiltonian

eff = 𝐻 − 𝑖𝛤 , 𝛤 = 𝑊𝑊 † ≥ 0 (14)

2 In fact, there is no reduction of generality in assuming 𝑆-matrix diagonality, see e.g. [88] and no much gain in dispensing with the channel orthogonality,
6

see e.g. appendix A in [89].
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whose 𝑁 complex eigenvalues 𝑛 = 𝐸𝑛 − 𝑖𝛤𝑛 provide poles of the scattering matrix in the complex energy plane, commonly referred
o as the resonances. The goal of this paper is precisely to describe density of these poles in the complex plane.

.2. Derivation of Eq. (7)

We recall that the scattering matrix 𝑆(𝐸) as defined in (8) or (13) is unitary as long as the energy parameter 𝐸 is kept real. For
our goals it is however expedient to introduce a finite absorption rate 𝜂 > 0 inside the scattering region, which formally amounts
to replacing 𝐸 → 𝐸 + 𝑖𝜂 in the definition of the 𝑆-matrix. Such replacement immediately renders 𝑆-matrix subunitary, reflecting
the induced irretrievable flux absorption inside the medium. Although originally introducing the absorption parameter 𝜂 into the
model has been motivated by practical needs to describe realistic experiments where losses can never be avoided, recently it was
realized [36] that such parameter may be used for counting 𝑆-matrix poles, both theoretically and experimentally. Note also that
the substitution 𝐸 → 𝐸 + 𝑖𝜂 implies that the 𝑀 × 𝑀 matrix 𝐾 defined in Eq. (8) becomes now non-Hermitian: 𝐾† ≠ 𝐾, and its
eigenvalues 𝐾𝑎 become in general complex-valued.

Given such subunitary 𝑀-channel scattering matrix 𝑆(𝐸+ 𝑖𝜂), one now may follow [82] and define the complex-valued quantity

𝜏𝑊 (𝐸, 𝜂) = −𝑖 𝜕
𝜕𝐸

log det 𝑆(𝐸 + 𝑖𝜂) ≡ 𝜕
𝜕𝜂

log det 𝑆(𝐸 + 𝑖𝜂), (15)

The quantity 𝜏𝑊 (𝐸, 𝜂) is obviously a complex-valued generalization of the standard Wigner time delay, and reduces to it for 𝜂 → 0
[4]. As has been found in [36] a direct relation exists between the mean resonance density defined in Eq. (6) and the above-defined
𝜏𝑊 (𝐸, 𝜂). In fact, the paper [36] used a rescaled version of the resonance density defined as

𝜌𝐸 (𝑦) ∶= 𝛥
⟨ 𝑁
∑

𝑛=1
𝛿(𝐸 − 𝐸𝑛)𝛿

(

𝑦 − 2𝜋𝛤𝑛∕𝛥
)

⟩

, (16)

where we switched to the widths measured in the units of the mean level spacing 𝛥 at a given energy, 𝑦 = 2𝜋𝛤∕𝛥. Note that such a
density is now normalized differently: ∫ ∞

−∞ 𝜌𝐸 (𝑦) 𝑑𝑦 = 1 independent of the energy 𝐸. In these terms the relation between 𝜏𝑊 (𝐸, 𝜂)
and 𝜌𝐸 (𝑦) reads as [36]:

Re ⟨𝜏𝑊 (𝐸, 𝜂)⟩ = 2𝜋
𝛥 ∫

∞

�̃�
𝜌𝐸 (𝑦) 𝑑𝑦 , (17)

where �̃� is the absorption measured in the units of mean level spacing: �̃� ∶= 2𝜋𝜂
𝛥 . Using Eqs. (15) and (17) one then arrives to the

ollowing representation for the mean rescaled resonance density:

𝜌𝐸 (𝑦) = − 𝜕2

𝜕𝑦2

⟨

log
|

|

|

|

det 𝑆
(

𝐸 + 𝑖𝑦 𝛥
2𝜋

)

|

|

|

|

⟩

. (18)

e see that the absorption 𝜂 get replaced by the resonance widths 𝛤 = 𝑦 𝛥
2𝜋 > 0. Now, using Eq. (8) we further see that

log
|

|

|

|

det 𝑆
(

𝐸 + 𝑖𝑦 𝛥
2𝜋

)

|

|

|

|

=
𝑀
∑

𝑎=1
log

|

|

|

|

1 − 𝑖𝐾𝑎
1 + 𝑖𝐾𝑎

|

|

|

|

= ∫ 𝜌𝑀
(

Re𝐾, Im𝐾; 𝑦 𝛥
2𝜋

)

log
|

|

|

|

1 − 𝑖𝐾
1 + 𝑖𝐾

|

|

|

|

𝑑2𝐾, (19)

where we introduced the density

𝜌𝑀 (Re𝐾, Im𝐾; 𝜂) =
𝑀
∑

𝑎=1
𝛿
(

Re𝐾 − Re𝐾𝑎
)

𝛿
(

Im𝐾 − Im𝐾𝑎
)

(20)

f the complex eigenvalues 𝐾𝑎 = Re𝐾𝑎−𝑖 Im𝐾𝑎, ∀𝑎 = 1,… ,𝑀 of the (non-Hermitian) 𝐾-matrix defined via (8) at the complex energy
+ 𝑖𝜂. Here we explicitly indicate the dependence on the parameter 𝜂, recalling again that 𝜂 should be eventually replaced by the

esonance widths 𝛤 = 𝑦 𝛥
2𝜋 > 0. Thus, to evaluate the mean resonance density 𝜌𝐸 (𝑦) one needs to know the ensemble-averaged value

⟨𝜌𝑀 (Re𝐾, Im𝐾; 𝜂)⟩ for a given 𝜂. The consideration so far has been pretty general and can be applied to any microscopic model of
a disordered medium described by a Hamiltonian matrix 𝐻 , assuming validity of the Heidelberg construction (8) for the 𝑆-matrix,
without any reference to a nonlinear 𝜎-model.

The power of nonlinear 𝜎-model description lies in our ability to provide an explicit representation of the mean density
⟨𝜌𝑀 (Re𝐾, Im𝐾; 𝜂)⟩ of 𝐾-matrix eigenvalue in terms of the Order Parameter Function  (𝜆, 𝜆1; 𝜂). For simplicity and clarity of
the ensuing formulas we consider below only the so-called case of equivalent channels, with 𝛾𝑎 = 𝛾 for all 𝑎 = 1,… ,𝑀 , and
further tacitly assume that ⟨𝐺⟩ = −𝑖 so that 𝛾 = �̃�. The latter condition is well-known to hold, for example, at the middle of the
semicircular spectrum of random matrix Hamiltonians representing Wegner gauge-invariant 𝑛-orbital model. In such a case one can
write 𝐾𝑎 = 𝛾𝐺𝑎, with 𝐺𝑎 = 𝑢𝑎 − 𝑖𝑣𝑎, and then show that the associated mean density

𝜌𝑀 (𝑢, 𝑣; 𝜂) ∶=

⟨ 𝑀
∑

𝛿
(

𝑢 − 𝑢𝑎
)

𝛿
(

𝑣 − 𝑣𝑎
)

⟩

(21)
7

𝑎=1
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𝑔

can be represented as

𝜌𝑀 (𝑢, 𝑣; 𝜂) =
𝑃0(𝑥)
4𝜋𝑣2

, 𝑃0(𝑥) =
𝑑
𝑑𝑥

(𝑥2 − 1) 𝑑
𝑑𝑥

𝜙𝑀 (𝑥), (22)

where we denoted 𝑥 = 𝑢2+𝑣2+1
2𝑣 > 1 and defined

𝜙𝑀 (𝑥) =
(−1)𝑀−1

(𝑀 − 1)! ∫

1

−1
(𝑥 − 𝜆)𝑀 𝜕𝑀−1

𝜕𝑥𝑀−1

[

 (𝜆, 𝑥; 𝜂)
(𝑥 − 𝜆)2

]

𝑑𝜆. (23)

For 𝑀 = 1 the expression above is well-known, see [86], and provides the joint probability density (𝑢, 𝑣) of real 𝑢 and complex 𝑣
parts of the diagonal element 𝐺(𝐫, 𝐫, 𝐸 + 𝑖𝜂) = 𝑢 − 𝑖𝑣 of the Green’s function (to which the 𝐾-matrix is proportional in 𝑀 = 1 case)
in terms of the OPF. For a general integer number of channels 𝑀 ≥ 1 the expressions (22)–(23) can be derived by generalizing the
pproach suggested in [87], and the corresponding calculation is presented elsewhere [84]. Note that especially simple form of the
elation between 𝜙𝑀 (𝑥) and OPF  (𝜆, 𝑥; 𝜂) in (23) is specific for systems with broken time reversal invariance (class A, 𝛽 = 2). For

preserved time-reversal invariance (class AI, 𝛽 = 1), the relation has exactly the same functional form, but explicit expression for
𝜙𝑀 (𝑥) in terms of the corresponding OPF is considerably more complicated [87].

Having (22)–(23) at our disposal, the calculation of the resonance density starts with rewriting in the integrand of (19)

|

|

|

|

1 − 𝑖𝐾
1 + 𝑖𝐾

|

|

|

|

=
|

|

|

|

1 − 𝑖𝛾(𝑢 − 𝑖𝑣)
1 + 𝑖𝛾(𝑢 − 𝑖𝑣)

|

|

|

|

2
=

1
2𝑣 (1 − 𝛾2) − 𝛾 + 𝛾2 𝑥
1
2𝑣 (1 − 𝛾2) + 𝛾 + 𝛾2 𝑥

, (24)

which allows further to rewrite (18) in terms of 𝜌𝑀 (𝑢, 𝑣; 𝜂) for a fixed absorption 𝜂 > 0 as

𝜌𝐸 (𝑦) = −1
2

𝜕2

𝜕𝑦2 ∫

∞

−∞
𝑑𝑢∫

∞

0
𝑑𝑣 𝜌𝑀 (𝑢, 𝑣; 𝜂) log

1
2𝑣 (1 − 𝛾2) − 𝛾 + 𝛾2 𝑥
1
2𝑣 (1 − 𝛾2) + 𝛾 + 𝛾2 𝑥

. (25)

Substituting (22) into (25) it is convenient first to pass from 𝑢2 to 𝑥 and from 𝑣 to 1∕𝑣 as integration variables, yielding the
resonance density in the form

𝜌𝐸 (𝑦) = − 1
4𝜋

𝜕2

𝜕𝑦2 ∫

∞

1
𝑑𝑥𝑃0(𝑥)𝐽𝛾 (𝑥), (26)

with 𝐽𝛾 (𝑥) defined as

𝐽𝛾 (𝑥) = ∫

𝑣+

𝑣−

𝑑𝑣
√

(𝑣 − 𝑣−)(𝑣+ − 𝑣)
log

𝑣
2 (1 − 𝛾2) − 𝛾 + 𝛾2 𝑥
𝑣
2 (1 − 𝛾2) + 𝛾 + 𝛾2 𝑥

, (27)

where we denoted 𝑣± = 𝑥±
√

𝑥2 − 1. Using the relation (22) between 𝑃0(𝑥) and 𝜙𝑀 (𝑥) and the fact that 𝐽𝛾 (𝑥 → ∞) → 0 one can use
ntegration by parts yielding

∫

∞

1
𝑑𝑥𝑃0(𝑥)𝐽𝛾 (𝑥) = −∫

∞

1
𝑃0(𝑥)

𝜕
𝜕𝑥

𝐽𝛾 (𝑥) 𝑑𝑥, 𝑃0(𝑥) = (𝑥2 − 1) 𝑑
𝑑𝑥

𝜙𝑀 (𝑥). (28)

To evaluate 𝜕
𝜕𝑥𝐽𝛾 (𝑥) one first changes 𝑣 = 𝑣−+(𝑣+−𝑣−)

1+cos 𝜃
2 , 𝜃 ∈ [0, 𝜋] which after introducing the effective coupling parameter

= 1
2 (𝛾 + 𝛾−1) so that

√

𝑔2 − 1 = 1
2
|

|

|

𝛾 − 𝛾−1||
|

allows to bring the integral over 𝑣 in (26) to the form

𝐽𝛾 (𝑥) = ∫

𝜋

0
𝑑𝜃 log

−1 + 𝑔𝑥 +
√

(𝑔2 − 1)(𝑥2 − 1) cos 𝜃

1 + 𝑔𝑥 +
√

(𝑔2 − 1)(𝑥2 − 1) cos 𝜃
. (29)

Now one can use the formula ∫ 𝜋
0

𝑑𝜃
𝑎+𝑏 cos 𝜃 = 𝜋∕

√

𝑎2 − 𝑏2, |𝑎| > |𝑏| and find after straightforward manipulations that

𝜕
𝜕𝑥

𝐽𝛾 (𝑥) =
2

𝑥2 − 1
×

{

1, if 𝑥 > 𝑔;
0, otherwise;

(30)

which after substituting into (28) gives

∫

∞

1
𝑑𝑥𝑃0(𝑥)𝐽𝛾 (𝑥) = −2∫

∞

𝑔
𝑑𝑥 𝑑

𝑑𝑥
𝜙𝑀 (𝑥) = 2𝜙𝑀 (𝑔) (31)

using  (𝜆, 𝑥; 𝜂) → 0 as 𝑥 → ∞. Eq. (31) when combined with the definition of 𝜙𝑀 (𝑥) in (23) yields upon substituting to (26) the
relation

𝜌𝐸 (𝑦) =
(−1)𝑀−1

2(𝑀 − 1)! ∫

1

−1
(𝑔 − 𝜆)𝑀 𝜕𝑀−1

𝜕𝑥𝑀−1

⎡

⎢

⎢

⎣

𝜕2

𝜕𝑦2
 (𝜆, 𝑥; 𝑦)

(𝑥 − 𝜆)2

⎤

⎥

⎥

⎦𝑥=𝑔

𝑑𝜆. (32)

Taking into account the rescaling 𝑦 = 2𝜋𝛤∕𝛥 and the definitions Eqs. (6) and (16) it easy to see that Eq. (32) is equivalent to the
main formula Eq. (7b) for the mean resonance density.
8
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Fig. 4. A sketch of the ‘‘quasi-1D’’ model. The left part in grey represents an infinite-length ideal lead supporting 𝑀 propagating modes. The disordered part
is of a finite length 𝐿 and contains finite concentration of random impurities inside.

3. Analysis of the resonance widths distribution in particular cases

In this section we aim to discuss various particular cases, providing explicit expressions for the mean rescaled resonance density
in disordered systems of spatial dimensions 0 ≤ 𝑑 ≤ 3, in the range of parameters amenable to analytical treatment. For brevity, we
suppress the energy dependence and write 𝜌(𝑦) instead of 𝜌𝐸 (𝑦).

3.1. Zero-dimensional (0D) limit

The simplest case is that of a disordered medium represented by a fully ergodic RMT-like system, which physically corresponds
to a single metallic granula with fully delocalized eigenstates. Such systems, conventionally called ‘‘zero-dimensional’’, are
characterized by the OPF given explicitly in the case of fully broken time-reversal invariance by [75]

 (𝜆, 𝜆1; 𝜂) = 𝑒−(2𝜋𝜂∕𝛥)(𝜆1−𝜆) (33)

implying via Eq. (32) the resonance density of the form

𝜌(0D)(𝑦) =
(−1)𝑀𝑦𝑀−1

(𝑀 − 1)!
𝜕𝑀

𝜕𝑦𝑀

(

𝑒−𝑦𝑔
sinh 𝑦
𝑦

)

, (34)

obtained originally by a different method in Ref. [16]. In the perfect coupling limit, this resonance density has a maximum at
𝑦 ≈ 𝑀∕2, with a tail 𝜌(0D)(𝑦) ≈ 𝑀∕2𝑦2 at 𝑦 > 𝑀∕2. This formula has been confirmed numerically [37] and, more recently,
experimentally [36] in chaotic wave scattering from microwave graphs and also validated in accurate numerical simulations of
resonances in realistic physical models, e.g. in Stark–Wannier systems subject to time-periodic fields [38].

3.2. Quasi-1D systems: transfer-matrix method

We will consider quasi-1D samples, which physically describe the disordered wires with transverse dimension much larger than
the mean-free path (so that the transverse diffusion is locally possible) but still much smaller than the localization length, so that
there is full wavefunction ergodization in the transverse direction. At one end the sample will be assumed to be closed/isolated
(Dirichlet boundary conditions), whereas at the opposite end attached to an infinite-length ideal lead supporting 𝑀 propagating
modes, see the sketch in Fig. 4.

As is well-known since the early work [61], the disordered segment is described in the nonlinear 𝜎-model framework by the action
Eq. (4), with the domain  specified as the interval 𝑟 ∈ [0, 𝐿]. Such one-dimensional geometry allows one to find the OPF 𝐹𝐫 (𝑄; 𝜂)
via a certain transfer matrix procedure in terms of a function 𝛹 (𝑄) satisfying the following imaginary-time evolution equation

𝜕𝛹
𝜕𝑡

= −𝛹, (35)

with the role of time 𝑡 played by the appropriately scaled coordinate 𝑟 along the system (measured in units of the localization
length 𝜉). The evolution equation should be supplemented in the chosen geometry with the initial condition 𝛹 (𝑄) = 1 at 𝑡 = 0 which
corresponds physically to the condition of one closed edge of a quasi-1D sample. In the unitary symmetry case under consideration
the function 𝛹 (𝑄) depends only on the compact Cartan variable 𝜆 ∈ [−1, 1] and non-compact 𝜆1 ∈ [1,∞), which results in the
transfer-matrix Hamiltonian  which we will write, see e.g. Eq. (9) of [90], as

 = −(𝜆1 − 𝜆)2
[

𝜕
𝜕𝜆1

𝜆21 − 1

(𝜆1 − 𝜆)2
𝜕
𝜕𝜆1

+ 𝜕
𝜕𝜆

1 − 𝜆2

(𝜆1 − 𝜆)2
𝜕
𝜕𝜆

]

+ 𝛤
𝛥𝜉

(𝜆1 − 𝜆), (36)

where for the problem of resonance statistic we replaced 𝜔 → 2𝑖𝛤 , and introduced 𝛥𝜉 = (4𝜋2𝐷𝜈2)−1 = 𝐷∕𝜉2 for the mean level
spacing in the samples with length 𝐿 equal to the localization length 𝜉 = 2𝜋𝜈𝐷.

The specific reflection problem we are going to consider explicitly is such that the M-channel lead supporting incoming and
outgoing waves is attached to one of the ends of the sample, which we associate with the coordinate 𝑥 = 𝐿, with the other end at
𝑟 = 0 being purely reflecting/isolated, see again Fig. 4. According to our general formula, Eq. (7) or Eq. (32), expression for the
resonance density requires the knowledge of the OPF at the point 𝑟 = 𝐿, which in the present scattering geometry simply coincides
with the solution 𝛹 (𝜆, 𝜆1) of the transfer matrix Eq. (35), explaining the particular convenience of our choice. Note that in a more
general situation, with a lead attached (e.g. transversely to the sample) at an intermediate point 0 < 𝑟 < 𝐿, the corresponding
OPF will be related to the product of transfer-matrix solutions 𝛹 obtained for intervals [0, 𝑟] and [0, 𝐿 − 𝑟], correspondingly. This
will make the actual calculation technically slightly more involved, though still possible. As we expect all essential features of
9
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quasi-1D scattering to be qualitatively similar irrespective of the point of lead attachment, we concentrate on the simplest geometry
henceforth.

In general, for arbitrary 𝑡 the explicit analytical solution of the transfer-matrix Eq. (35) is not yet known. The progress is possible
in two opposite limiting cases: (i) of a very long, essentially semi-infinite sample, with the sample length 𝐿 much exceeding the
localization length 𝜉 and (ii) of a short metallic sample, with 𝐿 ≪ 𝜉. We start with analysis of the former case, briefly describing
the latter in the end of this section.

3.2.1. Semi-infinite quasi 1D sample
Our analysis in this case will be based on the results obtained originally in the work [90], see also [91]. There the so called

‘‘zero mode’’ solution 𝛹0(𝜆, 𝜆1) satisfying 𝛹0 = 0 has been found explicitly:

𝛹0(𝜆, 𝜆1) = 𝐾0(𝑝)𝑞𝐼1(𝑞) + 𝑝𝐾1(𝑝)𝐼0(𝑞), (37)

with

𝑝 = 𝜅
√

(𝜆1 + 1)∕2, 𝑞 = 𝜅
√

(𝜆 + 1)∕2, (38)

where we defined

𝜅 =
√

8𝛤∕𝛥𝜉 . (39)

It is clear that such stationary solution corresponds to 𝑡 → ∞ and dominates, with exponential accuracy, in the limit of long enough
sample lengths: 𝐿 ≫ 𝜉. We now proceed with analysing its implications for the resonance statistics in such a limit, relying on
Eq. (32).

To this end, it turns out to be convenient to write the resonance density 𝜌𝐸 (𝑦) as 𝜌(𝑀)(𝑦), indicating explicitly the number of
open channels 𝑀 , and to define the following generating function:

(𝛼) =
∞
∑

𝑀=1
𝜌(𝑀)(𝑦)𝛼𝑀 , (40)

which can be easily computed using Eq. (32) as

(𝛼) = 𝛼
2 ∫

1

−1
𝑑𝜆 (𝑔 − 𝜆)

∞
∑

𝑚=0

[−𝛼(𝑔 − 𝜆)]𝑚

𝑚!
𝜕𝑚

𝜕𝑥𝑚

⎡

⎢

⎢

⎣

𝜕2

𝜕𝑦2
 (𝜆, 𝑥; 𝑦)

(𝑥 − 𝜆)2

⎤

⎥

⎥

⎦𝑥=𝑔

= 𝛼
2 ∫

1

−1
𝑑𝜆 (𝑔 − 𝜆)

𝜕2

𝜕𝑦2
 (𝜆, 𝑥′; 𝑦)

(𝑥′ − 𝜆)2
= 𝛼

2(1 − 𝛼) ∫

1

−1
𝑑𝜆

𝜕2

𝜕𝑦2
 (𝜆, 𝑥′; 𝑦)

(𝑥′ − 𝜆)
, (41)

here we used 𝑚 = 𝑀 − 1 and introduced

𝑥′ = 𝑔 − 𝛼(𝑔 − 𝜆) = (1 − 𝛼)𝑔 + 𝛼𝜆, hence (𝑔 − 𝜆)
(𝑥′ − 𝜆)

= 1
1 − 𝛼

. (42)

As has been discussed, for the reflection geometry with the lead attached to only one end of a quasi-1D semi-infinite sample one
can write  (𝜆, 𝑥; 𝑦) = 𝛹0(𝜆, 𝑥), with identifying 𝑦 = 2𝜋𝛤∕𝛥. The relation (39) implies 𝑦 = 𝜋𝛥𝜉

4𝛥 𝜅2 hence

𝜕
𝜕𝑦

 (𝜆, 𝑥; 𝑦) = 2𝛥
𝜋𝛥𝜉

1
𝜅

𝜕
𝜕𝜅

 (𝜆, 𝑥; 𝑦). (43)

Now using the standard Bessel functions relations, see e.g. 8.486 in [92]:
𝑑
𝑑𝑞

𝐼0(𝑞) = 𝐼1(𝑞),
𝑑
𝑑𝑝

𝐾0(𝑝) = −𝐾1(𝑝),
𝑑
𝑑𝑞

[

𝑞𝐼1(𝑞)
]

= 𝑞𝐼0(𝑞),
𝑑
𝑑𝑞

[

𝑝𝐾1(𝑝)
]

= −𝑝𝐾0(𝑝)

as well as 𝜕𝑝
𝜕𝜅 = 𝑝∕𝜅 and 𝜕𝑞

𝜕𝜅 = 𝑞∕𝜅 we find from (37):

𝜕
𝜕𝜅

𝛹0(𝜆, 𝜆1) =
𝑞2 − 𝑝2

𝜅
𝐾0(𝑝)𝐼0(𝑞) = −𝜅

2
(𝜆1 − 𝜆)𝐾0(𝑝)𝐼0(𝑞) (44)

giving
𝜕
𝜕𝑦

 (𝜆, 𝑥; 𝑦) = − 𝛥
𝜋𝛥𝜉

(𝑥 − 𝜆)𝐾0(𝑝)𝐼0(𝑞), (45)

which when substituted to (41) implies for the generating function the following explicit representation:

(𝛼) = −
(

2𝛥
𝜋𝛥𝜉

)2 1
𝜅

𝜕
𝜕𝜅

,  = 𝛼
1 − 𝛼 ∫

𝜅

0

1
𝜅2

𝐾0(𝑝′)𝐼0(𝑞)𝑞 𝑑𝑞, (46)

here we changed in the integral from 𝜆 ∈ [−1, 1] to 𝑞 ∈ [0, 𝜅] by 𝜆 = 2 𝑞2

𝜅2
− 1 and introduced

𝑝′ = 𝜅
√

1 + 𝑥′ =
√

𝛼𝑞2 + (1 − 𝛼)𝑝2, with 𝑝 = 𝜅
√

1 + 𝑔 (47)
10
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as implied by (38) and (42).
At the next step we use the standard integral representation for the Macdonald function 𝐾0(𝑝′), see e.g. 8.432.7 in [92], and find

hat it is more convenient to work with the following representation:

 = 𝛼
1 − 𝛼 ∫

𝜅

0

𝑑𝑞 𝑞
𝜅2

𝐼0(𝑞)∫

∞

0

𝑑𝑡
2𝑡

exp
[

−
𝑡 + [𝑝2 − 𝛼(𝑝2 − 𝑞2)]∕𝑡

2

]

=
∞
∑

𝑀=1
𝑀𝛼𝑀 . (48)

Upon further rescaling 𝑡 by 𝑝:

 = 𝛼
1 − 𝛼 ∫

𝜅

0

𝑑𝑞 𝑞
𝜅2

𝐼0(𝑞) ∫

∞

0

𝑑𝑡
2𝑡

exp
[

−𝑝
𝑡 + 1∕𝑡

2

]

exp
[

𝛼(𝑝2 − 𝑞2)
2𝑝𝑡

]

(49)

nd further using

𝛼
1 − 𝛼

𝑒𝛼𝜉 =
∞
∑

𝑘=1

∞
∑

𝑛=0
𝛼𝑘

𝛼𝑛𝜉𝑛

𝑛!
=

∞
∑

𝑀=1
𝛼𝑀

𝑀−1
∑

𝑛=0

𝜉𝑛

𝑛!
(50)

we can readily extract from (49) the required 𝑀 coefficient defined in (48) as:

𝑀 = ∫

𝜅

0

𝑑𝑞 𝑞
𝜅2

𝐼0(𝑞)∫

∞

0

𝑑𝑡
2𝑡

𝑀−1
∑

𝑛=0

1
𝑛!

(𝑝2 − 𝑞2)𝑛

(2𝑝𝑡)𝑛
exp

[

−𝜅
𝑡 + 1∕𝑡

2

]

. (51)

Upon evaluating the integral over 𝑡 in terms of the Macdonald function one then arrives to a convenient representation for the
density of resonances:

𝜌(𝑀)(𝑦) = −
(

2𝛥
𝜋𝛥𝜉

)2 1
𝜅

𝜕
𝜕𝜅

𝑀 , 𝑀 = ∫

𝜅

0

𝑑𝑞 𝑞
𝜅2

𝑀−1
∑

𝑛=0

1
𝑛!

(𝑝2 − 𝑞2)𝑛

(2𝑝)𝑛
𝐾𝑛(𝑝)𝐼0(𝑞). (52)

ecalling the relations 𝛥𝜉 = 𝐷∕𝜉2 and 𝜉 = 2𝜋𝜈𝐷 we also see that

2𝛥
𝜋𝛥𝜉

= 2
𝜋

𝜉2

𝜈𝐿𝐷
= 8𝜋𝜈𝐷

𝐿
= 4𝑔𝐿 (53)

and in this way arrive to the final explicit expression for the resonance density in quasi-1D semi-infinite sample, valid for any fixed
number 𝑀 of equivalent channels with any channel coupling parameter 𝑔 ∈ [1,∞]:

𝜌(𝑀)(𝑦) = −
16𝑔2𝐿
𝜅

𝜕
𝜕𝜅 ∫

𝜅

0

𝑑𝑞 𝑞
𝜅2

𝐼0(𝑞)
𝑀−1
∑

𝑛=0

(𝑝2 − 𝑞2)𝑛

𝑛!(2𝑝)𝑛
𝐾𝑛(𝑝), (54)

where 𝑝 = 𝜅
√

(𝑔 + 1)∕2. The above formula is one of central results of our paper.

3.2.2. Analysis of Eq. (54) in the regimes of weak and perfect coupling to the leads
For long wires in the weak-coupling (tunnelling) regime 𝑔 ≫ 1 we have 𝑝 ≫ 𝑞 and Eq. (54) simplifies to

𝜌(𝑀)(𝑦) = −
16𝑔2𝐿
𝜅

𝜕
𝜕𝜅

[

𝐼1(𝜅)
𝜅

𝑀−1
∑

𝑛=0

(𝑝∕2)𝑛

𝑛!
𝐾𝑛(𝑝)

]

, (55)

where we used ∫ 𝜅
0 𝑑𝑞 𝑞 𝐼0(𝑞) = 𝜅𝐼1(𝜅).

In the most important opposite case of the so-called perfect coupling 𝑔 = 1 simplifications are possible in view of the fact that
in this case 𝑝 = 𝜅. Using the identity 6.657 in [92]:

∫

𝜅

0
𝑑𝑞 𝑞(𝜅2 − 𝑞2)𝑛𝐼0(𝑞) = 2𝑛 𝑛!𝜅𝑛+1𝐼𝑛+1(𝜅) (56)

we immediately arrive at

𝜌(𝑀)(𝑦) = −16𝑔2𝐿
1
𝜅

𝜕
𝜕𝜅

[

1
𝜅

𝑀−1
∑

𝑛=0
𝐾𝑛(𝜅)𝐼𝑛+1(𝜅)

]

. (57)

3.2.3. Single-channel limit for perfect coupling
In the simplest case of a single-channel lead Eq. (57) takes the form

𝜌(𝑀=1)(𝑦) = 16𝑔2𝐿𝑅1(𝜅), 𝑅1(𝜅) = − 1
𝜅

𝑑
𝑑𝜅

𝐾0(𝜅)𝐼1(𝜅)
𝜅

=
𝐾1(𝜅)𝐼1(𝜅) −𝐾0(𝜅)𝐼2(𝜅)

𝜅2
. (58)

Using the standard asymptotics of modified Bessel functions, see e.g. 8.445–8.446 and 8.451 in [92], one easily finds

𝑅1(𝜅) =

{

(1∕2)𝜅−2 + (3∕8) ln 𝜅 +… , 𝜅 ≪ 1;
𝜅−4 − (3∕4)𝜅−5 +⋯ , 𝜅 ≫ 1.

(59)

The energy dependence of the function 𝑅1(𝜅) is shown in Fig. 5 by the blue (lower) line. In the narrow-widths regime 𝜅 ≪ 1
2

11

we have 𝑅1 ∼ 1∕𝜅 ∼ 1∕𝛤 , an anticipated tail behaviour dominated by exponential localization, see the Introduction. The ensuing
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Fig. 5. 𝑅1(𝜅) for a single-channel reflection from a semi-infinite wire vs. 𝜅2 = 8𝛤∕𝛥𝜉 given by (58) (solid, blue) and its asymptotic behaviour given by (59)
dashed).

og-divergence of normalization for 𝑅1 stems from the fact that restricting our solution to zero mode amounts to first setting 𝐿 → ∞,
nd this limit does not commute with 𝛤 → 0. Indeed, in a long but finite sample of length 𝐿 ≫ 𝜉 the widths of the most narrow
esonance in a typical disorder realization is of the order 𝛤𝑚𝑖𝑛 ∼ 𝛥𝜉𝑒−2𝐿∕𝜉 , corresponding to states localized in the vicinity of the
losed edge of the sample. This is expected to make the corresponding density fast decaying for widths smaller than 𝛤𝑚𝑖𝑛, and sets
cut off of the logarithmic divergence of the normalization integral. In the large-width regime 𝜅 ≫ 1 one finds 𝑅1 ∼ 1∕𝜅4 ∼ 1∕𝛤 2,

which as we shall see is the universal large-width tail behaviour.

3.2.4. Many-channel limit for perfect coupling: diffusive asymptotics
In particular, Eq. (57) can be used to describe the explicit intermediate asymptotic behaviour of the resonance density in the

limit of many perfectly open channels 𝑀 = 𝑚 + 1 ≫ 1 for the regime of resonances with widths large in comparison with the scale
𝛥𝜉 , that is 𝜅 ≫ 1. In such regime it is natural to use the following asymptotic expressions, see e.g. [93],

𝐼𝑛(𝑥) ≈
𝑒𝑆(𝑛,𝑥)

√

2𝜋(𝑛2 + 𝑥2)1∕4
, 𝐾𝑛(𝑥) ≈

𝑒−𝑆(𝑛,𝑥)
√

2∕𝜋(𝑛2 + 𝑥2)1∕4
, (60)

where we defined

𝑆(𝑛, 𝑥) =
√

𝑛2 + 𝑥2 − 𝑛 arcsinh(𝑛∕𝑥). (61)

Using this and 𝑚 − 1 ≈ 𝑀 , one can approximate the sum over 𝑛 in Eq. (57) by the integral:

𝑡𝑀 ≈ 1
𝜅 ∫

𝑀

0
𝑑𝑛

exp[𝜕𝑆∕𝜕𝑛]

2
√

𝑛2 + 𝜅2
, (62)

which upon substituting 𝜕𝑆∕𝜕𝑛 = −arcsinh(𝑛∕𝑥) yields

𝑡𝑀 ≈ 1
𝜅 ∫

𝑀

0
𝑑𝑛 1

2
√

𝑛2 + 𝜅2

1
√

𝑛2∕𝜅2 + 1 + 𝑛∕𝜅
= 𝜅 +𝑀 −

√

𝜅2 +𝑀2

2𝜅2
(63)

o that

− 1
𝜅

𝜕
𝜕𝜅

𝑡𝑀 ≈
(𝜅 + 2𝑀)

√

𝜅2 +𝑀2 − (𝜅2 + 2𝑀2)

2𝜅4
√

𝜅2 +𝑀2
=

{

1∕2𝜅3, 𝜅 ≪ 𝑀
𝑀∕𝜅4, 𝜅 ≫ 𝑀.

(64)

Thus we see that for 𝜅 ≫ 𝑀 all terms in the summation give comparable contributions and the result is proportional to 𝑀 (as
can be also seen just by the usual large-argument asymptotics of Bessel functions). In the opposite limit, 𝜅 ≪ 𝑀 , only 𝑛 ∼ 𝜅 terms
o actually contribute.

Finally we get

𝜌(𝑀)(𝑦) ≈
(

2𝛥
𝜋𝛥𝜉

)2 (𝜅 + 2𝑀)
√

𝜅2 +𝑀2 − (𝜅2 + 2𝑀2)

2𝜅4
√

𝜅2 +𝑀2
=
(

2𝛥
𝜋𝛥𝜉

)2
×

{

1∕2𝜅3, 𝜅 ≪ 𝑀
𝑀∕𝜅4, 𝜅 ≫ 𝑀

(65)

This perfectly fits the exact expression, see Fig. 6. Recall finally that 𝜅 ∼ 𝛤 1∕2, so the above asymptotics describes the change
rom the diffusion-dominated intermediate behaviour of the density of resonance widths 𝜌(𝑀)(𝛤 ) ∼ 𝛤−3∕2 to the faster universal

(𝑀) −2
12

symptotic decay 𝜌 (𝛤 ) ∼ 𝛤 , as was discussed in the Introduction.
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Fig. 6. Resonance density 𝜌(𝑀)(𝑦) in units of (2𝛥∕𝜋𝛥𝜉 )2 vs. 𝜅 for 𝑀 = 100 perfectly open channels. Blue: exact expression obtained from (57). Red: behaviour
65) for 𝜅 ≫ 1; one can clearly see the intermediate behaviour 1∕2𝜅3 for 1 ≪ 𝜅 ≪ 𝑀 . Black dashed: asymptotics 1∕2𝜅2 in the localized regime.

Summary of the results for a long wire, 𝐿 ≫ 𝜉. One can easily check that the leading behaviour at 𝜅 ≪ 1 for any 𝑀 is the same as
for 𝑀 = 1, and given by the first line in (59). Combining everything together, and recalling the relation (53) for 𝑔𝐿 = 𝜉∕𝐿, we see
that for a long wire with 𝑔𝐿 ≪ 1 one obtains the following three regimes for the resonance density:

𝜌(1D, long)(𝑦) ≈

⎧

⎪

⎨

⎪

⎩

𝑔𝐿∕𝑦, 𝑔𝐿𝑦 ≪ 1;
𝑔1∕2𝐿 ∕(2𝑦)3∕2, 1 ≪ 𝑔𝐿𝑦 ≪ 𝑀2;
𝑀∕4𝑦2, 𝑀2 ≪ 𝑔𝐿𝑦.

(66)

The appearance of the intermediate asymptotic regime with 𝜌(𝑦) ∝ 𝑦−3∕2 in the case of a large number of channels 𝑀 ≫ 1 can
be qualitatively understood following the semiclassical argument of Ref. [67]. In a diffusive system, a typical time to leave the
sample by reaching the absorbing boundary from a distance 𝑟 is 𝑡 ∼ 𝑟2∕𝐷. Associating the level widths with inverse times and using
𝜌(𝛤 ) 𝑑𝛤 ∼ 𝑑𝑟∕𝐿, we immediately get the density 𝜌(𝛤 ) ∼

√

𝐷∕(𝐿𝛤 3∕2), in accordance with our analytic results. Note however that
the above reasoning is essentially relying only on the classical diffusion picture inside the sample, completely disregarding the issue
of channel coupling. Hence, if applied naively the same argument would wrongly predict the 𝛤−3∕2 asymptotics to hold as well
for any 𝑀 of the order of unity. It also misses completely the last, (quasi-)ergodic regime of large widths. Our rigorous analysis
therefore makes it clear that only if both the propagation inside the media and the decay into channels at the boundary can be
treated semi-classically on equal footing (which is essentially ensured only by the condition 𝑀 ≫ 1) the resonance statistics can be
explained by appealing to semiclassical arguments.

3.2.5. Metallic quasi 1D sample: transfer matrix solution
So far we considered the localization regime 𝐿 ≫ 𝜉. Finally, we may wish to consider the opposite limiting case: a finite piece

of quasi-1D metal of length 𝐿 ≪ 𝜉. We further assume the parameter regime 𝛤 ≫ 𝛥. In this (perturbative) regime it is well-known
that the sigma-model manifold can be treated as essentially ‘‘flat’’, and the function 𝛹 (𝜆, 𝜆1) will be dominated by a small vicinity
of the origin in Cartan coordinates: 𝜆1 = 𝜆 = 1. In this situation it is more convenient to rewrite the transfer-matrix Hamiltonian
(36) in the angular coordinates 𝜆1 = cosh 𝜃1 and 𝜆 = cos 𝜃2, and then expand in small 𝜃1 ≪ 1 and 𝜃2 ≪ 1. In this way one gets:

 = −

(

𝜕2

𝜕𝜃21
+ 𝜕2

𝜕𝜃22

)

−
(

1
𝜃1

𝜕
𝜕𝜃1

+ 1
𝜃2

𝜕
𝜕𝜃2

)

+ 4
𝜃21 + 𝜃22

(

𝜃1
𝜕
𝜕𝜃1

+ 𝜃2
𝜕
𝜕𝜃2

)

+ 𝛤
2𝛥𝜉

(𝜃21 + 𝜃22 ). (67)

Now we seek for the solution of the transfer-matrix Schrödinger-like Eq. (35) in the form

𝛹 (𝜃1, 𝜃2; 𝑡) = exp[−𝐶(𝑡)(𝜃21 + 𝜃22 )∕2]. (68)

sing the flat Hamiltonian (67) we see that 𝐻𝛹 = [𝛤∕2𝛥𝜉 −𝐶2](𝜃21 + 𝜃22 )𝛹 and therefore this Ansatz satisfies the equation provided
he function 𝐶(𝑡) obeys

1
2
𝜕𝐶
𝜕𝑡

= 𝛤∕2𝛥𝜉 − 𝐶2 = 𝜅2∕16 − 𝐶2, (69)

where 𝜅 was defined in (39).
Solving the differential equation with the initial condition 𝐶(0) = 0 (corresponding to 𝛹 = 1 at 𝑡 = 0) we find

𝐶(𝑡) = 𝜅
4
tanh 𝜅𝑡

2
=

√

𝛤
2𝛥𝜉

tanh

√

2𝛤
𝐸Th

, (70)

where 𝐸Th = 𝐷∕𝐿2 is the Thouless energy. An equivalent expression can be found in Eq. (24) of [94], where it was derived using
a mapping to the Coulomb problem [90], which looks to us as a somewhat less straightforward derivation than given above. Yet
13
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another derivation will be given in the framework of perturbative approximation to the nonlinear sigma-model described in the
next section, where implications of such form for resonance density in quasi 1D metallic samples will be discussed as well.

3.3. Good metal limit: perturbative treatment in any dimension

In a good metal, the OPF can be calculated via the perturbative treatment of the nonlinear 𝜎-model which we sketch below
following the book [75]. In such a regime fluctuations of supermatrices 𝑄 around the supermatrix 𝛬 = diag(1, 1,−1,−1) ≡ diag(𝟏,−𝟏)
are expected to be small. To exploit this smallness it is convenient first to parametrize the sigma-model manifold around the point

𝛬 as 𝑄 = 𝛬(𝟏 + 𝑖𝑃 )(𝟏 − 𝑖𝑃 )−1 in terms of supermatrices 𝑃 of the form 𝑃 =
(

0 𝐵
𝐵 0

)

. After that one expands in 𝑃 , retaining in the

eading approximation only the two lowest order terms:

𝑄 = 𝛬(𝟏 + 𝑖𝑃 )(𝟏 − 𝑖𝑃 )−1 ≈ 𝛬(𝟏 + 2𝑖𝑃 − 2𝑃 2 +⋯) (71)

In this approximation the continuum sigma-model action, Eq. (4), takes the form

[𝑃 ] ≈ −𝜋𝜈 ∫ 𝑑𝑑𝑟Str
[

𝐷(∇𝑃 )2 + 2𝜂 𝑃 2] , (72)

hereas the measure of integration is essentially ‘‘flat’’, i.e. 𝑑𝜇(𝑄) = 𝑑𝑃 , making the corresponding theory purely Gaussian. The
ntegral defining the OPF via Eq. (5) is then straightforwardly evaluated, yielding

𝐹𝐫 (𝑄; 𝜂) = ∫𝑃𝐫=𝑃

∏

𝐫′≠𝐫
𝑑𝑃 ′

𝐫 exp(−[𝑃 ]) = exp
(

𝑐(𝐫; 𝜂) Str 𝑃 2) , (73)

where we introduced

𝑐(𝐫; 𝜂) = 1∕𝛱(𝐫, 𝐫, 𝜂), (74)

with

𝛱(𝐫, 𝐫, 𝜂) = ⟨𝐫|(−𝐷∇2 + 2𝜂)−1|𝐫⟩∕𝜋𝜈 (75)

being the so-called diffusion propagator with Neumann boundary conditions, corresponding to an isolated sample. For a hypercube
of size 𝐿 with the waveguide coupled to its corner one then has the following representation:

𝛱(𝟎, 𝟎, 𝜂) = 𝛥
𝜋
∑ 1

𝐷𝐪2 + 2𝜂
, (76)

with the summation running over momenta 𝐪 = (𝜋∕𝐿)(𝑛1, 𝑛2,… , 𝑛𝑑 ), with non-negative integer 𝑛𝑖. A detailed analysis of 𝛱(𝟎, 𝟎, 𝜂)
s provided in Appendix.

Further using (71) to eventually restore 𝑄 in (73) one finally arrives at the OPF in the form

𝐹𝐫 (𝑄; 𝜂) ≈ exp
[

−1
2
𝑐(𝐫; 𝜂) Str

(

𝑄𝐫𝛬
)

]

, (77)

enoting for brevity 𝑐(𝜂) ∶= 𝑐(𝐫; 𝜂) we therefore get the OPF in the standard parametrization of 𝑄 matrices in terms of the compact
nd noncompact Cartan coordinates (𝜆, 𝜆1) as  (𝜆, 𝜆1; 𝜂) = 𝑒−𝑐(𝜂)(𝜆1−𝜆). The validity of this perturbative expression for the OPF is

restricted by the condition 𝑐(𝜂) ≫ 1. Notice of a close similarity of the perturbative OPF to the previously considered 0D case.
Identifying 𝜂 → 𝛤 and substituting the perturbative OPF into the main formula Eq. (32) we can analyse the ensuing mean density

f properly scaled resonance widths 𝑦 = 2𝜋𝛤∕𝛥 in terms of the inverse diffusion propagator 𝑐(𝑦). We will consider separately the
single open channel case 𝑀 = 1 and the case of many channels 𝑀 ≫ 1.

.3.1. Single open channel 𝑀 = 1
The perturbative expression for the resonance density follows from substituting the found OPF to Eq. (32) and can be evaluated

s

𝜌(𝑀=1)(𝑦) ≈ 1
2 ∫

1

−1
(𝑔 − 𝜆) 𝜕

2

𝜕𝑦2
𝑒−𝑐(𝑦)(𝑔−𝜆)

(𝑔 − 𝜆)2
𝑑𝜆

= −1
2

𝜕
𝜕𝑦

[

𝑐′(𝑦)
𝑐(𝑦)

(

𝑒−(𝑔−1)𝑐(𝑦) − 𝑒−(𝑔+1)𝑐(𝑦)
)

]

≈ −1
2

𝜕
𝜕𝑦

[

𝑐′(𝑦)
𝑐(𝑦)

𝑒−(𝑔−1)𝑐(𝑦)
]

, (78)

where we exploited 𝑐(𝑦) ≫ 1. Especially simple expression arises for the perfect coupling case:

𝜌(𝑀=1)(𝑦) ≈ −1
2

𝜕2

𝜕𝑦2
ln 𝑐(𝑦) = 1

2
𝜕2

𝜕𝑦2
ln𝛱(0, 0, 𝑦), (79)

where we assumed for simplicity that the waveguide is coupled to the corner of disordered sample, which we choose as the origin.

3.3.2. Many open channels 𝑀 ≫ 1
In this case it is convenient first to rewrite the main formula Eq. (32) in an equivalent form via a contour integral over complex

variable 𝜁 replacing the non-compact real variable 𝜆 :
14
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W

u
p

a
𝑔
(

𝜌
𝑐
𝜌

𝜌(𝑀)(𝑦) =
(−1)𝑀−1

2
𝜕2

𝜕𝑦2 ∫

1

−1
(𝑔 − 𝜆)𝑀 𝑑𝜆∮

 (𝜆, 𝜁 ; 𝑦𝛥∕2𝜋)
(𝜁 − 𝑔)𝑀 (𝜁 − 𝜆)2

𝑑𝜁
2𝜋𝑖

, (80)

here the contour  encircles the point 𝜁 = 𝑔 on the real axis. Substituting here the perturbative OPF  (𝜆, 𝜁 ; 𝜂) = 𝑒−𝑐(𝑦)(𝜁−𝜆) one can
urther bring (80) to the form

𝜌(𝑀)(𝑦) =
(−1)𝑀

2
𝜕
𝜕𝑦

[

𝑐′(𝑦)𝑃𝑀 (𝑦)
]

, 𝑃𝑀 (𝑦) = ∫

1

−1
(𝑔 − 𝜆)𝑀 𝑑𝜆∮

𝑒−𝑐(𝑦)(𝜁−𝜆)

(𝜁 − 𝑔)𝑀 (𝜁 − 𝜆)
𝑑𝜁
2𝜋𝑖

, (81)

he latter relation immediately implies

𝜕
𝜕𝑦

𝑃𝑀 (𝑦) = −𝑐′(𝑦) 𝐽1(𝑐(𝑦)) 𝐽2(𝑐(𝑦)), 𝐽1(𝑐) = ∫

1

−1
(𝑔 − 𝜆)𝑀 𝑒𝑐𝜆 𝑑𝜆, 𝐽2(𝑐) = ∮

𝑒−𝑐𝜁

(𝑔 − 𝜁 )𝑀
𝑑𝜁
2𝜋𝑖

(82)

In the limit 𝑀 ≫ 1 the integrals 𝐽1(𝑐) and 𝐽2(𝑐) are dominated by the saddle-points at 𝜆 = 𝜉 = 𝑔 − 𝑀
𝑐 and simple calculation yields

the corresponding leading order the contribution:

𝐽1(𝑐) 𝐽2(𝑐) ≈ (−1)𝑀 𝑀
𝑐2

, if 𝑀
𝑔 + 1

< 𝑐 < 𝑀
𝑔 − 1

(83)

and exponentially small otherwise. As 𝑐(𝑦) → ∞ for 𝑦 → ∞, the above allows to restore 𝑃𝑀≫1(𝑦) in the form

𝑃𝑀≫1(𝑦) ≈ −(−1)𝑀𝑀 ∫

∞

𝑦

𝑐′(�̃�)
𝑐2(�̃�)

𝑑�̃� = (−1)𝑀 𝑀
𝑐(𝑦)

(84)

implying for the resonance density for 𝑀 ≫ 1 the following expression:

𝜌(𝑀)(𝑦) ≈ −𝑀
2

𝜕2

𝜕𝑦2
ln 𝑐(𝑦) = 𝑀

2
𝜕2

𝜕𝑦2
ln𝛱(0, 0, 𝑦), 𝑀

𝑔 + 1
< 1

𝛱(0, 0, 𝑦)
< 𝑀

𝑔 − 1
(85)

e thus see that in the good metal regime the resonance density in the case of perfect coupling 𝑔 = 1 for 𝑀 = 1 and 𝑀 ≫ 1 is
described essentially by the same expression in terms of the diffusion propagator, up to an overall factor 𝑀 . We therefore need to
nderstand the functional dependence 𝑐(𝑦) in different spatial dimensions, which amounts to studying the corresponding diffusion
ropagators. This is done in Appendix to the paper, and below we very briefly discuss the ensuing resonance densities.
Perturbative regime in quasi one-dimensional samples. Consider first the case of a quasi-1D disordered system, physically describing

diffusive wire of length 𝐿 supporting many propagating transverse modes. The relevant parameters are the wire conductance
𝐿 = 𝜉∕𝐿, the localization length 𝜉 = 2𝜋𝜈𝐷, the mean level spacing 𝛥 = 1∕𝜈𝐿 and the Thouless energy 𝐸Th = 𝐷∕𝐿2. The perturbative
Gaussian) approximation is valid provided 𝑦 ≫ max{1, 𝑔−1𝐿 }. One finds in this case 𝑐(𝜂) = (𝑔𝐿∕2)𝑓 (2𝜂∕𝐸Th) with 𝑓 (𝑧) =

√

𝑧 tanh
√

𝑧.
An alternative derivation of this result, using transfer-matrix language specific for the quasi-1D geometry, has been given by us
earlier in the framework of transfer-matrix formalism, see Section 3.2.5.

Assuming perfect coupling condition 𝑔 = 1, for a short metallic wire (𝐿 ≪ 𝜉 or, equivalently, 𝑔𝐿 ≫ 1), the resonance density
(1D,short)(𝑦) can be found from (85). Replacing 𝜂 → 𝛤 = 𝛥𝑦∕2𝜋 one gets for 𝑐(𝑦) the expression 𝑐(𝑦) = (𝑔𝐿∕2)𝑓 (2𝑦∕𝑔𝐿), implying
(𝑦) ≈ 𝑦 for 𝑦 ≪ 𝑔𝐿 and 𝑐(𝑦) ≈

√

𝑦𝑔𝐿∕2 for 𝑦 ≫ 𝑔𝐿. We then see that the resonance density in this case interpolates between
(1D,short)(𝑦) ≈ 𝑀∕2𝑦2 (full ergodization, 0D case, RMT result) for 1 ≪ 𝑦 ≪ 𝑔𝐿 and 𝜌(1D,short)(𝑦) ≈ 𝑀∕4𝑦2 (partial ergodization) at

𝑦 ≫ 𝑔𝐿. Both regimes of 𝜌(𝑦) are pretty universal, with the diffusion coefficient dropping from the answer.
Perturbative regime in a good metal in 𝑑 = 3. Following the same lines as above, we find using results from Appendix in the case

of 3-dimensional situation:

𝜌(3D)(𝑦) ≈
𝑀
2

[

1
𝑦2

− 1
(𝑦 + 𝜋𝑔𝑙)2

]

, (86)

where 𝑔𝑙 = 2𝜋𝜈𝐷𝑙 ≫ 1 is the system’s microscopic conductance at the scale of the mean free path 𝑙. Eq. (86) interpolates between
the RMT limit at 1 ≪ 𝑦 ≪ 𝑔𝑙 and 𝜌(3D)(𝑦) = 𝑔𝑙𝜋∕𝑦3 at 𝑔𝑙 ≪ 𝑦 ≪ 𝑔𝐿. Similar consideration can be done in 𝑑 = 2 as well, see Appendix.

4. Conclusions, summary and discussion

4.1. Main results

In this paper, starting with the problem of wave reflection from a disordered medium via a single 𝑀-channel lead, we have
revealed a general relation between the mean density of 𝑆-matrix poles (resonances) and the order parameter function characterizing
the medium in the nonlinear sigma-model approximation. This relation allowed us to find the mean resonance density explicitly in
various regimes, including the non-perturbative localization regime in a quasi-one-dimensional geometry. In particular, for 𝑀 ≫ 1
we provided a fully controlled ab initio derivation of the diffusive intermediate asymptotics 𝜌(𝛤 ) ∼ 1∕𝛤 3∕2 anticipated by qualitative
arguments [67]. Note that some experiments related to studies of zeros and poles of the scattering matrix in quasi-1D disordered
samples have been recently reported [95].

Below we give a summary of the main results in different physically interesting limits, and then report the results of numerical
simulations in some of these regimes, and beyond.

1. Zero-dimensional (0D) limit. The simplest case is that of a fully ergodic RMT-like system, where we recover the resonance
density 𝜌(0D)(𝑦), 𝑦 = 2𝜋𝛤∕𝛥 obtained earlier by several other method in Refs. [16] and [19]. In the perfect coupling limit,
the resonance density has a maximum at 𝑦 ≈ 𝑀∕2, with a tail 𝜌 (𝑦) ≈ 𝑀∕2𝑦2 at 𝑦 > 𝑀∕2.
15
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2. Quasi-1D wires. Next case is a diffusive wire of length 𝐿 supporting many propagating transverse modes. The relevant
parameters are the wire conductance 𝑔𝐿 = 𝜉∕𝐿, with the localization length 𝜉 = 2𝜋𝜈𝐷 related to the classical diffusion
coefficient 𝐷. The 𝑀-channel lead is attached to one end of the wire, with the parameter 1 ≤ 𝑔 < ∞ characterizing the
coupling strength between the lead and the wire, and considered to be the same across all channels, with minimal 𝑔 = 1
corresponding to the perfect-coupling case.
For a short wire (𝐿 ≪ 𝜉 or equivalently 𝑔𝐿 ≫ 1), the resonance density 𝜌(1D,short)(𝑦) can be found by perturbative methods
in the diffusion approximation. It interpolates between 𝜌(1D),short(𝑦) ≈ 𝑀∕2𝑦2 (full ergodization, 0D case, RMT result) at
1 ≪ 𝑦 ≪ 𝑔𝐿 and 𝜌(1D,short)(𝑦) ≈ 𝑀∕4𝑦2 (partial, or quasi-ergodization) at 𝑦 ≫ 𝑔𝐿. Such behaviour looks quite universal.
The diffusive approximation breaks down for long wires (𝐿 ≫ 𝜉, or 𝑔𝐿 ≪ 1) at 𝑦 < 1∕𝑔𝐿 that requires a nonperturbative
solution of the nonlinear sigma model via a transfer matrix technique, which we implement following the work [90]. In this
regime it is convenient to introduce a dimensionless parameter 𝜅 related to the resonance width 𝛤 as

𝜅2 = 8𝛤∕𝛥𝜉 = 8𝑔𝐿𝑦, (87)

with 𝛥𝜉 = 𝐷∕𝜉2 being the characteristic level spacing in the sample whose length 𝐿 coincides with the localization length 𝜉.
The value of 𝜅 distinguishes between the localized (𝜅 ≪ 1) and diffusive (𝜅 ≫ 1) regimes. The following explicit expression
for the resonance density is then obtained in terms of the modified Bessel functions for any channel coupling parameter
𝑔 ∈ [1,∞]:

𝜌(1D)(𝑦) = −
16𝑔2𝐿
𝜅

𝜕
𝜕𝜅 ∫

𝜅

0

𝑑𝑞 𝑞
𝜅2

𝑀−1
∑

𝑛=0

(𝑝2 − 𝑞2)𝑛

𝑛!(2𝑝)𝑛
𝐾𝑛(𝑝)𝐼0(𝑞), (88)

where 𝑝 = 𝜅
√

(𝑔 + 1)∕2.
In the special case of perfect coupling 𝑔 = 1 we have 𝑝 = 𝜅 and (88) simplifies to

𝜌(1D)(𝑦) = −
16𝑔2𝐿
𝜅

𝜕
𝜕𝜅

1
𝜅

𝑀−1
∑

𝑛=0
𝐾𝑛(𝜅)𝐼𝑛+1(𝜅). (89)

Asymptotic behaviour of this analytic expression is summarized below:

𝜌(1D,long)(𝑦) ≈

⎧

⎪

⎨

⎪

⎩

𝑔𝐿∕𝑦, 𝑦 ≪ 1∕𝑔𝐿;
𝑔1∕2𝐿 ∕(2𝑦)3∕2, 1∕𝑔𝐿 ≪ 𝑦 ≪ 𝑀2∕𝑔𝐿;
𝑀∕4𝑦2, 𝑀2∕𝑔𝐿 ≪ 𝑦.

(90)

It reproduces the perturbative (diffusion approximation) results in the second and third lines, and provides a nonpertubative
answer in the limit of small widths (𝛤 ≪ 𝛥𝜉 , the first line). In the latter regime, the resonance density 𝜌(𝑦) scales as 1∕𝑦,
indicating the presence of states very weakly coupled to the lead. These are the states localized far away from the wire edge
and decaying exponentially away, which are mainly responsible for the normalization of 𝜌(𝑦): logarithmic divergency of the
normalization integral at small 𝑦 is cured by the absence of widths smaller than 𝛤min ∼ 𝛥𝜉𝑒−2𝐿∕𝜉 , corresponding to the state
localized at the edge opposite to the attached lead, in any typical disorder realization. The shape of the resonance density
for 𝛤 ≪ 𝛤min in finite-length samples is determined by atypically rare events, and has been argued to display a lognormal
behaviour, see [58]. Establishing the exact shape of the resonance density in quasi 1𝐷 samples of large but finite length in a
fully controlled way goes significantly beyond the scope of the present paper, but certainly deserve further studies.
The appearance of the regime with 𝜌(𝑦) ∝ 𝑦−3∕2 in the case of a large number of channels 𝑀 ≫ 1 [the second line of Eq. (90)]
can be qualitatively understood following the argument of Ref. [67]. One may actually see that the crossover between the
second (diffusive) and the last (quasi-ergodic) regime in (66) happens at 𝑦erg ∼ 𝑀2∕𝑔𝐿, which together with the relation
𝑔𝐿 ∼ 𝛥𝜉2∕𝐷 implies the resonance widths estimate

𝛤erg ∼ 𝑦erg𝛥 ∼ 𝑀2𝐷∕𝜉2 ∼ 𝐷∕𝐿2
erg,

and introduces a new spatial scale 𝐿erg = 𝜉∕𝑀 ≪ 𝜉. The quasi-ergodic regime of decay then corresponds to the states localized
close enough to the lead, at distances 𝐿 < 𝐿erg, whereas those states localized in the interval of length 𝐿erg < 𝐿 ≪ 𝜉 decay
diffusively, and for those even further away at 𝐿 ≫ 𝜉 localization effects play the major role and are responsible for the first
regime in (90).

3. A good 3D metal. Neglecting the localization effects, one again can use the diffusion approximation, and find

𝜌(3D)(𝑦) ≈
𝑀
2

[

1
𝑦2

− 1
(𝑦 + 𝜋𝑔𝑙)2

]

, (91)

where 𝑔𝑙 = 2𝜋𝜈𝐷𝑙 ≫ 1 is the system’s microscopic conductance at the scale of the mean free path 𝑙. Eq. (91) interpolates
between the RMT limit at 1 ≪ 𝑦 ≪ 𝑔𝑙 and 𝜌(3D)(𝑦) = 𝑔𝑙𝜋∕𝑦3 at 𝑔𝑙 ≪ 𝑦 ≪ 𝑔𝐿.

4.2. Numerical study

As has been already mentioned, a convenient way which allows to test numerically analytical predictions obtained in the
16

framework of Efetov nonlinear 𝜎-model amounts to replacing the Hamiltonian 𝐻 for the disordered part with an appropriately
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Fig. 7. Schematic structure of the random matrix model, Eq. (92).

Fig. 8. Density of resonances 𝜌1D(𝑦) computed for BRM (𝑏 = 30, corresponding to 𝜉 = 600) with 𝑀 = 10 channels, perfectly coupled to the edge. Solid: exact
diagonalization for various system sizes (indicated on the legend). Dashed: exact analytical result given by Eq. (89).

chosen Hermitian Banded Random Matrix (BRM), corresponding to broken time reversal symmetry. To this end we will compute
eigenvalues of the effective non-Hermitian Hamiltonian

eff = 𝐻 − (𝑖∕𝜋𝜈)diag(𝟏𝑀 , 0𝑁−𝑀 ) (92)

corresponding to the case of equivalent perfectly coupled channels: 𝑔𝑐 = 1 for all 𝑐 = 1,… ,𝑀 and work in the middle of the spectrum
considering 10% of the eigenvalues closest to 0. For dimension 𝑑 = 1 the structure of the associated non-Hermitian random matrix
is sketched in Fig. 7. Similar constructions can be used also for 𝑑 = 2, 3. The ensemble of BRM in 𝑑 dimensions is defined over
a hyper-cubic lattice of linear size 𝐿 and is specified by the bandwidth 𝑏. The entries are normally distributed complex numbers
𝐻𝐫1𝐫2 = 𝐻∗

𝐫2𝐫1
, where 𝐫1,2 ∈ Z𝑑 , with zero mean and the variance

⟨

|𝐻𝐫1𝐫2 |
2
⟩

= 𝛩(𝑏 − |𝐫1 − 𝐫2|)(1 + 𝛿𝐫1𝐫2 )∕2. (93)

For 𝑑 = 1, this model belongs to the universality class of quasi-1D localization [64,65,78,79], with the localization length (in
the middle of the spectral band) 𝜉 = 2𝑏2∕3 [96]. For the numerical simulation, we pick the bandwidth 𝑏 = 30 and attach a lead with
𝑀 = 10 channels to the end-point of the wire. By exact diagonalization of the effective Hamiltonian (92) we evaluate the resonance
density 𝜌(1D)(𝑦) for several values of 𝐿 ≫ 𝜉, see Fig. 8. For the largest system sizes our numerical results perfectly follow Eq. (89)
applicable in the limit 𝐿 → ∞ (dashed lines), while for the smallest wire length, yet 𝐿 ≫ 𝜉, the density 𝜌(1D)(𝑦) clearly deviates
from Eq. (89), with an apparent saturation at 𝑦 ≲ (𝐿∕𝜉) 𝑒−2𝐿∕𝜉 ∼ 10−5.

For 𝑑 = 3, the result of simulation of the BRM model at 𝐿 = 30 and bandwidth 𝑏 = 3 is shown on Fig. 9. We consider a
single-channel lead (𝑀 = 1) which is coupled to a sphere of radius 𝑟 = 3 (we have found that coupling to a single node is not
sufficient to ensure applicability of the 𝜎-model description). In the same figure we show with dashed lines the fit according to
Eq. (91), where conductance is considered as a fitting parameter, leading to 𝑔𝑙 = 1.5.

Considering perspectives for further research, extensions of the sigma-model treatment of resonance statistics to disordered media
with preserved time reversal invariance should be certainly possible. Further, it would be very interesting to understand analytically
critical features of the resonance density in the vicinity of the Anderson localization transition [97]. From such a perspective
studying the Anderson model on the Random Regular Graph [98] where some features of the associated OPF have been analytically
addressed in recent years [99] represents a promising direction. In addition, one may hope that the recent numerical results [74]
about critical resonance scattering in the framework of the model of Powerlaw BRM should be amenable to analytic investigation
17
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Fig. 9. Density of resonances 𝜌3D(𝑦) computed numerically for 𝑑 = 3 BRM model of a linear size 𝐿 = 30 and 𝑀 = 1 channel attached to the corner of the lattice,
with the bandwidth 𝑏 = 3. The RMT result is shown by the solid black line, the dashed line corresponds to Eq. (91) with 𝑔𝑙 = 1.5.

in the present framework. Another interesting avenue is to study resonances in disordered media beyond nonlinear sigma-model
framework, e.g., for finite number of transverse channels using the DMPK-type approach to scattering with absorption [100,101].
Some results in this direction will be published elsewhere [102]. It would be certainly also interesting to attempt to understand
other related questions, like statistics of residues at 𝑆-matrix poles, reflecting the effects of eigenfunction non-orthogonality in open
disordered systems, as well as to characterize correlations between positions of neighbouring poles in the complex plane in different
regimes.
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Appendix. Diffusion propagators for different dimensions

In our explicit calculations we for simplicity consider an isolated sample of random medium in the form of a hypercube of
size 𝐿 with the waveguide coupled to its corner. The diffusion propagator, proportional to the Green’s function of the diffusion
equation, can be found in a given spatial dimension e.g. by finding all eigenfunctions of the classical diffusion equation with
Neumann boundary conditions.

A.1. 𝑑 = 1

First we consider the simplest case 𝑑 = 1 where the complete orthonormal set of eigenfunctions 𝑦𝑛(𝑥), 𝑥 ∈ [0, 𝐿] solving
(

−𝐷 𝑑2 + 2𝜂
)

𝑦 (𝑥) = 𝜆 𝑦 (𝑥) with the Neumann conditions 𝑦′ (0) = 𝑦′ (𝐿) = 0 is given by
18
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𝑐
i
𝑐
𝐶

A

m

w

𝑦𝑛(𝑥) =

⎧

⎪

⎨

⎪

⎩

√

2
𝐿 cos

(

𝜋𝑛𝑥
𝐿

)

, 𝑛 = 1, 2,…
√

1
𝐿 , 𝑛 = 0

, 𝜆𝑛 = 𝐷𝜋2𝑛2

𝐿2
+ 2𝜂. (A.1)

The corresponding Green’s function solving
(

−𝐷 𝑑2

𝑑𝑥2
+ 2𝜂

)

𝐺(𝑥, 𝑥′; 𝜂) = 𝛿(𝑥 − 𝑥′) is then readily given by

𝐺(𝑥, 𝑥′; 𝜂) = 1
2𝜂𝐿

+ 2
𝐿

∞
∑

𝑛=1

cos
(

𝜋𝑛𝑥
𝐿

)

cos
(

𝜋𝑛𝑥′

𝐿

)

𝐷 𝜋2𝑛2
𝐿2 + 2𝜂

(A.2)

which for the required diffusion propagator immediately gives:

𝛱(0, 0; 𝜂) = 1
𝜋𝜈𝐿

⎡

⎢

⎢

⎣

1
2𝜂

+ 2
∞
∑

𝑛=1

1

𝐷 𝜋2𝑛2
𝐿2 + 2𝜂

⎤

⎥

⎥

⎦

= 1
𝜋𝜈

√

1
2𝜂𝐷

coth
(

𝐿
√

2𝜂∕𝐷
)

, (A.3)

where we used the well-known identity
∞
∑

𝑛=1

1
𝑛2 + 𝑏2

= 𝜋
2𝑏

coth (𝜋𝑏) − 1
2𝑏2

.

Finally, upon using the notations 𝑔𝐿 = 𝜉∕𝐿, with 𝜉 = 2𝜋𝜈𝐷 and 𝐸Th = 𝐷∕𝐿2, the propagator (A.3) implies the expression
(𝜂) = 1

2 𝑔𝐿𝑓 (2𝜂∕𝐸Th) with 𝑓 (𝑧) =
√

𝑧 tanh
√

𝑧 mentioned in the main text. It also naturally coincides with the function 𝐶(𝑡) obtained
n (70) by the transfer-function method. Indeed, these two functions are essentially the same object, with the only difference that
(𝜂) emphasizes the dependence on absorption (imaginary frequency) 𝜂 (eventually replaced with the resonance width 𝛤 ) whereas
(𝑡) emphasizes the dependence on the length of the sample 𝑡 measured in units of the localization length.

.2. 𝑑 ≥ 2

To find the diffusion propagator in cubic sample of any dimension, one starts by representing it into the sum over discrete Fourier
odes as

𝛱𝑑 (0, 0, 𝜂) ≈
1

2𝜋𝜈𝜂𝐿𝑑 + 1
𝜋𝜈𝐿𝑑

∑

𝑞1 ,…,𝑞𝑑

1
𝐷(𝑞21 +⋯ 𝑞2𝑑 ) + 2𝜂

(A.4)

where we explicitly separated the zero mode contribution, so that in a cube of linear size 𝐿 the summation goes over positive
integers 𝑛𝑖 = 1, 2,… , 𝑛max which parametrize mode vectors 𝑞𝑖 = 𝜋𝑛𝑖

𝐿 , 𝑖 = 1,… , 𝑑. The cutoff parameter 𝑛max should be chosen to
ensure max(𝑞𝑖) ∼ 𝜋∕𝑙, with 𝑙 being the mean free path due to underlying disordered potential, in order to stay inside the range of
validity of the diffusion approximation. The good metal perturbation theory is controlled by the two large parameters: dimensionless
conductance 𝑔𝐿 = 2𝜋𝜈𝐷𝐿𝑑−2 = 2𝜋𝐸𝑇ℎ∕𝛥 ≫ 1 and the large effective absorption/resonance widths 𝑦 = 2𝜋𝜂

𝛥 ≫ 1. We also will consider
samples of the linear length 𝐿 much exceeding the mean free path 𝑙, which implies 𝐸𝑐 ≪ 𝜏−1, with 𝜏 = 𝑙2∕𝐷 being the mean-free
time. Now passing to continuum limit by replacing the summation by integration, and using spherical coordinates in the Fourier
space implies

𝛱𝑑 (0, 0, 𝜂) ≈
1
𝜋𝜈

[

1
2𝜂𝐿𝑑 + 1

𝜋𝑑∕22𝑑−1𝛤 (𝑑∕2) ∫

|𝑞|= 𝜋
𝑙

|𝑞|= 𝜋
𝐿

|𝑞|𝑑−1 𝑑𝑞
𝐷|𝑞|2 + 2𝜂

]

(A.5)

In particular, for the most interesting cases 𝑑 = 2 and 𝑑 = 3 one can evaluate the integral explicitly. In particular,

𝛱𝑑=2(0, 0, 𝑦) ≈
1
𝑦
+ 1

2𝜋𝑔𝐿
ln
(

𝑦 + 𝜋𝑎
𝑦 + 𝜋𝑏

)

, 𝑎 = 𝜋2

𝛥𝜏
, 𝑏 =

𝜋2𝐸𝑇ℎ
𝛥

= 𝜋𝑔𝐿∕2 (A.6)

so that 𝑏∕𝑎 = 𝐸𝑇ℎ𝜏 ≪ 1. Note that in the parametrically big range 1 ≪ 𝑦 ≪ 𝑔𝐿 the expression (A.6) takes the form

𝛱𝑑=2(0, 0, 𝑦) ≈
1
𝑦
+ 1

𝐶2
, 𝐶2 =

𝜋𝑔𝐿

ln
(

𝐿
𝑙

) (A.7)

Similarly, for 𝑑 = 3 we have:

𝛱𝑑=3(0, 0, 𝑦) ≈
1
𝑦
+ 1

𝜋

(

1
𝑔𝑙

− 1
𝑔𝐿

)

+
(2𝑦)1∕2

𝜋2𝑔3∕2𝐿

[

arctan

(

1
𝜋

𝑔𝑙
𝑔𝐿

√

2𝑦
𝑔𝐿

)

− arctan

(

1
𝜋

√

2𝑦
𝑔𝐿

)]

, (A.8)

here 𝑔𝐿 = 2𝜋𝜈 𝐷𝐿 ≫ 𝑔𝑙 = 2𝜋𝜈 𝐷 𝑙. Hence in the range 1 ≪ 𝑦 ≪ 𝑔𝐿 we have

𝛱𝑑=3(0, 0, 𝑦) ≈
1
𝑦
+ 1

𝐶3
, 𝐶3 = 𝜋𝑔𝑙 (A.9)
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Substituting (A.9) into (85) yields the resonance density provided by the formula Eq. (86) of the main text.
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